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Preface 


This study aid is based on many years’ experience 
of lecturing on mathematical analysis at the first 
course at the physics faculty of Moscow University. It 
is intended for students as well as for teachers, especially 
young ones, who are starting their lecturing career. 

The hook covers the analysis of functions of one vari- 
able, including the concepts of Lebesgue measure and 
Lebesgue integral. It is not a collection of problems in 
the ordinary sense. As can be seen from its structure, its 
aim is to help the student master the material both active- 
ly and informally. As a rule, the material in each section 
is divided into four subsections. 

Subsection I, entitled “Fundamental Concepts and 
Theorems”, presents the principal theory and formulas 
(without proof) necessary for problem solving. The de- 
finitions and theorems correspond, in most cases, to 
those given by V. A. Ilyin and E. G. Poznyak in Funda- 
mentals of Mathematical Analysis*, which is now used 
as the main analysis textbook at the physics faculty of 
Moscow University. Sometimes a definition or theorem 
is followed by examples or comments which should make 
it easier for the student to understand the new concepts. 
Wherever possible, we give a physical interpretation of 
mathematical concepts. 

Subsection II, called “Control Questions and Assign- 
ments”, contains questions on the theory of analysis 
and simple problems whose solution does not involve 
complicated computations but which illustrate the theory 
presented. The questions and assignments given in this 
subsection will help the student master the theory and 
check his knowledge of the material already covered. 
It should be remembered that it supplements the main 
textbook where all concepts and theorems are followed by 
explanations and proofs. However, to solve a problem, 


* V.A. Lyin, E. G. Poznyak, Fundamentals of Mathemati 
Analysis, Mir Publishers, Moscow, 1982. : mae 


it is often sufficient to understand the gist of a theorem 
or formula. Many control problems are intended to show 
the student this gist. Teachers may use the questions 
given in subsection II to check the knowledge of their 
students on a particular theme. 

Subsection III, entitled “Worked Problems”, illustrates 
the practical application of the theory. Considerable 
attention is given not only to the techniques of problem 
solving but also to various tricks and subtleties, say, the 
conditions for applicability of a theorem or formula. The 
number of worked problems varies depending on thie 
volume and importance of the material covered. Some- 
times subsection III includes an answer to a question 
posed in subsection II. 

The purpose of subsection IV, called “Problems and 
Exercises for Independent Work”, is self-evident. These 
are only a few exercises but they are diverse. The authors 
used many sources for the problems and exercises, Prob- 
lems in Mathematical Analysis under the editorship of 
B. P. Demidovich being one. Therefore many problems 
are not original although there are a number of new prob- 
lems in the book. The problems and exercises in sub- 
section IV are answered or hints are given at the end of 
the book. 

The beginning and end of a solution are marked by the 
signs A and 4A, respectively, and the sign @ is used in- 
stead of the word “hint”. 

We hope that the book will be useful to students in 
their studies of mathematical analysis. All critical re- 
marks and wishes will be accepted with gratitude. 


The authors 
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Chapter 1 


Real Numbers 


1.1. Comparison of Real Numbers 


I. Fundamental Concepts and Theorems 


1. Representing real numbers as nonterminating deci- 
mal fractions. Any real number a can be represented 
as a nonterminating decimal fraction 


A = 4p.4A...An..ry 


where we choose one of the two signs “+-”: plus for pos- 
itive numbers and minus for negative numbers (the plus 
sign is usually omitted). 

Rational numbers can he represented as repeating and 
irrational numbers as nonrepeating nonterminating deci- 
mal fractions. Some rational numbers can be represented 
as a terminating fraction or, what is the same, as a non- 
terminating fraction with zero in the period. Numbers of 
this kind admit of another representation, as a nonter- 
minating decimal fraction with the figure nine in the 
period. For instance, 


4/2 = 0.500...0... = 0.50, 1/2 = 0.4999...9... = 0.49. 


When comparing real numbers, we shall use only the 
first form of notation for rational numbers of this kind 
(with zero in the period). 

2. Rule of comparison of real numbers. Let a = 
A dy-€yMg-+-An--- aNd b= +A-by.byby...b,... be arbitrary real 
numbers represented as nonterminating decimal fractions. 

The numbers a and 6 are equal (a = b) if they are of 
the same sign and the equalities a, = b, (k¢ =0, 1, 

_.-) hold true. Otherwise we assume that a =< b. 

"When comparing unequal numbers a and b, we shall 
nsider three cases: 

(14) a@ and b are nonnegative numbers. Since a =< b, 
here is a natural number 7 (or x = 0) such that a, = b, 


co 


(k =0, 1, ..., n —1) and a, 0b,. We assume that 
a>bifa, >b, anda<bifa,<b,; 

(2) a is a nonnegative number and b is a negative num- 
ber. We assume that a> )b; 

(3) a and b are negative numbers. We assume that a > b 
if |a|<|b| and a<b if |a|>|b |. 

3. Some number sets. Real numbers can be given 
as points on a coordinate line*. Therefore the set of all real 
numbers is called a number line (number axis) and the 
numbers are called points, and the geometric interpreta- 
tion is often used when number sets are considered. We 
shall use the following designations and terminology: 

N is the set of all natural numbers, 

Z is the set of all integers, 

R = (—oo, +00) is the set of all real numbers (the 
number line), 

la, b] is a closed interval or the set of all real numbers x 
which satisfy the inequalities a<2a< b, 

(a, b) is an open interval or the set of all real numbers z 
which satisfy the inequalities a <x < b, 

[a, 6) or (a, b] is a half-open or half-closed interval 
or the set of all real numbers x which salisfy the inequali- 
tlesax<r<ba<czr<cb respectively, 

[a, +00) or (a, +00) or (—oo, a] or (—oco, a) is 
a half-line or the set of all real numbers x which satisfy 
the inequalities a Kt< +o, a<cr<cto, —w 
LlaA —wcmr<—a respectively, 

the neighbourhood of the point ¢ is any interval which 
contains the point c, 

the e-neighbourhood of the point c is the interval (c — e, 
c + e), where e +0. 


II. Control Questions and Assignments 


1. What is the difference between the nonterminating 
decimal fractions which represent rational and irrational 
numbers? 

2. In what case are two numbers equal? 

3. Do the equalities 0.419 = 0.420 = 0.42 hold true? 

4. Formulate the rule of comparison of two unequal 
numbers. 


* Recall that the coodinate line is a straight line on which 
an arbitrary reference point, called the origin, a unit of length 
and a positive direction are chosen. 
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111. Worked Problems 


1. Prove thal for any real numbers a and b (a < b) 
there is a rational number ¢c such that a <e < b. 
A Assume, for deliniteness, that the numbers a and b 
are positive, i.e. 
@ = Qy.0,Aq...ap... > 0, 
b = dy. bybg...by... > 0. 


If any one of them is a rational number, which can be 
expressed as a fraction with a period 9, then we write it 
as a fraction with 0 in the period. By the hypothesis, 
a< b. This means that there is a nonnegative integer n 
such that a, = b, (k =0, 1, ..., nm —1) anda, <b,. 
Since the figure 9 is not a period of the number a, there 
is a natural number i > 7 such that a; ~ 9. 

Consider a rational number c = ¢9.c,Cp...c;, Where cy, = 
a, (k =0, 1, ..., i—1), ¢; =a; +1. The number c 
is larger than a since c, = a, (k =0, 1,..., i —1), 
c; = a; +1 > a;, and smaller than b since c, = a, = by, 
(ec =0, 1, ..., m—1), en =a, <0d,. Thus there is 
a rational number c such that a<c<b. A 

2. Prove that for any real numbers a and b (a < b) 
there is an irrational number @ such that axa <b. 

4 On the assumption of example 1 we consider the 
number 


G& = Cg.C,Cq...c,01001 0001...000...01 000...01... 


—__ 
nm Zeros n+i1 zeros 


This is, evidently, a nonrepeating fraction (explain why), 
i.e. @ is an irrational number. This number is larger than 
a since Ch = Gy (k = 0, 4, rer) i — 1), Cj = a; +1> 
a;; and smaller than b since c, = b, («= 0, 1, ..-, 
n—1), ¢,; =a, <.b,. Thus there is an irrational 
number @ such thata<a<b A 


IV. Problems and Exercises for Independent Work 


1. Prove that V8 is an irrational number. 

2. Represent the fraction 31.288 asan ordinary fraction. 

3. Prove that any repeating decimal fraction which does 
not have figure 9 in the period can be obtained as a result 
of division of two natural numbers. 
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4. Prove that any repeating decimal fraction which 
has figure 9 in the period can be obtained as a result of 
division of two natural numbers. 

5. Prove that for any two real numbers a and b (a & b) 
there are infinitely many rational and irrational numbers 
between them. 

6. Prove the transitivity of the signs “=”, “>”, i.e. 
(a) if a= 6 and b =e, then a= c, (b) if a>b and 
b>>c, then a>e. 

7. Prove that the inequalities —|a|<a<|a| hold 
true for any number a. 

8. Prove that ifz<y, then —zx > —y. 


1.2. The Least Upper and the Greatest 
Lower Bound of a Set. The Use of the 
Symbols of Mathematical Logic 


I. Fundamental Concepts and Theorems 


1. On the use of some logical symbols. Let X be a non- 
empty set of real numbers. 

Definition. The set X is bounded from above (from 
below) if there is a number M (m) such that for any number 
on, Re hee ve inequality x <M (xc >m) holds 
rue. e number m) is the upper 
Wie (m) Pper (the lower) bound 

In this definition and in the formulations of many other 
definitions and theorems use is made of the words “there 
is” and “for. any”. To make the notation shorter, we shall 
use the logical symbols 4 and V instead. 

The symbol J is the existential quantifier and the sym- 
bol V is the universal quantifier. The fact that the number 
x belongs (does not belong) to the set X will be designated 
as EX (x ¢ X). 

Using these symbols, we can write the definition of a set 
bounded from above as follows: the set X is bounded from 
above if JME€R such that Vre€ X the inequality 
x<M holds true, or (even shorter, omitting certain 
words), the set X is bounded from above if 


IMER WeEX: ec <M. (1) 
The use of quantifiers not only makes the notation short- 
er but also allows us lo construct negations of propositions 
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(definitions, assertions) in a simple way. We shall illu- 
strate this technique by an example of the negation of 
the definition of a set bounded from above. In other 
words, we shall formulate the definition of a set unbounded 
from above. ‘The unboundedness of the set X from above 
means that there is no number M such that for any z € X 
the inequality z << M holds true. This means that for 
any number M there is z € X for which x > M. Using 
the quantifiers, we can write the definition of a set un- 
bounded from above as follows: the set X is unbounded 
from above if 


VM ERArEX: c>M. (2) 


Comparing (1) and (2), we see that to construct the 
negation of proposition (1), we must replace the quantifier 
3 by V and the quantifier V by J and replace the 
inequality appearing after the colon sign by exactly the 
converse proposition. 

This rule can also be used to construct negations of 
other statements containing the quantifiers 4 and V. 

2. The least upper bound and the greatest lower bound 
of number sets = 

Definition. The number x is the least upper bound of 


the set X bounded from above if (49) We€X:r< Zz, 
(2) Ve<z EX: c>z._ 

Condition (4°) means that x is one of the upper bounds 
of the set X and condition (2°) means that z is the least 


of the upper bounds of the set X, i.e. no number Z, which 


is smaller than z, is an upper bound. The least upper 
bound of the set X is designated as sup X. 

The greatest lower bound* of the set X bounded from 
below is defined by analogy and designated as inf X. 

Theorem. A nonempty set bounded from above (from be- 
low) has the least upper (the greatest lower) bound. 

If the set X is not bounded from above (from below), 
then we write sup X = +oo (inf X = —oo). 

The set X is bounded if it is bounded both from above 
and from below, i.e. 

JM, mVcx€X:m<r<M. (3) 

* You may come across books on analysis where the least 
upper bound (the greatest lower bound) is simply called the upper 
(the lower) bound. 
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IT. Control Questions and Assignments 


1. Use quantifiers Lo wrile a delinition of a set bounded 
from below. Construct the negation of this definition 
using the rule of constructing negations. 

2. Give a definition of the least upper (the greatest 
lower) bound of a set bounded from above (from below). 

3. Formulate the theorem on the existence of the least 
upper bound and the greatest lower bound of a number set. 

4. Prove that the least upper bound and the greatest 
lower bound are unique, i.e. that a set bounded from above 
(from below) has only one least upper bound and one 
greatest lower bound. 

5. Show that the least upper bound and the greatest 
lower bound may or may not belong to a set. Give exam- 
ples of number sets X in which (a) sup X € X, (b) sup X ¢ 
X, (c) inf X € X, (d) inf X ¢ X. Does the number X 
have the greatest number in cases (a) and (b) and the 
least number in cases (c) and (d)? 

6. What is the meaning of the symbolic notation 
(a) sup X = +00, (b) inf X = —oo? 

7. What set is said to be bounded? 

_ 8. Prove that the following definition of a bounded set 
is equivalent to that given in subsection I: the set X is 
bounded if JA +0 Vr X: |x | <A. 

9. Applying the rule of constructing negations to the 


definition given in assignment 8, formulate the definition 
of an unbounded set. 


III. Worked Problems 
1. Find the least upper bound of the interval (0, 1). 
A The number 4 is an upper bound of the interval (0, 1) 
since Wx € (0, 4): << 14. Furthermore, Wz <1 Jaeé 
(0, 1):a@> x. Indeed, if t< 0, then Va € (0, 1): aa. 
If <> 0, then, as was shown in Example 1 in 1.4, there 
is a rational number a on the interval (z, 1) such that 


zg<a<i,ie. Ja€(0, 1): az. Thus, both condi- 
tions for the definition of the least upper bound are ful- 
filled for the number 1. Consequently, sup (0, 1) = 1. 
Note that the least upper bound we have found does not 
belong to the interval (0, 1), i.e. sup (0, 4) ¢ (0, 1), 
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whereas for the interval (0, 1] we have sup (0, 1] =1€ 
(0, 1). A 

2. Find the least upper bound and the greatest lower 
bound of the set of all proper. rational fractions m/n 
(m, n € N, m <n) and show that this set does not have 
either the Icast or the greatest element. 

A Let X be the set of all proper rational fractions m/n. 
Since Wm, n € N m/n > 0, the number 0 is a lower bound 
of the set X. Furthermore, 


Ve>0 WW X:a<z. (4) 


Indeed, if z>1, then the proper rational fraction 
a = 1/2 satisfies condition (4). If O0< «<1, then the 


number « can be writlen as a nonterminating decimal 
fraction 


~ 


6 = OF Bin ecy 


dn being such that z, 0. According to the rule of 
comparison of real numbers, the rational number 


@ = 0.2429...€,-1 (Cn — 1)4 


salishes the inequalities O <a<2z <1, i.e. is a proper 
rational fraction and satisfies condition (4). 

Thus the second condition of the definition of the great- 
est lower bound of a number set is fulfilled for the num- 
ber 0, and so inf X = 0. 

Since the set X contains only proper fractions, i.e. m << 
n, we have m/n <1. Hence the number 1 is an upper 


bound of the set X. Furthermore, Vr <1 Am/n€ 
X: min > x. Indeed, as was shown in Example 14 in 1.1, 


there is a rational number z, such that r< 2, <1. 
Since z, < 1, it follows that z, is a proper fraction: 2, = 
min (m <n), i.e. z, € X. Consequently, both conditions 
for the definition of the least upper bound of a number 
set are fulfilled for the number 1. Thus sup X = 1. 

However, inf X =0¢X since m/n =0 only for 
m= 0, but 0 ¢N. This means that the set X does not 
have the least element. Precisely for the same reason 
sup X = 1 ¢ X since m/n = 1 only for m = n, and this 
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contradicts the requirement that the fraction should be 
proper. Hence the set X does not have the greatest cle- 
ment. A 


IV. Problems and Exercises for Independent Work 


9. Assume that X and Y be nonempty sets of real 
numbers, X is bounded from above and Y is contained 
in X. Prove that Y is also bounded from above and 
sup Y < sup X. 

10. Find the least upper bound and the greatest lower 
bound of the set of rational numbers x which satisfy the 
inequality z? < 2 

44. Let A be a set of numbers which are opposite in 
sign to the numbers of the set B. Prove that (a) inf A = 
—sup B, (b) sup A = —inf B. 


1.3. Arithmetic Operations Involving 
Real Numbers 


I. Fundamental Concepts 


4. Addition and multiplication of rational numbers. 


The following rules of addition and multiplication of 
rational numbers are known: 


my, ak Mo <= mynNg + Many my me _ mymMme | 
ny n nyn , , sea ke (1) 
2 yg ny Ng NyNg 


Let us define the operations of addition and multipli- 
cation involving any real numbers. 

2. Addition of real numbers. Assume that x and y 
are arbitrary real numbers and z, and Y; are any rational 
numbers which satisfy the inequalities 


Hoy WKy. (2) 


The symbol (a, + y,), will mean that the numbers 2, 
and y, can be added according to rule (1) of addition of 
rational numbers. Let us consider the set {(2, -+ y;);} 
of various sums of rational numbers 2, and y, which satisfy 
condition (2). This set is bounded from above and, conse- 
quently, possesses the least upper bound. 

The swm of the real numbers z and y is sup {(2, + y)r}- 
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3. Multiplication of real numbers. Assume that 2 
and y are arbitrary positive real numbers and 2, and y, 
are any rational numbers which satisfy the inequalities 
Oca <a, 0<y,<y. The symbol (c,y,), will mean 
that the numbers 2, and y,; can be multiplied according 
to rule (1) of multiplication of rational numbers. Let us 
consider the set {(2,y,),} of various products of this kind 
of rational numbers. The set is bounded from above and, 
consequently, possesses the least upper bound. 

The product of positive real numbers x and y is 
sup {(2441)7}- 

The product of real numbers of any sign is defined by 


the following laws: 
(19) z-0 = 0-7 = 0, 


|jz|-|y| if « and y are of like signs, 
(2°) ay = ; ike si 
—|z|-|y| if 2 and y are of unlike signs. 


TI. Control Questions and Assignments 


{. Formulate the rules of addition and multiplication 
of any two real numbers. Prove that the sets {(7 +- y:);} 
and {(2y;),}, which appear in these rules, are bounded 
from above. 

2. Prove that the rule of addition of real numbers 
possesses the following properties: (a) t+ y=y+2 
(commutativity), (b) («@ + y) +z =x + (y + 2) (asso- 
cialivily). 

3. Prove that. the rule of multiplication of real numbers 
possesses the following properties: (a) zy = yx (commu- 
talivity), (b) (vy) 2 = x (yz) (associativity). 


III. Worked Problems 


1. Prove that addition of two rational numbers ac- 
cording to the rule of addition of real numbers yields the 
same result as the addition according to rule (4) for 
rational numbers. 

A Assume that 2 and y are arbitrary rational numbers, 
(x +- y), is their sum obtained with the use of the rule of 
addition of rational numbers and (x + y) is their sum 
obtained with the use of the rule of addition of real 
numbers, i.e. 2 + y = sup {(z, -+ y,),}, where z, and y, 
are any rational numbers which satisfy the inequalities 
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4, <2, y,<y. We must prove that x + y = (x -+ y); 
or 


sup {(% + yi)r} = (@+ Y)e- 


To do that, we must show, in accordance with the de- 
finiltion of the least upper bound of a set, that 


(19) WV (ry-yadr EL(%r-b ye} (T1-F ye (e+ Y) ps 
(2°) Ve< (t+) A (ty ade €( (2+ ys) }: (ty+y)),>2. 


Since z; <2 and y, <y, it follows that (xz, + y,),< 
(zc + y), (for rational numbers this property of inequali- 
ties is known). Consequently, condition 1° is fulfilled. Let 
us show that condition 2° is also fulfilled. 


Let x be an arbitrary number smaller than (x +4 y);. 
Between the numbers zx and (x 4- y), there is a rational 
number a (see Example 1 in 1.4) such that r<a< 
(c + y)r We set 6 = (x + y), —a (the subtraction is 
carried out according to the rule of subtraction of rational 
numbers). Then a = (x + y), —6, and since 6 > 0, 
there is a natural number n such that 2/n < 6. 


We shall consider now rational numbers ayaa 
n 


1 F 
and Y=y——. Since 4,<2 and y,<y, it follows 
that (t+ yy)€{(t + yr}, and then (2, + y,),= 
(e+ yi (c+ y),—65=a since 2 <6. 


Thus (2, +- Yy)7 > a>, ie. x. Pa 7 e 
thus shown condition 2° s SEE oo wen 

2. Prove that Va: x + (—z) = 0. 

A Let x, and y, be any rational numbers which satisfy 
the inequalities z,<z, y; < —zx. We must prove that 
sup {(t + ¥1)r} = 0, ie. 

(1°) V(x, “te Y1)r E {(% ca Yr) r}! (2, + Yi)r < 0, 

_ (2°) We OF (tb adr € fi + de}! (a +) > 
x. 
Since y, < —2, it follows that —y, > (it is easy to 
establish this fact using the rule of comparison of real 
numbers, see Exercise 8 in 1.1). By virtue of transitivity 
of the sign “<”, it follows from the inequalities 2, <7 
and z < —y, that z; < —y, and, hence, (z, 4- y;); < 9. 
Thus condition 1° is satisfied. 
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We shall show that condition 2° is also satished. Let 
z be an arbitrary negative number. Since —z > 0, there 


is a natural m such that 1/407< 2, ie. = 4/10" >. 
Let us represent the number z as a nonterminating deci- 
mal fraction (for definiteness, we assume that x > 0): 


t= To-LyUo..-U pees . 


It follows from the rule of comparison of real numbers 
that 
Ly = To -UyLy.--Uy < any 


1 
Yy = —Uy-TyXq.. U,— Gor S —Zz. 


Thus (a, + yi)r € {4 + ¥1)r}, and then (2) + yi)r = 
—1/10" > «x, i.e. we have proved that condition 2° is 
fulfilled. A 


LV. Problems and Exercises for Independent Work 


12. Prove that multiplication of two rational numbers 
according to the rule of multiplication of real numbers 
yields the same result as multiplication according to 
rule (1) of rational numbers. 

13. Prove that Vz: « --+ 0 =x. 

14. Prove that Vz, y there is a unique number z such 
that x = y + 2 (zis the difference of the numbers 2 and y, 
ie. 2 = 2 — y). 

15. Prove that Var: x-1 = cz. 

16. Prove that V2=£0 42’: zz’ = 1. 

17. Prove that Vz and Vy =< U there is a unique num- 
ber z such that 2 = yz (z is the quotient of the division 
of x by y, i.e. 2 = z/y). 

18. Prove that Vx, y, 2: ( + y) 2 = 22 4- yz. 

19. Prove that if r>y, then V2zierx+2>y+2 

20. Prove that if z > y, then Vz > 0: zz > yz. 

21. Prove the validity of the following inequalities 
(ylz+yl<izlt+lyl, (») le-yl>Iel—lyl, 

22. Assume that X and Y are nonempty bounded sets 
of real numbers and 7 is the set of various sums x + Y, 
bes e Ex ae y re Prove that the sel T is bounded 
and that (a) sup 7 =sup X + sup Y, (b) inf-7 = 
inf X + inf ¥, eA oe a 


ra 


23. Assume that X and Y are~ nonempty bounded 
sets of nonnegative real numbers and B is the set of 
various products zy, where z € X and y € Y. Prove that 
the set B is bounded and that (a) sup B = sup X-sup Y, 
(b) inf B = infX-inf Y. 

24. Calculate the first three significant digits of the 
sums (a) + +V3, (b) V34+YV7. 

25. Find the first three decimal digits of the pro- 
ducts (a) + V3, (b) V3-V7. 

26. Assume that A and B are nonempty sets of real 
numbers in which every number from A is smaller than 
any number from B, and for every ¢ > 0 there are x € A 
and y €B such that y—x<e. Prove that sup A = 
inf B. 


1.4. Induction 


I. Fundamental Concepts 


To prove that a statement is true for any natural num- 
ber n beginning with m,, it is sufficient to prove that 
(a) the statement is true for n = ng, 


(b) if the statement is true for some natural number 
k>n, it is also true for the next natural number 


k+ 4. 


ry s . 
F This method of proof is known as mathematical induc- 
ton. 


II. Control Questions 
1. What. is the gist of the method of induction? 
2. Use induction to prove that Wn €N: nee otet. 
III. Worked Problems 
1. Prove that We €N and Vx > —1 the inequality 
(1 +2)" >1 +4 nz (Bernoulli’s inequality) (1) 
holds true. 
A We shall use induction to prove inequality (4). 
If 2» = 1, then inequality (1) holds true since it becomes 


a true equality. We assume that relation (4) holds true 
for a natural number & and War > —1: 


(1 + 2)" S11 +4- ha, (2) 
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Since x > —1, it follows that f + 2>0. We multiply 
inequality (2) by the positive number +1 + 2: 


(+a)'* S14 + he +24 hr. 


Removing the nonnegative term ka? on the right-hand 
side, we obtain an inequality 


AQ +24 >14+ (kh +1)2. 


We have proved that inequality (1) is valid for the natural 
number k + 1 and Va > —1. We have thus proved 
that relation (41) is valid Vr €N and Vz > —1. A 

2. Prove that for any n positive numbers y,, Yo, - «+s 
yn Which satisfy the condition 


YYo.-Yn = 1; (3) 
there holds a relation 
Ur tye te. HY Sn. (4) 


A It follows from condition (3) for n = 1 that y; = 1. 
Therefore relation (4) is satisfied. 

Assume that relation (4) follows from condition (3) 
for n =k and that k +1 positive numbers y,, Yo, - 
Yn» Yrt, satisfy condition (3). We shall prove that 
relation (4) is satisfied for them. If all these numbers are 
equal to unity, then their sum is equal to k + 1 and 
relation (4) holds true. Now if there is at least one num- 
ber different from unity among the indicated numbers, 
then there is necessarily one more number which is not 
equal to unily, and if one number is larger than 1, then 
the other is smaller than 1. Without violating the gen- 
erality, we assume that y, > 1 and yr4, <1. The product 
of k numbers y;, Yo: - - +> Yr-1 Yr¥n+1 is equal to 1 by 
virlue of condition (3). Therefore, on inductional as- 
sumption 


Wr Ye bee nmr HF Yat SI 
[ence we obtain 
Yr tye bee Unt + YRYntr Sh + Yn + nad, 
or 
Ui-k Yoh ee) Byetr SR EL Yn + Unt — Yana 
—4=k+1+ 4 —yntr) Ge —D) Sk +4, 
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i.e. relation (4) is satisfied for n = k -+ 1. Thus for any 7 
positive numbers, which satisfy condition (3), relatiom 
(4) holds true. 


IV. Problems and Exercises for Independent Work 


Using induction, prove that Wn€N the following 
equalities hold true: 


a7.14+24+3+4+ ... + =0.5n (mn + 1). 
28. 12+ 22+ 38-4... +r@=t (n+) (2n+1). 


29. 19 + 23 + 39+ 2... 4+ n® = 0.257? (n + 1). 
Use induction to prove the validity of the following 
inequalities: 
1 3 2n—1 4 
30. =-> Cn amar, Prine eT — a 
2 4 2n VIn+i 


1 4 4 = ae 
aT Watt ye>Vn (n>>2). 


32. n™t>(n+1)” (n>>3). 


33. Steet Fen Ta, we« By, for a, 20, des 
ae 


.-, ” (the geometric mean of n nonnegative num- 
bers does not exceed their arithmetic mean). 


34. PetVot nt Veg 54 V4a+1), Va>0. 


Chapter 2 
Limit of a Sequencé 


2.1. Bounded and Unbounded Sequences. 
Limit of a Sequence 


J. Fundamental Concepts and Theorems 


If every natural number n is associated with a number 
X,, then we say that a number sequence (or simply a se- 
quence) 2X1, Ly, Ly, .- +) Ln, ..~- is defined. It is denoted 
by the symbol {x,} or (x,). The number z, is a term 
(element) of the sequence and n is the number of the term. 
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The sequences {2 + Yn}; {%n — Yn}, {2nYn}, {2n/¥n} 
are the sum, the difference, the product and the quotient 
of two sequences {x,} and {y,} respectively (for the 
quotient y, = 0). 

Definition. The sequence {x,} is said to be bounded 
if 3M >0 such that Vn: |an |< M. 

From the point of view of geometry, this means that 
all terms of the sequence are in a certain neighbourhood 
(AJ-neighbourhood) of the point z = 0. 

Definition. The sequence {x,} is said to be unbounded 
if VWM>O0 An: | 2, | > AM. 

Definition. The number a is a limit of the sequence {x, } 
if We>O 4NEN such that Vn >N: |tp —a|<eE. 
The designation is lim 7, = a. 


TN—>0o 

From the point of view of geometry, this means that any 
e-neighbourhood of the point @ contains all terms of the 
sequence beginning with a certain number (dependent, in 
general, on &), or, what is the same, outside of any e- 
neighbourhood of the point a@ there is only a finite number 
of terms of the sequence. 

A sequence which has a limit is called a convergent 
sequence and a sequence which has no limit is called 
a divergent sequence. 

Theorem 1. A convergent sequence has only one limit. 

Theorem 2 (the necessary condition for convergence of a 
sequence). A convergent sequence is bounded. 


II. Control Questions and Assignments 


1. Formulate the definitions of (a) a sequence, (b) a 
bounded and unbounded sequence, (c) a limit of a se- 
quence. Give a geometric interpretation of these defini- 
tions. 

2. Find whether the definition of a limit of a sequence 
is equivalent to the following definition: lim z, =a 


n->oo 
if Ve >0 Ja positive number XK (not necessarily natn- 
ral) such that Vn > K: |z, —al<e. 

3. Give an example showing that the number N appear- 
ing in the definition of a limit of a sequence depends, in 
general, on gs. 

4. Let the sequence {2,,} and the number a satisfy 
the following condition: JN such that We +0 and’ 
Vn > WN: |x, —a|<e. Does every sequence con- 
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verging to a satisfy this condition? What is the geometric 
interpretation of this condition? 
5. Let lim z, =a. 


nN—-> oo 
(a) Can all the terms of a sequence he positive (nega- 
tive) if a = 0? 
(b) Can a sequence have infinitely many negative (equal 
to zero) terms if a >0, a #0? 
(c) Prove that limz,,,=a, lim z,4,=a. 


Noo nN—>0o 
(d) Prove that {zx,} is bounded. 
6. Let infinitely many terms of the sequence {2,} lic 
in a certain neighbourhood of the point a. Does it follow 
from this condition that (a) lim xz, = a, (b) none of the 


2t-+ 00 
points which lie outside of this neighbourhood is a limit 
of the sequence {z,} and (c) {7,} is bounded? 

7. Let infinitely many terms of the sequence {x,} 
lie in any neighbourhood of the point a. Does it follow 
that (a) lim Zp, =a and (b) {z,} is bounded? 


nr 

8. What sequence is (a) convergent, (b) divergent? 

9. Let the sequence {x,} be bounded (unbounded). 
Does it follow from this condition that it is convergent 
(divergent)? 

10. Let a sequence be convergent. Is a sequence, which 
results from the original one, convergent if: 

(a) a finite number of terms are removed and the re- 
maining terms are enumerated anew in the order of their 
appearance? 

(b) a finite number of terms are added and all the 
terms are enumerated anew in the order of their appear- 
ance? 

(c) a finite number of terms are changed arbitrarily? 

11. Prove that a convergent sequence has only one 
limit. 

12. Formulate the necessary condition for convergence 
of a sequence. 


III. Worked Problems 


{. Using the “e-N” language, show that the number 
a is not a limit of the sequence {x,} (@ 4 lim z,) and 


n> 
give a geomelric interpretation of this delinition. 
A In accordance with the definition of a limit of a 
sequence, a@=limz, if Ve>>0 JN such that Vn> WN: 
n+0 
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|z, —a|<s. Using the rule of constructing negations, 
we find that a= lima, if Je >0O such that VV dJn>JN: 


N->0o 
|v, —a| De. 
It can be written in more detail as follows: a= 
lim z, if Je >0 such that 


n->0o 
dny>1: |a,—alpe for N=1, 
dn,>2: |t,—a| De for N=2, 


Anioo > 100: Jango —@| see for N= 100. 


Thus a = lim z, if there are e > 0 and a sequence of 


n+ oo 
numbers {ny} (V = 1, 2, 3, ...) such that ny >N 
and |2,y —a@|Se. 
The geometric interpretation of this definition is: 
a= lim 2, if there is a e-neighbourhood of the point 


noo 

a outside of which there are infinitely many terms of 
the sequence. A 

2. Prove that the sequence xz, = 2-0)" is unbounded. 

A By virtue of the definition of an unbounded  se- 
quence, we must show that VAJ >0, dn €N for which 
|x, | >> MW. We take an arbitrary MJ > 0 and any even 
number 2 which satisfies the inequality n> log, .WZ. 
For such an n we have 


Pea ee ee) 
n— — ally 
and this is what we wished to prove. A 
3. Using the definition of a limit of a sequence, 


5,an 
prove that lim as = 9, 
NCO 


A We specify an arbilrary e >0 and consider the 
modulus of the difference of the nth term of the sequence 


and the number 5: 
5.37 5} ——1 
Top | Sit 


In accordance with the definition of a limit of a sequence, 
we must indicate a number V such that Vn > N the 
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inequality a 
gn) <e (1) 
is satisfied. To find the number N, we solve inequality (1) 
for n. We obtain 
40 9 
n> log, (— + 2) a (2) 
It follows from inequality (2) that we can take as “V 
the integra] part of the numher log, (= 4- 2) : 


w= [lo (242)]) 
Indeed, if n>WN, then 

n>| log (> +- 2) | +1> log, (+ + 2) ’ 
i.e. inequality (2) holds true, and this means that 
Vn>WN the inequality (1) also holds true. (Note that 
fore > 10 we have N:= [ logs (+ 2) | =0Q and 


therefore inequality (1) is valid Wn€N. 

Thus, for an arbitrary e>0 we have indicated the 
number JN =: [ toss (2 + 2) | , such that Vrn>WN the 
inequality 


5.37 
guy ~5|<e 


holds true. And this means, according to the definition 
of a limit of a sequence, that 


5-3t 


4. Using the definition of a limit of a sequence, prove 


3 1 
that lim —=-(), 
N-Co Val 


A We specify an arbitrary ¢ >0. We must indicate 
a number NW such that Vn > N the inequality 


/Vul<e (3) 
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holds true. We shall not try to find the least number N, 
beginning with which inequality (3) holds true, but shall 
indicale a larger number “by excess” and solve a simpler 


inequality 
2in< . (4) 


Since V2 €N: n! > xn (n/4) (prove this), it follows that 
Vn €N the inequality 


1/Vnl < 2/n (9) 


holds true and therefore inequality (3) is a consequence 
of inequality (4). Solving inequality (4) for x, we obtain 


n> d/e. (6) 


We set N = [2/e]. If » > N, then n > [2/e] + 1 > 2/e, 
i.e. inequality (6) is satisfied and, consequently, inequ- 
alities (4) and (3) are also satisfied. Thus Ve >0 JN 


(N = [2/el) such that Wn > WN: 1/f/nl <e. We have 
thus proved that lim val =0. A 


1-00 n 
The examples we have considered show the way to 
prove that lim x, =a using the definition of a limit 


n-> 00 
of a sequence. It is necessary to form an expression 
|z, —a| and choose (if it is expedient) a sequence 
{yn} such that, first, Vz |z, —a|<y, and, second, 
for an arbitrary ¢ it is easy to solve the inequality 


Yn <E (7) 


for n. Assume that the solution of inequality (7) has the 
form 
n> f (€), 

where f (2) > 0. Then we can take [f (e)] as V (if it turns 
out that [f (e)] = 0, then inequality (7) is valid Vn). 
Thus Wr>WN = [f (e)] there holds an _ inequality 
| 2, —a|<e and this means, according to the defini- 
tion of a limit of a sequence, that lim z, =a. 


5. It is known that lim z, = 0” and Ly 0 Vn. 
Prove that lim z% =0 fro > 0. 

A By the hypothesis, lim z, = 0, i.e. Ve, >0 AN, 
such that Vn > N, the inequality 


lzn|<e (8) 
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holds true. We have to prove that Ve >>0 4N such 
that Vn > N: | 2% |< e or, what is the same, 


[zn] <ell, (9) 


We specily an arbitrary ¢ > 0 and set e, = e€!/* (¢, > 0). 
For this e, 3N, such that Wn > WN, inequality (8) 
holds true, i.e.| 2,|<e'/*. Thus Vr > N = N, inequality 
(9) holds true. We have thus proved that lim z% = 0. A 


1+ oo 


IV. Problems and Exercises for Independent Work 


4. Find out whether each of the following sequences is 
hounded: (a) z, = (— 1r= » (b) tp = 2n, (c) xz, = Inn, 


© Lp = sin n, (e) fal 4, 0,22, 0, 3,°0,.4;- 0, 5,00; 
6, ... . Substantiate the answer. 


7 Using the definition of a limit of a sequence, prove 
that 


ree ores eo 
ee aa 


y= 
(c) lim a =0, (d) ne ee 2=0, 
—>00 N->0o 


(e) lim —syampr =  (f) lim (0.8)"=0, 
. 9n 415.67 4B cin 8 

(g) lim Se = 5, (hy Lim Sint 

sis N00 

3. It is known that lim z,-=a. Prove that 


N—> oo 


(a) lim (tp+;—7n)=0, (b) lim |x, |=|a], (c) lim 23 =a?. 
n—->oo N—->0o N—>oo 


=0. 


4. Let lim |2z,| = |a|. Does it follow that lim 2, =a? 
N->0o 


N—->oo 


5. Prove that the sequence {tn} is divergent when (a) 
tn = 7, (b) tp = Inn, (c) ry = nD", 

6. Assume that the sequence {v,} is convergent and 
M = sup {z,}, m = inf {x,}. Prove that either dn such 
that z, = M, or 3k such that x, =m, or dn and k 


such that z, = M, z, = m. Give examples of sequences 
of these three kinds. 
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2.2. Infinitely Small and 
Infinitely Large Sequences 


I. Fundamental Concepts and Theorems 

Definition. The sequence {x} is infinitely small (infi- 
nitesimal) if lim z, =0 

N+ oo 

Definition. The sequence {x,} is infinitely large if 
VA >0 AN such that Vn>WN: |r, | >A. 

From the point of view of geometry, this means that 
in any (infinitely large) neighbourhood of zero there are 
only a finite number of terms of the sequence and in- 
finitely many terms outside of it. 

If the sequence {z,,} is infinitely large, then we write 
lim 2, = oo, and if, beginning with a certain number, 
NCO 


all terms of an infinitely large sequence are positive 
(negative), then we write lim z, = +00 (—oo). Note 


Nc 
that an infinitely large sequence is not convergent and 
the symbolic notation lim z, = -+co (—oo) only means 


U+CO 
that the sequence {z,} is infinitely large and does not 
mean at all that it has a limit. 

Every infinitely large sequence is unbounded since 
there is a term of the sequence (even all terms beginning 
with a certain number) outside of any neighbourhood of 
zero. The converse is not true: an unbounded sequence 
may not be infinitely large. 

Theorem 3. The algebraic sum of a finite number of inft- 
nitesimal sequences is an infinitesimal sequence. 

Theorem 4. The product of an infinitesimal sequence by a 
bounded sequence is an infinitesimal sequence. 

Corollary. The product of a finite number of infinitesimals 
is an infinitesimal. 

Theorem 5. If the sequence {x,} is infinitely large, then, 
beginning with a certain number n, the sequence {1/xn} 
which is infinitesimal is defined. If the sequence {x,} is 
infinitesimal and x, #0 Wn, then the sequence {1/rn} 
is infinitely large. 


IJ. Control Questions and Assignments 


1. Formulate the definitions of: (a) an infinitesimal 
sequence, (b) an infinitely large sequence. Give a geo- 
metric interpretation of these definitions. 


31 


2. Use the “e-N” language to formulate the negation 
of the fact that a sequence is (a) infinitesimal, (b) in- 
finitely large. Give a geometric interpretation of these 
negations. 

3. Give a definition corresponding to the symbolic 
notation lim z, = —oo. 


nN—> co 

4. Let an infinite number of terms of a sequence be (a) 
in any neighbourhood of zero, (b) outside of any neigh- 
bourhood of zero. Does it follow from condition (a) (con- 
dition (b)) that the sequence is infinitesimal? infinitely 
large? bounded? unbounded? Does it follow from con- 
dition (a) (condition (b)) that the sequence is not infini- 
tesimal? not infinitely large? 

5. It is known that the sequence {x,} is (a) infinitesim- 
al, (b) infinitely large. Does it follow (under the condition 
that z, 30 Wn) that the sequence {1/z,} is (a) infinitely 
large, (b) infinitesimal? 

6. (a) Is an infinitesimal sequence bounded? 

(b) Is an infinitely large sequence unbounded? con- 
vergent? 

(c) Is any unbounded sequence infinitely large? 

7. It is known that y, 0 Wn and: (a) lim z,= 

nN->0co 


lim y, =0, (b) limz, = lim y, = 00. Can the sequence 
n->oo TN->oo - N—->co 


{=n/y,} be infinitely large? infinitesimal? convergent? 
divergent, but not infinitely large? Give examples. 

8. Prove that the sum of two infinitesimal sequences is 
infinitesimal. Is an analogous statement for an infinitely 
large sequence true? Substantiate the answer. 

9. Prove that if limz,-=oo, then, beginning with 


lo 
a certain number n, the sequence {1/z,} is defined, with 
lim (4/z,) =0. 
nN—-+>oo 

10. Let {x, + yn} be an infinitesimal sequence. Does 
it follow that {z,} and {y,} are infinitesimal sequences? 
Substantiate the answer. 

11. Let {z,y,} be an infinitesimal sequence. Does it 
follow that at least one of the sequences {x,} and {y,} 
is infinitesimal? Substantiate the answer. 

12. Prove that if z,>y, and lim y,=-+ 00, then 

N->0o 
lim z, == +0. 


u]l-—>oo 
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Ili... Worked Problems 


1. Use the “e-V” language to formulate the negation 
of the fact that a sequence is infinitely large. Give a geo- 
metric interpretation of the negation. 

A In accordance with the definition of an infinitely 
large sequence, lim z, = oo if VA >0O JW such that 

noo 
Yn =>WN: |x, |>A. Using the rule of constructing 
negations, we find that the sequence {x,} is not infinitely 
large if JA >O such that VV An>WN: |z,|<A. 
From the point of view of geometry this means that there 
is a neighbourhood of zero (A neighbourhood) which 
contains infinitely many terms of the sequence. A 

2. Prove that the sequence {a”} is (a) infinitely larg 
for |@ | >> 1, (b) infinitesimal for |a@ |< 1. 

A Let |a@|>1. We shall prove that the sequence 
{a"} satisfies the definition of an infinitely large sequence, 
i.e. VA >O AN such that Vrn=>WN there holds an 
inequality 

la ">A. (1) 


We specify an arbitrary A > 0. To find the number JN, 
we solve inequality (1) for x. We get 


n> logy A. (2) 


We set N = [logy A]. Then VWr>WN inequality (2) 
holds true, and, hence, inequality (1) also holds true. 
Thus WA >0O 43N = [log;,; A] such that Vn > WN: 
|a |” >A. And this is what we had to prove. 

(b) Let [a] <i. If a =0, then a” =0 Vn and, 
consequently, {a"} is an infinitesimal sequence. Let 
a0. Then a” = ((1/a)")-!. Since | 1/2 | >> 1, the se- 
quence {(1/a)”} is infinitely large and the sequence ((1/a)")~+ 
is infinitesimal by virtue of Theorem 5. Thus the sequence 
{a"} is infinitesimal for |a |< 1. 

3. Let z, =n)", Prove that the sequence {xp} 
(a) is unbounded, (b) is not infinitely large. 

A (a) We shall prove that {z,} satisfies the definition 
of an unbounded sequence. Indeed, V/Z > 0 the term 
of the sequence with the number n = 2 ([M] + 4) is 
equal to n and exceeds MW, and this means, by definition, 
that {z,} is an unbounded sequence. 

(b) We shall prove that the sequence {z,} is not infi- 
nitely large. Indeed, the interval (—2, 2) evidently 
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includes all terms of the sequence with odd numbers and, 
hence, the interval contains infinitely many terms of the 
sequence {z,}. It follows that {z,} is not an infinitely 
large sequence. & 

4. Assume that {z,} is a convergent sequence and {y,} 
is an infinitely large sequence. Prove that the sequence 
{Zn + yn} is infinitely large. 

A We shall prove that the sequence {x, +- y,} satis- 
fies the definition of an infinitely large sequence, i.e. 
VA>0O AN such that Wr>WN: |x, + yn | >A. 
Since {z,} is convergent, it is bounded, i.e. 347 >0 
such that Wn there holds an inequality 


lz, |< mM. (3) 


We specify an arbitrary A > 0. Since {y,} is an infinitely 
large sequence, it follows that for the number A + 73 N 
such that Vn > WN we have 


l\¥n | > A+ M. (4) 


From (3) and (4) we find that Wn > N there holds an 
inequality 


lj +ynlSlynl|—|len|>A+M—M=A, 


and this is what we had to prove. & 


IV. Problems and Exercises for Independent Work 


7. It is known that in a neighbourhood of zero there 
are (a) a finite number of terms of a sequence, (b) an in- 
finite number of terms of a sequence. Does it follow thal. 
in each of these cases the sequence is bounded? infinites- 
imal? infinitely large? 

8. It is known that the sequence {z,} is convergent 
and the sequence {y,} is infinitely large. Can the se- 
quence {x,y,} be (a) convergent, (b) divergent but. hound- 
ed, (c) infinitely large, (d) infinitesimal? Answer the 


questions using the sequences {n}, {=—*} ' {=} ’ 
{<<} ; {} as examples. 


9. Give examples of sequences {z,} and {yn} for which 
lim z, =0, lim y, =o and their product {r,Yn} 


N-> oo n->0o 
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is (a) a convergent sequence, (b) a divergent but bounded 
sequence, (c) an infinitesimal sequence, (e) an infinitely 
large sequence. 

10. Prove thal the following specified sequences are 
infinitesimal: (a) 2, =n" (k<0), (b) 2, =(—1)"-0.999", 

4 n 

(c) cc Aaa y Mi (a) ™ =F 

41. Prove that the following specified sequences are 
infinitely large: (a) x, = n® (k > 0), (b) x, = nr (—1)”, 
(c) tq = 2V%, (d) tq = log, (logy n) (nv > 2). 

12. Prove that any infinitely large sequence is un- 
bounded. 

13. Prove that the sequence {(1 + (—1)”) } is un- 
bounded but not infinitely large. 

14, Prove that if lim 2, = -+co (—oo), then the 


N-> Co 
sequence {z,} attains its greatest lower (least upper) 
bound. . 
15. Find the smallest term of the sequence {7,} if 


(a) 2, = n?—9n— 100, (b) t=n++—, 


2.3. Properties of Convergent Sequences 


I. Fundamental Concepts and Theorems 


Theorem 6. Let limz,=a, lim y, =b. Then 


N+ OO noo 


(a) lim («, + yn) =a+), 
(b) lim (tpyn) = ab, 
N00 


(c) if b 0, then, beginning with a certain number 
a sequence {xp/yn} is defined (i.e. AN such that Vn SN: 
Yn #0) and Jim (tp/yn) = a/b. 

N—+0o 
If lim z, =lim y, =0, then lim (x,/y,) is an indeter- 


n->0o 1-00 n> co 


minate form 0/0. The indeterminate forms oo/co, 0-00, 

co — oo are defined by analogy. It is clear that Theorem 6 

is inapplicable for these limits. 
Theorem 7. If lim 2, = @ and, beginning with a certain 


nN >oo 


number, %, >> b (%, <b), thenaD b (ax<b). 


3* 


Theorem 8 (theorem on three sequences). // lim z,= a, 


Nao 
lim yn =@ and, leginning with a certain number, 
n+ co . : 
the inequalities t, <2, <Yp hold true, then lim 2, = a. 
m—-> 00 


TJ. Control Questions and Assignments 


1. Give a definition of a convergent sequence. 

2. Use the “e-N” language to give the definition of 
a divergent sequence and give a geometric interpretation 
of this definition. 

3. Formulate Theorems 6-8. 

4. Let the sequence {x,} converge and the sequence 
{yn} diverge. Prove that the sequence {z, -+ yn} di- 
verges, the sequence {cx,} converges, the sequence {cy,} 
diverges for c= 0. Use examples to show that the se-- 
quence {z,y,} may (a) converge, (b) diverge. 

5. Let the sequence {z, + y,} be convergent. Does it 
follow that the sequences {z,} and {y,} are convergent? 

6. Let 

lim z, =a. (*) 
n-—->0o 

Prove that z, can be represented in the form 

Lyn =a 4- ay, (#*) 


where {a,} is an infinitesimal sequence. Prove the con- 
verse, i.e. that (*) follows from (##). 

7. Prove Theorem 6G. 

8. Let lim 2, =a and z, >b Wn. Does it follow 


that (a) a> b, (b) a> b? 


III. Worked Problems 
1, Assume that lim y, = b=+40 and the sequence 


n-0o 
{z,} is divergent. Prove that {z,y,} diverges. 
A We designate 7, = Z2,Yn and prove the divergence 
of the sequence {zx,} by the method of indirect proof. 
We assume that {z,} converges. Since lim y, = b 40 


n->0o 
by the hypothesis, it follows, according to Theorem 6, 
that the sequence {2,/y,} = {2,} is defined beginning 
with a certain number and is convergent. But this con- 
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tradicts the hypothesis. Consequently, {2,} is diver- 
sent. A 

2. Prove that the sequence {sin n} is divergent. 

_ 4 We shall use the method of indirect proof. Let 
lim sin n =a. Then lim sin (7 +- 2) = a, whence 


Noo n->0o 


lim (sin (n + 2) —sin 7) = 0. (1) 
FOO 
Since sin (x + 2) —sinn = 2 sin 1 cos (n + 1), we can 
take relation (1) into account and obtain 
lim cos (z+ 1) =0. (2) 


u—-> co 


From the relation cos (nz -- 1) = cos x cos 1 — sin nr sin 1 
(cos n cos 1 — cos (n -} 1)). 


we find thal sinn = 


sin 1 
From this it follows, by virtue of (2), that lim sin n = O. 
n> oOo 
Thus we get lim cosn = lim sinn = 0, and this con- 


1-00 n-+o0 : 
tradicts the equality cos? n + sin? n = 1. Consequently, 
{sin n} diverges. A _ _ 

3. Find the following limits: 


10 nin : 5.3 
im —377 b) lim ———, (c) lim : 
(a) bilow n2+41 ? ( ) Paneer \/n (c) rake gn 2 
A Note that each of these limits is an indeterminate 
form of type co/oo. We have 
10n ‘ 40 
a) lim —7 7 = lim =0 
Oe cont ae cena 
n 


1 . , : 
since {n+ +} is an infinitely large sequence, 


ni—n . (n— Vn) (n-+- \/n) 
i == lim “tee 
(b) Eee n—Vn Noo n— Vn 


= lim (n+ Vn) = +, 


a 
Cte 


4. Find the limit lim (Vn?--n—n). 


n—->oco 
A Note that this limit is an indeterminate form olf 
type co—oo. We have 


F = _ 4: n 
oe areas 


= lim ————— = ——_4.—____=f. A 
mre V4 tim (7/144) 41 
Noo 
Vncosn 


5. Calculate lim ———= 
Os 
A The sequence {cos} is bounded and the sequence 


Ae ee eee 
{} is infinitesimal since 


1 ‘ 4 
[> = lim = 
lim a4 = lim ve rte Vn _g 
n> oo N—>0o 1+— Tink (14+) 
nN->co n 


From this, according to Theorem 4, it follows that the 
product of these sequences is an infinitesimal sequence, 
: _ Vncosn 
i.e. lim ———="* — 

nso «N+ 0. A 


6. Find the limit lim S42+3*4 «pnt 


Noo n 

A We designate S, = 414 94 4 pee Fe 

shall seek S, in the form par Segoe sey gem 
S, =An® + Bn* + Cr3 + Dr? + En + F, 
and then 
Sati — 5S, =A [(n + 1)? —n'] + B [(m + 1)* — n'] 
+ C[(n + 1)? — n3].+ D [(n + 1)? ~ n?] 
+ E[(n 4-41) — ni). 


From this we have the following relation for any natural n: 


(n 4- 1)? = 5An* + (10A +- 4B) ni? 
+ (10A + 6B + 3C) n? + (54 + 4B 4+ 3C 4+ 2D) 0 
+A+B4C4HDH+E. 


38 


Equating the coefficients in the same power of 7 on the 
left-hand and right-hand sides of the relation, we obtain 


oA =1, 
10A -+ 4B = 4, 
10A + 6B + 3C = 6, 
oA + 4B + 3C + 2D = 4, 


A+ B+ C+ D+E=1. 
Hence A=1/5, B=1/2, C=1/3, D=0, E= —1/30. 
Thus, for any n, we have S,=—n44 ni 13 — 


1 ; > 4 4 4 
a7 Vt Fk. Setting n=1, we get 1 = sai ar 7 - 


aT +F, whence F=0. Consequently, 


S, = 144 24+ 34+ ions See Se . 


30 
Thus we have 
4 4 4 4 
lim 44-2 peepee 
l—>co 
a PAN ee 4 1 \ 4 
ae (start 3n?—-30n4 = 5° 4 


IV. Problems and Exercises for Independent Work 


16. (a) It is known that the sequence {z,} is convergent 
and {y,} is divergent. Can the sequence {x,y,} be con- 
vergent? divergent? 

(b) The sequences {z,} and {y,} are known to be diver- 
gent. Can the sequences {z, + yn} and {zx,y,} be con- 
vergent? divergent? 


Answer the questions using the sequences {24' } ; 
{(—1)"}, {--\ , {nr}, {—n}, {((—1)"*} as examples. 
‘ 4 1 (—1)" 
Given the BpauCHeeS {—} : {=} ’ {—"} , 
{or} choose from these infinitesimal sequences 
such that (a) lim (xp/yn)=0,  (b) Lim (,/y,) = 1, 
10a N—> oo 


(c) lim (@p/yn) = 00, (d) {x,/yn} diverges but is bounded. 
Tl->0o 
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48. Given limz,=b=s00, limy,= oo. Prove that 


na—->0oo 1—> Co 
(a) lim (z, + Yn) = 09, (b) lim (z,/y,) =0, 
n->oo n—> co 
(c) lim (Yn/Zn) = 09 (x, x 0), (d) lim (2nYn) =oo if 
b=~0. 
19. Prove that ae (Zp/yn) = co if limz,=b=-0, 


N->00 


he 20. Test the foiiswine sequences for convergence 


(depending on a, B, ¥): 
_ nt nba VYnm+i-n 
(a) t= nP+3 ’ (b) t= Nn Vnti-—\Vn . 
21. Find the following limits: 
3 5 
(a) lim ee , (b) lim (Vzn+1—Y7), 


—2yh43n 
(c) lim Sagar - 


n 
22. Let x, = >) 7 : Calculate limz,. We 


= ne+k nN 00 
evaluate z, from above and from below: 


nr n ma 
1 4 1 
2 Vit-+n 2) V +k = D2 ne ae 
= = h=1 
Thus we have 
Vay SS. 
Since 


N—>0O Vn2—n n—>00 V ++ 


we have lim zx, = 1 in accordance with the theorem on 


nN->0o 
three sequences. 
On the other hand, the arbitrary term in the ex- 


pression for x, is equal to eat 2s nave A) 


V+ k 
40 


Since lim ae 
noo VY me+tk 


; 4 
] = ———— eee — 
pee ( Vnit+4 al \n2+2 : + |/n2-—En ) 
; 4 4 1 
pans Se pe 
ae VYre+i eee }n?2 
Be ioe Ti ae OA pc 0: 


/ 
n-+oo | n2 n 


=0, it follows that 


We have thus found that 1 = 0. Find the error in the 
reasoning. Which of the two results is true and which 
is not, and why? 

23. Calculate the following limits: 


: 1 2 —1 
(a) jim (=r tat.. ->) ’ 


(b) lim (+t .+ (n—1)? ) 


he n3 ns n3 
. 4 4 ; 1 
(c) lim ( 1-2 Fg TR (nh) ) : 
1 


. , 4 { 
(d) lim Oy ee oe) : 


N—-> Co 


2.4. Remarkable Examples 


I. Fundamental Concepts and Theorems 


We say that the infinitely large sequence {x,} has a 
higher order of growth than the infinitely large sequence 
{yn} if {z,/y,} is an infinitely large sequence, and in this 
case we shal] use the designation y, <z,. This section 
is devoted to calculations of some limits which are used 
lo compare the orders of growth of different infinitely 
large sequences. These limits can be found with the use 
of Theorem 8 on three sequences and_ the binomial 
theorem: 


(a +b)” =a" 4- ( -) ath 6. + ( i athyk ee 
= 2 ( i ) ar-hpk, 


Al 


where 


n\_ nl _ n(n—1) 4... (n—k-4+-14) ee 
Cy ) ~ Ki (n—k) kl ae 
This formula yields an inequality 
(a+ by" > AER) grape, (1) 


which is valid fgr positive @ and b and for any natural 
number 7. 

The examples and problems considered in this section 
lead to the following results: 


logyan<n*<a" <n! for a>0, jal >1. (2) 
(The relation log) n»<n% is valid for «>0, but 


in Exercises 24 and 25 you have to prove it only for 
a > 1.) 


II. Control] Questions and Assignments 


1. Formulate the theorem on three sequences. 

2. Write the first four terms of the binomial formula 
for the expansion of (1 + a)”. 

3. Given infinitely large sequences {nl}, {logy 7}, 


{Vn}, {4"}, {n>}, with the aid of relation (2) find for 
every two sequences which of them has a higher order 
of growth. 


III. Worked Problems 


1. Prove that din 2 =0 for a>0, |a| >1. 


A It follows from ‘the ee of a limit of a 
sequence that if lim |u,|=0, then limu, =O as well. 


n->oo n—>0o 
It is therefore sufficient to prove that lim w, =0, where 


N—>0o 


We represent w, as 


Wy, = ( ane i 


and consider a sequence 2, = 


Wn = TayF ° 


FPL We shall prove 


that limz, =0. Then it will follow from the result 


1-> 00 
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of Example 5 in 2.1 that limw,=U. Since a>wg 


Ja|> 14, it follows that 3B >0 such that | a@ ['/e _ 
1 +- 6B. Applying inequality (1) to the binomial (4 + B)” 
we get , 


({a]"/*)*== (14+ B)"> 25-9 pe Wns. 


It follows that 
n 2 


in= one <a We? 
2 
We sel z,=0 Wn and Yn= Bray VS2. The se- 


quences {an}, {Zn}, {yn} satisfy Lhe conditions of the theorem 
on three sequences since 2, <2, Cy, and lim x, = 0, 


n->oo 
lim y, = 0. Consequently, lim z, =0, and this is 
a@—>co 1-00 
what we wished to prove. 


We can thus write 
ne<a"™ for a>VU, |al>leAa 


123 
2. Prove that lim + =0 for ja| >1. 
n—->oo 
n 
A Let us consider a sequence 2, = le! and prove 
that lim z,=0. Assume that & is a natural number 
n->oo 
such that k >> |a| and that > 2k. We represent z,, 
as a product of x factors 
jal” _ lal tal la] lal lal 
| 2 °** 2k 2k+1 °°" on 


Since k>|a|, the fraction il and all fractions follow 


ing it are not larger than 1/2. Therefore we obtain an 
estimate 


ay tS lalt (Z)" = @ lays (z)”. 


Since z,>>0 and lim (2 [a|)?*-! (+)"=0, according to 


the theorem on three sequences we have limz,=0. 
N->CO 
From this it follows that lim 2~ = 0, i.e. the se- 


noo MM 
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quence {n!} has a higher order of growth than the se- 
quence {a”} for [a] > 1. Thus a"<n! for jaj>1. A 
3. Prove that lim n= 1. 


A For n > 2 the number V7 is larger than 1. There- 
fore Vn >2 5B, >0 such that ‘ 
V¥n=14+Bp. (3) 


It follows from relation (3) Unat rn = (1 + B,)”. Applying 
inequality (1) to the right-hand side of the last relation, 
we obtain 


n= (L+B,)" SA Ba. 


From this we find that py Vn>2. Accord- 


ing to the theorem on three suai it follows from 


the inequalities 0<f,<p —> and the relation 


lim 7 =0 that limp, =0. We now find from 


N—->oo N—> oo 


relation (3) that lim’/n=1. zA 
n-—>co 


IV. Problems and Exercises for Independent Work 


24. Using the definition of a limit of a sequence and 


the result of Example 3, prove that lim jogar 9 


n-> oo 


for a>1. 
25. Prove that lim 


Noo 


ee n 


=-0 for a>1, o>1. 
26. Prove that the followane specified _Sequetices are 
infinitesimal: (4) 2n»=—gro (bD) =F. ©) a= 


n 5—1. 
oo Using the result of Example 2, prove that 


; 1 
lim TS 0. 
n--coo WV nl 
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2.5. Monotonic Sequences 


I. Fundamental Concepts and Theorems 


The sequence {2,} is nonincreasing (nondecreasing) 
if Un41 Sq (Un+1 S Ln) Vn. | : 

Nonincreasing and nondecreasing sequences are known 
as monotonic sequences. 

The sequence {x,,} is increasing (decreasing) if x4, > 
Th (Un 41 < tn) Vn. 

Increasing and decreasing sequences are also called 
strictly monotonic sequences. 

Note that a monotonic sequence is always bounded at 
least from one side, a nonincreasing sequence is bounded 
from above and a nondecreasing sequence is bounded 
from below, by its first term. If a monotonic sequence 
is also bounded from the otlier side, then it converges, 
i.e. the following theorem holds true. 

Theorem 9. A monotonic bounded sequence converges. 


II. Control Questions and Assignments 


4. Formulate (a) the definition of a monotonic sequence, 
(b) the test for convergence of a monotonic sequence. 

2. Is the boundedness of a sequence the necessary and 
sufficient condition of convergence of (a) a monotonic 
sequence, (b) an arbitrary sequence? 


JII. Worked Problems 


Find the limit of the sequence {z,} which is defined 
by the recurrent relation: 
Tri = Fy (2 — zn) Wn >1, (1) 


where 2, is an arbitrary number satisfying the inequalities 
Ocma<il. 

A. We shall first prove that the sequence {7,} is bound- 
ed, namely, we shall prove by induction that Wn there 
hold inequalities 

0O<a, <1. (2) 
For x, inequalities (2) are satisfied by the hypothesis. 
Assume that inequalities (2) are valid for the number 7. 
We shall prove that then they are also valid for the num- 
per 2 + 1. We write formula (1) in the form 


tat = 1— (1 = z,)*. 
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it follows from inequalities (2) that 0< (i —2,)? <1, 
and therefore 0 << 2,4; < 1. We have thus proved in- 
equalities (2) Vn. 

We shall now prove that the sequence {x,,} is increasing. 
Since z, <1, it follows that 2 —2, +1. Dividing 
relation (1) by z,, we get 

Sy alte SO Saree 
It follows that 2,4, >> 2, Wn. Thus the sequence {zp} 
is monotonic and bounded. Consequently, according to 
Theorem 9, there is a limit lim xz, which will be de- 


N-> CO 
signated as a. To find a, we pass to the limit in the recur- 
rent formula (1). We get 


lim 7,4,= lim z,-lim(2—2,), or a=a(2—a). 
Noo N—>oo noo 


Hence a = 0 or a= 1. Since xz, >0 and the sequence 
{z,} is increasing, we havea=1. A 


IV. Problems and Exercises for Independent Work 


28. Prove the convergence of the sequence {z,,}, where 
n 


1 
t= Di Goe 


29. Prove the convergence and calculate the limit of 
the sequence {z,} if 2,=Va, 2, =Va+Vay..., t= 


Van V ae Ve (the total number of roots is 
n), ..., where a>0. 


30. Prove the convergence and calculate the limit of 
the sequence {z,} if it is defined by the recurrent relation 

(a) Lp = (Ln-1 + Ly -9)/2 Vn > 3, % =a, x2 = d, 
a + b, 

b) trvs= > (a +) Vadt, a>0 

») ntim~ 9 n In at ’ 
where x, is an arbitrary positive number, 

4 a . 

(©) tati=—z (tn + =) Wot, a>0, 
where z, is an arbitrary negative number. 

31. Prove that an unbounded monotonic sequence is 
infinitely large. ; 

n 
32. Prove the existence of the limit lim (1 4- =) , 


noo 
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2.6. Limit Points 
I. Fundamental Concepts and Theorems 


Let {z,} be a number sequence. We shall consider an 
arbitrary increasing sequence of positive integers /,, 
Ky, ..-y kn, ... . Note that k, Sn. From {x,} we 
choose terms with the numbers /,, /t,, ..., Kn, - : 


Thy Thy) eee Tha? eee 


The number sequence {t,,} obtained is a subsequence of 


the sequence {z,}. 
Theorem 10. Jf lim z, =a, then any sequence {r,,} 


n->00 
converges to a@ as 2 — oo. 

Theorem 11 (Bolzano- Weierstrass theorem). Any bound- 
ed sequence always contains a convergent subsequence. 

Definition 1. The number a is a limit point of the sequence 
{=n} if the sequence {x,} contains a subsequence {x;, } con- 
verging to a. 

We can give another, equivalent, definition of a limit 
point. 

Definition 2. The number a is a limit point of the sequence 
{x,} if in any e-neighbourhood of the point a there are in- 
finitely many terms of the sequence {x}. 

Remark 1. It follows from Theorem 10 that a convergent 
sequence has only one limit point which coincides with 
its limit. 

Remark 2. It follows from Theorem 11 that every bound- 
ed sequence has at least one limit point. 

The largest (smallest) limit point of the sequence {2} 
bounded from above (from below), is the limit superior 
(limit inferior) of the sequence and is designated as 
lim z, (lim: z,). 
ae 


It is evident that if {z7,} is convergent, then lim z, = 


N-+oCo 
lim z,= limz,. If the sequence {z,} is not bounded 
ees n-+00 


from above (from below), then we set limz, = +00 
(lim x, =: —oo). co 
N-co 
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II. Control Questions and Assignments 


1. lormulate the definition of (a) a sequence, (b) a limit 
poinl (give two definitions and prove their equivalence), 
(c) the upper (lower) limil of a sequence. 

2. Give a geometric interpretation of the definition of 
a limit point. 

3. Is the limit of a sequence its limiting point? Sub- 
stanliate the answer. 

4. Given the sequences {rn (—1)" + 1}, {nv}, {(—1)" -+ 
1}, indicate the sequence which (a) has a limit point, 
(b) does not have a limit point, (c) has two limit points, 
(d) has only one limit point. Are there convergent se- 
quences among them? 

5. Prove that a convergent sequence has only one limit 
point and that point coincides with its limit. Find whether 
the converse statement is true: “If a sequence has a single 
limit point, then it is convergent”. 

6. Given a sequence {z,} and it is known that any 
neighbourhood of the point a contains infinitely many 
terms of the sequence and none of the intervals to which 
the point a does not belong, does not contain infinitely 


many terms of the sequence. Does it follow that 
lim x, =a? 


M+ 30 


7. Let lim x = 4. Can the sequence {tn} be (a) con- 


nN—->d0 
vergent (if it can, then what is its limit?), (b) divergent? 
8. Formulate the Bolzano-Weierstrass theorem. 
9. Find whether the following statement is true: “If a 


sequence is unbounded, then a convergent sequence can be 
isolated from it”. 


III. Worked Problems 


{. Prove the divergence of the sequence x, = (—1)". 
A Consider two subsequences of this sequence: x,, = 1 


and = 2%o,-) = —1 (k = 1, 2, ...). It is evident that 
lim zy, = 1, lim rg,-) = —1. 
hoo h-00 


Thus the sequence {(—1)"} has two limit points, 1 and 
—1, and therefore cannot be convergent since a convergent 
sequence. has only one limit point. &A 

2. Find (a) all limit points of the sequence {sin n°}, 
(b) the upper and the lower limit of this sequence. 
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A (a) Each of the numbers 0, -tsin 1°, +sin 2°, ..., 
-+tsin 89°, +1 appears in the sequence infinitely many 
Limes since sin 7° = sin (360°%p -+- n°) Vr, p €N. There- 
fore cach of the indicated numbers is a limil point of the 
sequence {sin n°}. The sequence has no other limit points 
since if the number a does not coincide with any one of 
these 184 numbers, then there is a neighbourhood of the 
point a which does not contain any terms of the sequence. 

(b) From the 181 limit points indicated in (a) the point 
—1 is the least and the point 1 is the greatest, i.e. 
lim sin n° = 41, lim sin n° = —1. A 
N-+Co n—->co 
3. Find (a) all limit points of the sequence 0, 1, 1/2, 
1/3, 2/3, 1/4, 3/4, 1/5, 2/5, 3/5, 4/5, 1/6, ..., (b) the 
upper and the lower limit of this sequence. ; 

A (a) The sequence {z,} is the set of all rational num- 
bers belonging to the interval [0, 1] which appear in the 
indicated order. Since any e-neighbourhood of any real 
number of the interval [0, 1] contains infinitely many 
rational numbers (see Exercise 5 in 1.1), every point of this 
interval is a limit point of the given sequence. Now if the 
point a ¢[0, 4], then it is not a limit point of the given 
sequence since there is a neighbourhood of such a point, 
which does not contain any term of the sequence. 

(b) It is evident that limz, = 0, limz, =1. A 


n+0o Tt 00 


4. Prove that the infinitely large sequence {z,} does 
not have a limit point. 

A We use an indirect proof. Assume that a point a is 
a limit point of the sequence {x,}. Then there is a sub- 
sequence {z,} such that lim 2, = 4. On the other 


n-+-0co 


hand, {z,,} has no limit since it is infinitely large. 
Indeed, since {z,} is infinitely large, it follows that 
V4 >0 4N: Wn >N |x, |>A. Since k, >n and 
kenga > kp, it follows that Vk, > WN: | Zn, |>A, 
i.e. {x,} is infinitely large. The contradiction obtained 
proves that {z,} does not have a limit point. A 


IV. Problems and Exercises for Independent Work 


33. Prove that 
(a) an infinitely large subsequence can be isolated from 
any unbounded sequence, 
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(b) any subsequence of an infinitely large sequence is 
infinitely large, 

(c) a monotonic unbounded sequence does nol. have a 
limit point, 

(d) every bounded sequence has an upper and a lower 
limit. 

34. Given that the sequences {x,} and {y,} have a li- 
mit point each, give examples showing that the sequences 
{c, + yn} and {z,-yn} may (a) have no limit points, 
(b) have one limit point each, (c) have two limit points 
each. 

35. Find all limit points of the sequence {z,}, also 
find limz, and limz, if 


N-+oo N—-0o 


ae (2 +3) » (b) t=14+ 7 cos > , 
(c) ty =1+2(—4)"4 4 (— 197, 


n—1 ann 


(d) 2, = ee cos — , 
(e:) t=1+nsin=, (f) 2.= eile Belen ; 
(8) t= (1 + =)*(= 1)" + sin > ; 
aie TET sin? =, (i) z= V 1p gn” 
n 2in 


(j) tr=cos*"—S—, (It) = (—1)" 2. 
36. Test the sequence 
ip a i ae + (— {yr 
n n n n 
for convergence. 


2.7. Fundamental Sequences. 
Cauchy Condition for Convergence 
of a Sequence 


I. Fundamental Concepts and Theorems 


Definition 1. The sequence {x,} is fundamental if Ve> 
Q AN such that Vn >WN and V natural number p the 
inequality 1%» —2n+p|<e holds true. 

This definition is equivalent to the following one. 

Definition 2. The sequence {x,} is fundamental if 
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VeS04N such that Wns WN and Vm +N the ine: 
quality |x, —2m |< & holds true. 

The geometric interpretation of these delinitions is as 
follows: if the sequence {z,} is fundamental, then Ve > 
0 AN suchj that the distance between any lwo terms of the 
sequence with numbers larger than N is smaller than s. 

Theorem 12 (Cauchy condition for convergence of a se- 
quence). For a sequence to be convergent, it is necessary and 
sufficient for it to be fundamental. 


II. Control Questions and Assignments 


1. Formulate the definition of 
(a) a fundamental sequence (give two definitions and 
prove their equivalence), 
(b) a nonfundamental sequence (using the rule of con- 
structing negations). 
Give a geometric interpretation of these definitions. 
2. Formulate Cauchy condition for convergence of a 
sequence. 
III. Worked Problems 
1. Using Cauchy condition, prove the convergence of 
nr 
the sequence {x,}, where 2, == >} Se 
h=1 
A By virtue of Cauchy condition, it is sufficient 
to prove that the sequence {z,} is fundamental. For 
that purpose we evaluate |7,—2,4,|. We have 


n+p ink n+p 4 
lta —anepl =| > am l< > ee: 
h=n+i kh=n-+1 
Since Le ee eee it follows that 
ke k(k—1) k—-1 &’ ee 
eA 1 { 1 
2 eet aaa tt ae 
h=n+1! 
1 1 1 1 
alee) ape een 
1 at an 4 4 
pe ee ao eee erp Sn 


Therefore Wn, p € N, we have 
| 2p —Zatp |<iln. (1) 
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We specify an arbitrary ¢ > 0 and set N = [1/e]. Then 
Wn > N the inequality » > [t/el -|- 1 > t/e holds true, 
whence 1/n< et. Consequently, using inequality (1), 
Vn>N and VW natural p, we get [ary — ryan |< 
41/n < g¢. This proves that the sequence is fundamental. A 
2. Using Cauchy condition, prove the divergence of the 
n 
sequence {z,}, where z,= >, aaa 
hk=1 
A By virtue of Cauchy condition, it is sufficient to 
prove that the sequence {z,} is not fundamental. For 
that purpose we evaluate |z, —2nj+4p |. We have 
n+p 


. 4 Pp 
|2n—Zn+pl= s Ti 2 Vn, PEN. 
kon+i Vk ~ Vutp 

In particular, for p = n we get 
n 4 
|p an 75 Se Vn. (2) 


We take ¢ = 1/V2. Then VV n> WN anda natural p 
such that |, — 2,4) | >> e. Indeed, by virtue of ine- 
quality (2), it is sufficient to take any 2 > N and p = x. 
This proves that the sequence {z,} is not fundamental. & 


IV. Problems and Exercises for Independent Work 


37. Using Cauchy’s condition, prove the convergence of 
the sequence {x,} if 
n 


n nr 
ta 1 . cos (k!) F sin k 
(a) m= Daz (b) m= DE et’ () t= Dar 
I 


k=1 n=] h=] 


a 
(d) 2, = >) ang’, where |g| <1 and ja,|<M Wk, 
k=0 
M>0. 
38. Using Cauchy condition, prove that if the se- 
n 
quence Zp, = py a, is convergent, then lima, =0. 
k=! N—>0o 
39. Using Cauchy condition, prove the divergence 
of the sequence {z,} if 
n » n F 
(a) t= >) (—1)", (b) =>) >. 
h=1 


k=1 
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Chapter 3 


Limit of a Function. 
Continuity of a Function 


d.1. Limit of a Funetion. Limit Theorems. 
Infinitely Large Functions 


I. Fundamental Concepts and Theorems 


1. Limit of a function at a point. Assume that 2 is 
a numerical variable and X is its range. If we put a num- 
ber y into correspondence with every number x€X 
then we say that a function is defined on the set X and 
wrile y — f (x). The variable x is an independent variable 
(or the argument of the function), the set X is the domain 
of definition (or simply domain) of the function f (x), and 
the number y which corresponds to this argument x is a 
particular value of the function at the point x. The set Y 
of all particular values of the function is the set of values 
(range) of the function f (2). 

The point a (a@€ X or a ¢ X) is a limit point of the 
set X if in any neighbourhood of the point a there are 
points of the set X different from a. 

In the definitions given in this section we assume that 
a is a limit point of the set X which is the domain of de- 
linition of the function f (z). 

Definition 1 (Cauchy’s). The number b is the limit of the 
function f (x) at the point a (as a) if Ve >0 36 >0 
such that Wa, satisfying the conditions x € X,0<|a— 
a|< 5, the inequality | f(z) — b |< ¢€ holds true. 

Definition 2 (Heine’s). The number b is the limit of the 
function f (x) at the pointa if for any sequence {x,} con- 
verging to a and such that x, € X, 2p = 4, the corresponding 
sequence of values of the function {f (x,)} converges to b. 

The notation is lim f (z) = b, or f (x) +b as x >a. 


xa 
It should be emphasized that the concept of the limit 
of a function of a point a is introduced only for the Jimit 
points a of the domain of the function. Note that in that 
case the function may not be defined at the point a, i.e., 
in general, a ¢ X. 
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Here are the formulations of the negations of Defini- 
tions 1 and 2. 

Negation of Definition 1. The number 0 is not a limit 
of the function f(x) at the point a [b ~lim f (z)] if 


de >0O such that VSO J3re€ X for which O< 
|x —a|<6 and |f(z)—Odb|De. 
Negation of Definition 2. The number b ~ lim f (2) 


if there is a sequence {zy} (z, € X, x, a) which con- 
verges to a and is such that the corresponding sequence 
{f (cn)} does not converge to b. 

2. Limit theorems. 

Theorem 1. Definitions 1 and 2 of the limit of a function 
are equivalent. 

Theorem 2. Assume that f (x) and g (zx) are defined in a 
neighbourhood of the point a except, maybe, for the point 
a itself, and lim f (2) = b, lim g (x) =c. Then 

x~+a xv-7a 


lim (f (2) + g(a) =b-+e, 
lim (f (2) ~g (2)) =b—e, 
lim f (2) g (x) = be, 


lim ; a — provided that c=é&0. 

Theorem 3. Assume that the functions f (x), g (a) and 
h (x) are defined in a neighbourhood of the point a, except. 
maybe, for the point a itself, and satisfy the inequalities 
f(z) <8 (%) Sh (a). Let lim f (x) = lim h (x) = b. Then 
lim g (x) = b. : a 
xa 

3. One-sided limits. 

Definition 1 (Cauchy’s). The number b is the right-hand 
(left-hand) limit of the function f (x) at the point a if 
Ve >0 46>0 such that Wx. which satisfies the con- 
ditions EX, a<x<a+6 (a—S<2x<a), the 
inequality |f (27) —b|<e holds true. 

Definition 2 (Heine’s). The number b is the right-hand 
(left-hand) limit of the function f (x) at the point a if for 
any sequence {x,} which converges to a and is such that 
Z, EX, Ly >a (x, <a), the corresponding sequence of 
the values of the function {f (x,)} converges to b. 

The notations are lim f(z) = 06 or f(a+0)=2 

x~a+a 
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(lim : f (ct) =b or f (a —0) = b respectively). 
' Definitions 1 and 2 are equivalent. 
Theorem 4. If there are f (a +0) and f (a —0) and 
f(a+0)=f(—0)=b, then there is a limit 
lim f (x) = b. 


xa 

Theorem 5. Jf the function f{ (x) is defined in a neighbour- 
hood of the point a, except, maybe, for the point a itself, 
and there is a limit lim f (xz) =b, then there are 


f (a + O)and f (a — 0) with f (a+ 0) =f (@—O0) =b. 
4. Limit of a function as z — oo. Let the function f (z) 
be defined on the ray (c, +00). 
Definition 1 (Cauchy’s). The number b is the limit of 
the function f (x) asx + -+oolb = lim f (~lif Ve>0 


N-+ +00 
JA > 0 (A Sc) such that Vx > A _ there holds an ine- 
quality |f(c) —b|<e. 
Definition 2 (Heine’s). The number b = lim f (x) if 
X—+ +00 


for any infinitely large sequence {xn} (%n >>) the corres- 
ponding sequence of the values of the function {f (r,)} con- 
verges to b. 

Definitions 1 and 2 are equivalent. 

By analogy we can define lim f (x). If lim f(z) = 


N-» -— 00 X—-> — CO 
lim f(z) = 0b, then we write lim f(z) = b. For in- 
x++00 x00 
stance, lim (1/z) = 0. 


v—>oo 

A theorem analogous to Theorem 2 is valid for one-sided 
limits and the limits as z > oo. 

5. Infinitely large functions. 

Definition 1. The function f (x) is infinitely large on the 
right of the point a if VAY >0 46 >0 such that Vx 
satisfying the condition x€X, axxt<a-+46, there 
holds an inequality 


If (z) | > M, (1) 
The notation is lim f (x) = o, or f(a +0) = o. 
x>a+0 


It should be emphasized that the notation only means 
that f (x) is infinitely large on the right of the point a 
but does not mean at all that f (x) has a right-hand limit 
at the point a. This limit evidently does not exist. 


fa 


If the inequality f (7) > M (f (2) < —Al) is satisfied 
in Definition 1 instead of inequality (1), then we say 
that the function f(z) is infinitely large of the plus 


—oo, or f (a + 0) = —oo respectively). 

An infinitely large function on the left of the point a 
is defined by analogy. 

If a function is infinilely large on the right and on the 
left of the point a, then we wrile lim f (x) = oo. For 
instance, lim (1/z) = oo. vane 


x—+0 

Definition 2. The function f (x) is infinitely large on the 
right (on the left) of the point a if for any sequence {x,} 
converging to a and such that x, € X, t, >a (t%, <a), 
the corresponding sequence {f (z,)} is infinitely large. 

Definitions 1 and 2 are equivalent. 

Let the function f (x) be defined on the ray (c, -!-00). 

Definition 3. The function f(z) is infinitely large as 
z—+>-+oo if VM>0 3A (A Sc) such that Vx > 
A: |f(@|>M. 

Definition 4. The function f(x) is infinitely large as 
& —> +00 if for any infinitely large sequence {it Pay. Se) 
the corresponding sequence {f (t,)} is infinitely large. 

The notation is lim f (x) — oo. : 


an X-> +400 
Definitions 3 and 4 are equivalent. 


By analogy, we can introduce the concept of an in- 

finitely large function*as + — —oo: lim { (x) = o. If 
> . . . SD eiteaiees 

the function f (7) is infinitely large as x + -|-oo and as 

xz —»—oo, then we write lim f (x) = oo. For instance, 


F N-> 00 
lim x = oo. 
xc 


II. Control Questions and Assignments 


1. Formulate two definitions of the limit of a function 
at a point. What does the equivalence of these definitions 
mean? 

2. Using Heine’s definition of the limit of a function, 
prove the uniqueness of the limit of a function at a point. 

3. Prove that Vz, lim « = 2, using (a) Cauchy’s, 


NONg * 
(b) Heine’s, definition of the limit of a function, 
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4. Given a function f (7) = Let, find whether the 


function f (z) is delined at the point 2 = 0. Is the point 
«= 0 a limit point of the domain of the function? Is 
there a limit an { (2)? 

+0 


5. Formulate “the negations of two definitions of the 
limit of a function al a point. 

G6. Formulate Theorems 2 and 3 on the limits of func- 
tions. 

7. Formulate two definilions of one-sided limils of a 
function and the negations of these definitions. 


8. Are there f(3+0) and {(8—0) if f(a) = 
Is there lim f (@)? 


9. Under eal conditions does the existence of one- 
sided limits (a limit of a function) imply the existence 
of a limit of a function (one-sided limits)? 

10. Formulate two definitions of a limit of a function 
as x +00 and the negations of these definitions. 

14. Prove that the function f (x) = x has no limit as 
uw — + oo. 

12. Prove that lim a= -+- oo 


> 4-00 eo ge 
13. Formulate the Cauchy and Heino dofinitions cor- 
responding to the following symbolic notations: 
(a) ds )-- 00, (b) f(a-- 0) - —oo, (c) lim / (2) — b, 
v7 -0O 


(d) lim f (2) = oo, (c) tim LI (x) — -|- 00 


14, Ty rove that the funecion f(x) = 1/(@ — 3) is in- 
finitely large al the point z = 3 


Boel » 
—Ft 


III. Worked Problems 
1. Prove that lim sin z = U. 


x0 
A We use the inequality |sinz|<|2| Wa. We 
specify an arbitrary ¢ > 0 and set 6 = e. Then, if |z |< 
§, then |sina |< |a|<6=e. And this means (ac- 
cording to Cauchy’s definition of a limit of a function) 
that lim sinz=0. & 
a 


2 Calculate lah); where f (x) == 


A Since es (G2 1) =0 and lim (zx — 1) =0, it follows 


° 


a7 


that this limit is an indeterminate form of type 0/0 

and we cannot use Theorem 2 on the limit of the quotient 

of two functions. We use the fact that when the limit of 

the function at the point « = 1 is considered, its argument 

does not assume a value 41. Therefore, lim f (7) = 
x1 


St -|- 4 if x of 1. Let. 


x2—4 
xz—1 
{zx,} be an arbitrary sequence converging to 1 (x, = 1) 
and then lim (zt, + 1) = 2. This means (according to 


lim (x -+}- 1) since f (a) = 
x1 


N+co 
Heine's definition of the limit of a function) that 
lim (x + 1) = lim f(z) = 2. A 
x | x1 . 
ay 
3. Calculate the limit lim eee, 
eet z—i1 

A As in Example 2, this limit is an indeterminate 
form of type 0/0. However, as distinct from Example 2, 
here we cannot directly “cancel” « — 1 cut of the numer- 
ator and the denominator. Therefore we first transform 
the function by multiplying the numerator and denomi- 
nator by (V3 +a + 2), i.e. by an expression conjugate 
to the numerator. We obtain 


V3-a—2 _ z—1 
eA (x—1) (\/3-F 2-2) 


Since, when this limit is considered, the argument £ 
does not assume the value z = 1, we get the following 
expression when cancelling out 2 — 4 


ie fe eee { 
lim ————* -- Jim — = 1 
z—1 xot 34-242 4 A 


xi 


4. Prove that the Dirichlet function 
D(z)= 


does not have a limit at any point. 

A We shall prove that at an arbitrary point « the 
function D (x) does not satisfy Heine’s definition of a 
limit of a function. To do that. we indicate two sequences 
{a,} and {xz,} which converge to a and are such that 
lim D (x,) € lim D (2},). We shall first consider the 


noo N~> oo 


sequence {z,} of rational points, which converges to a. 
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0 if x is an irrational number, 
1 if x is a rational number 


For this sequence D(z,) =1 Wn and _ therefore 
lim D (t,) =1. Then we consider the sequence {x;} 


loo 


of irrational points, which converges to a. For this se- 
quence D (z,) =0 Wn and _ therefore lim D (z,) = 0. 


Thus lim D (t,) # lim D (zn). Hence ‘it follows that 


No 
the limit of the finetion D (x) at the point a does not 
exisl. A 
5. Let us consider the set of all irrational numbers 
belonging to the interval (—1, 1). We designate it as /;,. 
We define the function f (x) on the set J;,: f (x) = 1 if 
x €J;,. Prove that lim f (2) = 1, where a is an arbitrary 


x~a 

point from the interval [—1, 1] (rational or irrational). 

A Let a € [—1, 1]. The point a is a limit point of the 
set J;,. We use Heine’s definition of a limit of afunction. 
Assume that {z,} is an arbilrary sequence of points of 
the set J;,, which converges to the point a (rz, ~a). 
By the hypothesis f (z,) =1 Wz, €J;,, and pire 
lim f (z,) = 1, and, consequently, lim fqm@=1-a 


nN—>0o 

6. Prove that the function sin x does not have a limit 
as x —» +00: 

A We shall prove that this function does not satisfy 
Heine’s definition of the limit of a function as z + -+-00 
To do that, we indicate an infinitely large sequence 
{v,} such that the sequence {sin z,} diverges. We set 


i 5(2 n+ 41). Then lim z, = + oo and the sequence 
{sin z,} = —1, 1, —1, 4, diverges. It follows that 


the function sin x ‘does not have a limit as z —>-+00. A 
7. Let 
| x for <0, 
I()= sina for <>0 
({ (x) is not defined for z = 0). Is there a limit lim f (x)? 
A We calculate the one-sided limits of the fanction 


f @) at the point zc = 0 using Theorem 5 for the functions 
y = sinz and y = « at the point a = 0: 


f(a+0)= iim sin z= limsinz=0O, 
0+0 


x70 
pet lim z=limx=0. 
x+Q-0 x->Q 


a9 


According to Theorem 4, it follows that there is a limit. 
lim f (x) and it is equal lo zero. & 


x70 


8. Calculate lim f(z), where f(x) = 100224 
x00 


z-100 ° 


A This limit is an indeterminate form oo/co since the 
numerator and the denominator are infinitely large func- 
tions as z — oo. We represent f (x) in the form 


100 4- 1/x? 
f@Q=Tpier  (t%0). 


Since lim (1/2?) =0, we can use Theorem 2 (as 2—> 00) 
and obtain 
lim (100+ 4/22) 


a x—>0o 400 
inf) = "Te ioe = 100. 
x00 


Examples 2 and 8 allow us to formulate general rules 
for calculating limits of the form lim R (xz) and 


lim R (2). Here R (x) is a rational function (rational 


fraction), i.e. R (2) = Py (2)/Qm (2), where F, (2) and 
Qm (2) are polynomials of degrees n and m respectively. 


If Jim Qm (2) = Qm (a) 0, then lim R (a) =: Pe 


; xa Qm (a) : 
If un Qm (z) =O and lim P, (x) 0, then 
lim R (2) == 00. ies 


xa 


If lim Qm (z)=lim P, (2), then P,, (x) =(—a) P*_4 (2), 
Qm (x) = (x —a) Q*,-1 (z) and 
lim R (2) = lim Pn—1(2) 


x-ra xa Oh - 1(2) : 


To calculate lim R(x), we must divide the numerator 


xX-> 00 
and the denominator of the function R(z) by 2™ and 
then calculate the limit of the resulting function, 


taking into account that lim 22) —4,, where by is a 


x->00 
coefficient of z™ of the polynomial Q,, (2). 
9. Let limf(z)=b, limg(z)= +00. Prove that 
xa 


lim (f (2) +8 (2)) = +00. 


60 


A We shall prove that the function f (x) + g (x) sa- 
lisfies the definition of an infinitely large function of the 
plus sign at the point a, i.e. VAJ > 0 56 > 0 such that 
Ve satisfying the condilion 0 < |«—a |< 6 the ine- 
quality f (x) -+ g (x) > AV holds true. Since lim f (z) = b, 


xa 
there is a 6,-neighbourhood of the point a in which (for 


x 4 a) 

If@l<e, (2) 
where C is a positive number (prove this yourself!). We 
specify an arbitrary M > 0. Since lim g (7) = -}oo, it 


xa 
follows that for the number M+ C 36>0 (6< 6,) 
such that Wx satisfying the condition0< |[w«—a|<6 
there holds an inequality 


g(2)> + C. (3) 
From inequalities (2) and (3) we lind that for 0< 
ja —a|<6<6, there holds an inequality 
f@+e@Me>e@—-l/@Ml>W+O-—CH= A, 
and this is what we wished to prove. 


IV. Problems and Exercises for Independent Work 

4. Using Cauchy’s definition of a limit of a function, 
prove that Aus (2 sin (1/x)) = 0. 

x“ 

2. Prove that the function f (x) = sin (1/2) does not 
have a limit at the point x = 0. 

3. Is there a limit lim {z}, where {z} = x — [zl 

x>0 

is the fractional part of the number 2? 


{ z*? if x is an irrational number, 
4, Let f (2) 4 if x is a rational number. 


Prove that f (x) has a limit at the points 2 = 1 and x = 
4 and does not have a limit at the other points. 


5, Prove that (a) lim(1—cosz)=0, (b) limtanz=—0. 
x>0 x0 
G. (a) Using the inequality sinz<a<tane O< 
x <—x/2) and Theorem 3, prove that 
sin z 


lin—— = 1 (the first remarkable limit). 
x0 
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(b) Using the first remarkable limit, prove that 
fie AL , din 


tan x 
f i tan bes 
xo) saad x0 


7. Assume that 


nr N=1 nr 


Prove that 


lim R (zx) = 


x70o 


a,/by for n=m, 


| for n=>™m, 
0 for n<m. 


8. Calculate the following limits: 


(ta)? —(1+32+322) zt 
(a) im Cte, (0) lime 


- 2%—dr2+6 -  t41—3r-+2 
(ce) lim geo (a) reer ere 
5 m—_{ : 
(e) lin ——-— (m is a natural number). 
x1 


9. Calculate the following limits: 


2 7 .oe— S{—er 
(a) ing. (b) lim i Beto 


xh V 2-2 xno -8 2-4- Va 7 

(6) Tine 2 = 

“ xotG a4 

10. Calculate the following limits: 

a) li z2—4 : (ce — 3)40 (Sx-+-1)10 

@) eae Olin" gaa 

() lim Vet Verve (qy ji VE4VEHVE 
x +00 YaFi Xt +00 } 224-4 


11. Prove that limcosz does not exist. 
x—-> oo 
12. Is there a limit lim f(z) if 
(a) a=1, f(x) =xsgn(x—1), where 
1 for z>0, 


sen z= 0 for x=0, 
—1 for z<0, 


. 2 for r< 0, 
(bh) a=0, f(u= - 
Qa? for z>O0, 


sin z 
Te for z<0, 


(c) a=0, j={ 
cosx forzx>0? 
13. Let limf(z)=0, limg(z)=- oo. Prove that 


x-a 


(a) lim (f(2)—g (2)) = 


(b) lim ae =oo (for b 0), 


—>O i(z 
(c) lim , = =0, (d) limf(z)g(a)=00 (for 60). 
44. Let limf(z)=0 (with f(z)40 for za), 


lim g (2) =b 0. Prove that lim a = 00. 


3.2. Continuity of a Function at a Point 


I. Fundamental Concepts and Theorems 


1. Continuity of a function at a point. Let a function 
be defined in a neighbourhood of the point a. 

Definition. The function f (x) is continuous at the point 
a if lim f (x) =f (2). 

xa 

Assume that the function f(z) is defined in the 
right-hand (left-hand) half-neighbourhood of the point a, 
i.e. on a half-open interval [a, a + €) ((@ — &, a] res- 
pectively). The function f (z) is continuous on the right 
(on the left) of the point aiff (a+ 0) =f (@ (f(@— 0) = 
f (a) respectively). 

Theorem 6. For a function to be continuous at the point a, 
it is necessary and sufficient for it to be continuous on the 
right and left of that point. 

Theorem 7. If the functions f (x) and g (x) are continuous 
at the point a, then the functions f (x) + g (x), f (x) — 
& (x), f (x) g (x) and f (x)/g (x) are also continuous at the 
Point a (the quotient is continuous provided that g (a) ~ 0). 
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2. Continuity of a composite function. Assume that 
the function y = (zx) is defined on the set Y and Y 
is the range of this function. Assume, furthermore, that 
a function u = f (y) is defined on the sel Y. Then we say 
that a composite function is defined on the sel X and write 
u=f(y), where y= gq (x), or u =f (¢ (2)). 

Theorem 8. Assume that the function y = —p (x) is con- 
tinuous at the point a and the function u = f (y) is contin- 
uous at the point b = —p (a). Then the composite function 
u =f (9 (z)) = F (2) is continuous at the point a. 

3. Continuity of elementary functions. 

The functions y = C = const, y = 2%, y=a*, y = 
log, (@>0,a1), y =sinz, y = cosz, y = tana, 
y=cotz, y=arcsinz, y= arccosz, y = arctan 2, 
y = arccot x are the simplest (or basic) elementary func- 
tions. 

. A function is called elementary if it can be obtained by 
means of a finite number of arithmetic operations and 
superpositions involving basic elementary functions. 

The collection of all elementary functions constitutes 
a class of elementary functions. 

Besides the basic elementary functions use is often 
made of the so-called hyperbolic functions: 

hyperbolic sine (sinh z = (e* — e-*)/2), 

hyperbolic cosine (cosh x = (e* + e-*)/2), 

hyperbolic tangent (tanh x = sinh z/cosh x), 

hyperbolic cotangent (coth z = cosh z/sinh 2): 

Theorem 9. Any elementary function defined in the neigh- 
bourhood of a point is continuous at that point. 

4. The second remarkable limit 


ae (1+ 2)!/* = e ~ 2.718281828459045 ... 
x> 


Note that this limit is an indeterminate form of type 1°. 

5. Classification of points of discontinuity. Let a be 
a limit point of the domain of the function f (x). The 
point a is a point of discontinuity of the function f (2) 
if at this point f (x) is not continuous. Let f (xz) be defined 
in a neighbourhood of the point a, except, maybe, the 
point a itself. Then a is 

(1) a point of removable discontinuity of the function 
j (x) if there is a limit lim f (xz) = b, but either f (z) 


is not defined at the point aor f (x) = b (if weset f (2) = b, 
B4 


then the function f (x) becomes continuous at the point a, 
i.e. the discontinuity will be removed), 

(2) a point of discontinuity of the first kind of the func- 
lion f (x) if there are f (2 + 0) and f (a — 0) but f (a + 
U) # f (a — 0), 

(3) a point of discontinuity of the second kind of the 
Junction f (x) if at least one of the one-sided limits of the 
function f (x) does not exist at the point a. 


IT. Control Questions and Assignments 


1. Formulate the definitions of (a) the continuity of a 
function al a point, (b) the continuity of a function on 
the right (on the left) of a point. 

2. Formulate the necessary and sufficient conditions 
for the continuity of a function at a point. 

3. Test the function f (x) for continuity at an arbitrary 
point a: 

(a) f(x) = 2%, 

, 0 if x is irrational 

ET es | 1 if 2 is rational 

4. What functions are known as elementary? 

5. Prove that the function y = sin z is continuous at 
any point a. 

6. For what values of the argument z is the function 
{ (x) = arcsin (In z) continuous? On the basis of what 
theorem? 

7. What points are known as points of discontinuity of 
a function? 

8. Give a definition of a point of removable disconti- 
nuity and points of discontinuity of the first and the 
second kind. 

9. Find the points of discontinuity of the Dirichlet 
function. Indicate the kind of those points of discon- 
linuity. 

10. Indicate the kind of the point of discontinuity of 
the function f(z): (a) f(z) =senaz, (b) f@= 
jee We 

41. Formulate the theorem on the continuity of a com- 
posite function. Using this theorem and the first remark- 


(Dirichlet’s function). 


able limit, calculate Jim In 222 , 
x>0 E 
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12. What functions are known as hyperbolic? Do they 
belong to the class of elementary functions? For what 
values of the argument are these functions continuous? 


TI. Worked Problems 


1. Test the function f (x) for continuity and indicate 
the kind of its points of discontinuily if 


a) fM=L, (b) fase", 
x for <<1, 


(c) f(a) ={ Inz for z>1. 


A (a) For « ~0 the function f (x) = 2 and is not de- 
fined for « = 0. Since lim 2 =a Va, it follows that. 


x-a 
lim f (t) = a = f (a) for a=40 and, consequently, f (x) 
xa 


is continuous at any point a=£0. At the point z — 0 
the function 7 (x) has a removable discontinuity since 
there is a limit lim f (2) = lim 2 = 0 


x—>0 x—+0 

(b) The function f (z) = e-/* is elementary since it is 
a superposition of the functions y — —zx-! and | ae 
The function f (x) is defined for all zx, except for z = UO. 
Consequently, accerding to Theorem 9, it is continuous at 
any point z = 0. Since f (x) is defined in the neighbour- 
hood of the point z = 0 and is not defined al the point 
t= 0 itself, it follows that z — 0 is a point of disconti- 
nuity. Let us calculate f (0 +0) and f (0 — 0) using 
Heine s definition of a one-sided limit of a function. We 
consider an arbitrary infinitesimal sequence {x,} such 


that z, >0O Vn. Since lim (—1/z,) = —oo, we have 
- n-0o 

lim e-*/*n =0. Consequently, lim e-/* —0. Let 
n—>co x+0+0 


us consider now an arbitrary infinitesimal sequence 
{zn} such that z, <0 Vn. Since lim (—I/2;,) = +0, 
12-00 


it follows that lim e-!/*,— +oo. Therefore lim e-V*— 


: Th CO x+0-0 
+00, i.e. f (0 —0) = +00. 

Thus the limit of f (x) on the left of the point z — 0 
does not exist and, hence, x = 0 is a point of disconti- 
nuity of the second kind. 

(c) We shall prove the continuity of f (z) at the point 
a==1. We lake e<|a—1 |, ¢ >0. Then the neigh- 
bourhood of the point a does not include the point z = 1 
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ife<|a—41 |. In this e-neighbourhood f (x) coincides 
either with the function @ (v7) = x if a<1 or with the 
function w(x) =Inz if @>1. Since these basic ele- 
mentary functions are continuous at the point a, the 
function f (x) is continuous al any point a = 1. We lest 
the function f (x) for continuity at- the point @ = 1. For 
that purpose, we calculate its one-sided limits at this 
point utilizing the continuity of the functions @ (x) and 
w (x) at the ‘point a=1 and Theorem 6. We obtain 


f(d-4- ee din inet ies —=In1=0, 


x fe 
eee hai lim e=lima=1. 
x>1-0 xi 


Thus f (4 + 0) 4 /(1 —0), and therefore f(t) has a 
discontinuity of the first kind at the point a = : A 
2. Prove that 


(a) =e 
x+0 

(b) lim“ 1 _Ina, a>0, a1. 
x>0 


A (a) We represent the function Anite) in the 
form In({+2)'/*=Iny, where y=(1+<2)'/*. Since 
lim (1-++ 2)!/*=e and the function Iny is continuous at 
x+0 


the point y=e, it follows that lim 1n (1+ 2)!/*=Ine=1. 
x+0 


(b) Let us consider the function y = g (x) = a* — 1. 
It is continuous at the point z = 0 and y (0) = 0. In 
this case 


-1 
x=log,(1-+y) and =a eae 

We calculate be PONCE using the result obtained 

in item (a): 


lim —4 Jim — 102 
y+0 108q “oe 3 y>o In(i-y) 
=Ina =-+ a ae l 
lim ———* if ctu ee 
u>0 
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We shall- consider now the function f(y) continuous al 
the point y=0: 


y 
a ), 
j-{ lows (Tay OT YI 
Ina for y= 0. 
According to Theorem 8, the composite function 
if eS! for rz (), 


x 
for 2--0 


Ff (@ (2) = | ' 
na 


‘ . *. my ° ax —1 

is continnous at the point «--0. Therefore, lim arr 
x) 

Ina. A 


IV. Problems and Exercises for Independent. Work 


15. Test the function f (x) for continuity and indicate 
the kind of ils points of discontinuily (see Exercises 1-4): 
(a) f (v7) = 2 sin (1/2), (b) f (x) = sin (1/2), (c) f (w) — {2}, 
zx? if x is an irrational number, 
(Ths 1 if a2 is a rational number, 


(e) f@)= SEE, (f) sla) = arctan (1/2), 


1 : 
(g) f(z) = ToexMi=ay ? (h) f (2) = In TOE SIR Ea : 


on Oi i. for Oxr<ct, 
(i) {z= 2—a2 for 1<2<2, 
x for |z|<1, 
(3) f(n)={ { for |x| >1, 

cos (nz/2) for |x] <1, 
(k) f (2) | je—1| for [x|>1. 
16. Prove that 


(a) lim 2—* W214, (b) lim {teh —* a, 


x->0 +0 
. sinha é tanh z 
(c) lim———=14, (d) lim —— =1, 
x+0 - x—>() : 
. 1—coshz 4 
(QJ 
x0 % 
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3.3. Comparison of Infinitesimal Functions. 
The Order Symbol “o” and its Properties 


I. Fundamental Concepts and Theorems 


1. Comparison of infinitesimal functions. The func- 
tion a (2) is infinitesimal. as x —a (at the point a) if 
lim @ (zt) = 0. Let @ (x) and § (2) be two infinitesimal 


x>a 
functions as zc -—»a. The functions @ (x) and 6 (x) are 
(a) infinitesimal functions of the same order as x >a 
(at the point a) if 
lim %@ —¢40 
oe Tr eae 
(b) equivalent infinitesimal functions as x a (at the 
point a) if 


Hira 24 (the notation isa~fB as r~a). 
xa B (2) 

If lim ey = 0, then we say that a(z) is an infini- 
x+a 


tesimal of a higher order of smallness as x a (at the 
point a) than fB (x) and write a = o (fp) as zx >a (a is 
equal to “o small” of B as t >a). 

For example, 2? = 0 (x) as x +0. 

Similar definitions are true for the cases z >a +- 0, 
z—>a—Q and x >oo. 

It should be borne in mind that the equalities which 
contain “o” are conventional. Fer instance, the equality 
zx — 0 (x) holds true as x +0 but the equality o (z) = x” 
does not since the symbol o (x) denotes not a specilic 
function but any function which, as 2 —0, is an infini- 
tesimal of a higher order of smallness than 2. There are 
infinitely many functions of this kind. In particular, any 
function 2? (where p> 1) is o (xz) as x +0. Thus the 
equality 27 = o (x), as 2 +0, means that the function x* 
belongs to the set of infinitesimal functions of a higher 
order of smallness, as x —-0O, than «x. Therefore, the 
reverse of this equality, i.e. o (x) = 2°, does not hold true 
since the whole set of functions o (x) does not reduce to 
a single function 2°. 

2. The properties of the symbol “o” 

Theorem 10. Let a, (x) and a, (x) be two afbitrary in- 
finitesimal functions as x —a such that a, (xz) =o (B) 
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and Oy (z) = o (f). Then a, (x) -|- & (2) = 0 (f) asx a. 

This theorem can be written in the concise form o (pf) 4- 
o (B) = 0 (f). 

Here are a number of other propertics of the symbol 
“o” (everywhere we assume that @ +0 and B >U as 
xz —>a). 

1°. 0 (B) + 0 (B) = 0 (6). 

2°. 0 (B) — 0 (B) = 0 (B). 

3°. o (ch) = o (B) V number c 0. 

4°. co (B) = o (B) V number c ~ 0. 

5°. o (B") = 0 (PB), n>2 (MEN), k=1,%,..., 
n—1. 

6°. (0 (B))" = 0 (B") Wn EN. 

7°, Bo (B) = 0 (B"#) Wr EN. 

n 

80. a = 0 (B"4), n>2 (nEN). 

We use the symbol o (1) for any infinitesimal function 
as x +a. Then property 8° is also valid for n = {, i.e. 
=o (1). 


7 n 
go ‘ hi 
Oa: (> cn") =0(f), where c, are numbers. 


10°. 0 (0 ()) = 0 (f). 

11°. 0 (B +0 (6) = (B). 

12°. ah =o (a) and af = o (fp). 

13° If a~, then @ — Bp =o(%) and a — P= 


v (B). 


II. Control Questions and Assignments 


: Give the definition of an infinitesimal function 
(a) for « a, (b) for x + oo. Give examples of functions 
of this kind. 
2. Formulate the definition and give examples of an 
infinitesimal function «& (x) 
(a) of the same order as the function 6 (x) at Lhe point 4, 
(b) equivalent Lo the function B (x) at the point 4, 
(c) of a higher order of smallness, as 2 a, than 
f (x). 
Interpret the symbolic notation «% = 0 (fp) as x >a. 
3. Givé examples of functions a (2) for which the fol- 
lowing equalities hold true: (a) @ (7) = 0 (x) as a +0, 
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(b) a (z) = 0 (V1 —2) asx +1—0, (c) a (2) = 0 (1/2) 
as &L —- oo. 

4. Prove thal 23 = 0 (x?) as x +0. Find whether the 
equality 23 = o (B) holds true as z +0 if (a) B («) = 2, 
(bt) B@=e2Vizl ObB@=2VIzl, @) B= 
x sin 2. 

5. Prove that (x — 1)?» =o (« —1) as x14. Find 
whether the equality (c — 1)? =o0(f) holds true as 
x—>1 if (a) B (x) = (x — 1)°, (b) B (x) = sin (x — 1)*, 

—1)2 
(0) B(@@) = GE. 

6. Prove that 4/z4=0(1/x3) as x» oo. Does the 

equality 1/z4=0(B) hold true as z— oo if 


4 1 
(a) Bla) = (k=1, 2), (b) B@) =e 
1 1 
(c) B(x) = (z-1)* ? (d) B(z) = wsing ’ 
1 
(e) B(x) = (x — 4)4 arctan (1/2) ? 
7. Are the functions sin z and x equivalent infinitesi- 
mals as x 0? Prove that sinz — zx =o (zx) as zx +0. 
8. Using the properties of the symbol “o”, write an 
equality of the form @ (z) = o (x") as z 0 for the func- 
Lion @ (x) if 
a. (2) = 0 (2°) +0(2%), a (2) =0(z)—0 (2), 
a(t) =5o(z), a(x) =0(327), a(x) = (0(z))3, 
0 (x) 
x2 a 
a (xz) =0(—2t+227+ 24), a(x) =0(0(z%), 
a (x) =0(x+0(z)). 
9. Using the properties of the symbol “o”, write an 


equality of the form a (<) = 0 (I/2*) as x oo for the . 
function @ (x) if 


a (x) =0 (1/z)—o(4/z), « (2) = 10000 (1/2), 
a(z) =0 (1000/2), « (2) =(0 (A/V Tay, 
a (x) = 20 (1/23), a(x) 9 ( { —+) 


' x 


a(x) =xo(x), a(z)= 


(2) =0(0(3r)), *(@)=0 (+0(4-)). 
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III. Worked Problems 


1. Find whether the equality a(x) =o0(z) holds true 
as x0 if (a) a(z)=22?, (b) a(z)=32z, (c) a(r)= 


Viel @) @@= ag © @ (a) =1—cosz. 
2x2 


zx 


=0. 


A (a) 2z2=0 (2) since lim 

(b) The equality as does not hold true since 
lim — =3-=<0. The functions 3z and x are infinitesi- 
mals of the same order of smallness when zx -> 0. 


(c) V |x| 0(z) since lim ats}. =e 
x-=0 


zx 3 u 
(d) Tnlay = 2 () since oe ( rae iz) =(), 


(ce) 1—cosz=o0(z) since lim 1°? — jj 28in® (2/2) _ 
z xz 


x0 x+0 
2 sin (z/2) 72 z 


2. Find whether the equality a (x) =o0(z?) holds true 
as x—> 0 if (a) a(z)=sin?x, (b) a (z)=23, (c) a(x) = 
1—cos x. 

A (a) sin? z=0 (x?) since lim aie ere 

x+9 = x+0 x 
The functions sin?z and z? are equivalent infinite- 
simals at the point r=0. 


3 
(b) 23=0(z?) since lim — =O. 
x+o 2 
(¢) 1—cos «#0 (a%) since lim Amos Ft the fune- 
x 


tions 1—cosz and 2? are infinitesimals of the same 
order of smallness at the point z=0. A 
3. Using the limits 


- sing _  4d—cosz 1 
(a) an = = 1, (b) ae me Ca aa 
(c) lim +2) _.4 
x0 x , 
yas 
(a) lim VEfe—4 _ 4 (n is a natural number), 
x 
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represent the functions sin x, cos 2, In (1 + 2), Yi+e2 
in the form 


x) = dy + az" + 0 (2") as x +0, 
0 1 


where : = 1 or 2, a, and a, are some numbers. 
A We shall first prove that if @ (z) and £ (a) are in- 
finitesimals of the same order of smallness when z — a, 


ice. lim nae =c 0, then a (xz) = cB (x) + 0 (f) as 


za. 
Indeed, since 


lim (40 c)=0 6e Tig SP e.G. 


xa \ B(z) xa B (2) 


we find, according to the definition of the symbol o (f), 
that a (x) — cB (xz) = o (fp), or 


a (cz) = cB (xt) + 0(p) as zr —a. (1) 

Using formula (1), we find from relations (a)-(d) that 
sin z=2x-+0/(z) for x > 0, (2) 
cost =1—a%+0(2%) for 2-0, (3) 
In (1+ 2) =z+0/(z) for z+ 0, (4) 
ViFa=1+—a2+o(z) for s+0. (5) 


Formulas (2)-(5) are asymptotic formulas, or asymptotic 
expansions, or, else, asymptotic representations of the func- 
tions sina, cosz, In(i +2), Y1—+2 as x +0. The 
least term on the right-hand side of these formulas 
[o (x) or o (2*)] is the remainder of an asymptotic formula. & 

4. Prove properties 2°, 3°, 69, 99 and 10° of the symbol 
“oy? 

A Recall that the symbol o (B), appearing on the left- 
hand side of the formulas, means any inlinilesimal func- 
tion at the point @ of a higher order of smallness than 


B (2). 
1. We shall first prove properties 2°, 3° and 6°, i.e. 
o (B) — o (B) = 0 (f), (6) 
o (cB) =o($) V number c+0, (7) 
(0 (B))" = 0 (B") Wr EN. (8) 
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We designate as , (z), % (x) and «& (x) arbitrary in- 
finitesimal functions at the point a such that «, (x) = 
o (B), & (x) = 0 (fp), @ (zt) =o (cB) as « +a. By the 


oe) 


definition of the symbol “o”, these equalities mean that 


lim Fo (9) 
rec Ta (0) 
lim aah =0 (c0). (11) 


To prove the validity of relations (6)-(8), we must prove 
that 


Gt, (x) — O% (x) = 0 (), a (x) = 0 (f), 
(a, (z))” = 0 (B"), ie. 


LE =Slin 2 eG, 
(x 


mae ) 
| ee ea ee = lim 21" .. 
ea @ Pa ee 


Taking (9) and (10) into account, we obtain 


— lim 21). Jim 2) 9 -. 
fam Mpa pay see 


= . Gy (z) MS, Moray 2 
oe Vera or als 


Using relation (11), we find that 


L,=c lim #2) = ¢.0 =0. 


xa (B(Z) 


We have thus proved the validity of formulas (6)-(8). 
2. We shall now prove properties 9° and 10°, i.e. 


0 (3) cu") =o(f) (c, are numbers), (12) 
o (0 (B)) =o (B). (13) 


We designate as wp (x), @ (x) and @ (x) arbitrary infinitesi- 
mal functions at thie point @ such thal 


p(2)= 9D eaBY, a(x) = 0(f). Y (47 = 0 (4) = 0 (0 (8)), 


14 


i.e. 
lim see =0, (14) 


lim £ — 0, (15) 


wo (2) 
lim 2) ...9, (16) 


To prove the validity of relations (12) and (43), we 
must find that 
_ ys PY) oe _i 

gee a Ca aes 


Taking (14), (15) and (16) into account, we obtain 


p(z) _ 
( =0. 


x 


n 


oH cpr 
L,=lim a) lim ey 0 = 0, 
xa >> cnBh xa 


h=1 
—_ Timm 42) 9; a(x) py a 
be ee BO 
We have thus proved the validity of relations (12) 
and (13). zA 


IV. Problems and Exercises for Independent Work 

17. Using the limits 

(a) lim @=! =Ina (@2>0,a%1), (b) lim®—*=1, 
x-+0 x+0 


Tc a 
(c) iim GES Sa, (a) lim S22 = 4, 
x>0 od x0 
. tanh « 4—coshe 1 
(c) oe ar aa (f) put ey 


derive the asymptotic formulas (as x 0) for the func- 
tions a*, e*, (1 + 2z)*, sinh z, tanh z, cosh z. 

18. Prove properties 1°, 49, 5°, 79, 8°, 119-13° of the 
symbol “o”. 

19. Find out whether the equality o (0 (z)) =o (z't*) 
holds true as zt +0 if (a) e > 0, (b) e = 0, (c) -1< 
e€ <0. Substantiate the answer. 
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20. Find out whether each of the following equalities 
holds true: (a) 0 (c + 2”) = 0 (27) as x +0, (b) o (x) = 
o (x?) as x +0, (c) 0 (x?) = 0 (x) as x +0, (d) o (f/z) = 
o (1/z?) as x > 0, (e) o (1/x*) = 0 (1/2) as x + co. Sub- 
stantiate the answer. 

21. Using the properties of the symbol “o”, wrile au 
equality of the form « (x) = 0 (1) or a (x) = 0 ((« — a)") 
as x a (k is a natural number) for the function « (z) if 

(a) a (x) = 0 (—oz + 2? — x 4+ 0 (—5r + 2? — 2°)) 
as x 0, 

(b) @ (xz) = (x — 1) o ((v — 1)? + 0 (2 — 1)) for z +1, 

(c) 0: (2) = 0 (3a + 22) for x0. 


22. Using the properties of the symbol “o”, write an 
equality of the form « (t) =o(1) or a (x) = 0 (41/z") 
as Z — oo (k is a natural number) for the function @ (z) if 


(a) @(2)=0(55-—2+0(4)), 


(b) a (2) =, (c) a(t) = 22-0 (—-+0(=)) ’ 
(d) a(2)=2(0(4)— 


3.4. Cateulating the Limits of 
Functions by Means of Asymptotic Formulas. 
Calculating the Limits of 
Exponential Power Functions 


I. Fundamental Concepts and Theorems 


{. Asymptotic formulas. In the examples and problems 
presented in 3.3 we obtained asymptotic formulas for 
the basic elementary funclions as x —0O. We shall tab- 
ulate these formulas: 

I. sing =x +0 (2). 

Il. cos z= 1— +0 (2%). 

ITI. In (4 +- 2) = x 4- 0 (2). 

IV. a*=1+2eIna+o(z) (a>0); 

e*=—1+2-+0 (2). 
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yv. (i + ry =1 -bax + 0 (2). 
yi. lan ® = & + 0 (2), 

VIL. sinh 7 = 27 -+ 0 (2). 

VIIT. cosh a -= 1 -]- oe -++ 0 (22), 


IX. tanh x =-2x -1- 0 (2). 

These formulas remain valid if the argument z in them 
is replaced either by z,, where {z,} is an infinitely small 
sequence, or by y (v), where lim y (x) = 0. For instance, 

x—~a 
the following representation resulting from formula (1) 
holds true: F 
ge 4 
sine = ae to(ar)> 
where {o(1/n?)} is an infinitesimal sequence of a higher 


order than {1/n}, i.e. lim ot) — lim no (1/n?) =0. 
nN—+0o noo 


The function y (x) = « —1 is infinitesimal as z +1, 
and therefore from formula III we get a relation 
In (1 -F y @)) =y (2) +0) as o', 
or 
In (1 + (« —1)) =Inz=ae—1 +0 (ze —1) 


as xz —>t. 


Using this relation and formula II, we write the asymp- 
totic representation of the function cos In z as z 1: 


cos In x = cos (c— 1+0(r—1)) 
= g— entree to (z—1 40 (x — 1))?). 
On the basis of the properties of the symhol “o”, we get 
(z—1+0 (x—1))? 
2 


ES 1) 0(e—1) 4-4 fo (e—1)p 


—4)2 
iB EE + 0(2— 1) 4-0(2 1p EI +o(%—1)%. 


similarly, 
(@ —1 +0 @ — 1)? = @ 1)? 4 ole — 42, 
ae virtue of property 11° we have 
o ((z — 1)? Fo (x 1)?) = 6 (x — 1)? 
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The final result is 
cos Inx=1—2>"* 4 9 (x—1)2 as a—> 1. 


2. Caleulating the limils of exponential power functions. 
Consider the calculation of the limit, as 2 —a, of the 
exponential power function [uw (x)]""), where the func- 
tions u (x) and v (2) are defined in a neighbourhood of the 
point a, and uw (z) > 0. 

The following cases are possible here: 


1. If limu(z)=b>0, a ee ae r)PC = h°. 


x7a 
2. If limu(z)=0, linet v (a) ee or "4 oo), then 
xa xa 
lim u”=0. 
x~a 
3. If lim u(z)=0. limv(z)=c<0 (or —oo), then 
xa 


lim uw’ = as oo, 
“4. If limu(2)=0, limv(2)=0, then limu(2)"® is 
an fadeterm inate fort. of type 0°. = 

5. If lim u (x) = + 00, pore) =c>0 (or -|- 00), then 
limu" pater 


6. If limu(2)= +00, limv(2)=c<0, (or —oo), 


xa 
then limu®’=0. 
xa 
7. If lim u (z) = + 0, ee 0, then limw” is an 
xa xa 


indeterminate form of ‘vue et 
8. If limu(z)=1, ia) =-oo, then limu” is an 
xa xa 
indeterminate form of type 1°. The second remarkable 
limit is an example of an indeterminate form of this type: 
lim (1+ 2)!/* =e. 
x->0 
If we represent u” as e” " 4, then each of the indeter- 
minate forms (0°, o0°, 1°) reduces to an indeterminate 
form of type 0-oo for the function v In u. 
If, in this case, limvlnu-=b, then limu’=e’. 


xa x—a 
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If. Control Questions and Assignments 


1. Write asymptotic formulas for the functions sin 2, 
lan «, cosa, In (4 + 2), o%, a®, (1 + x), sinh a, tanh x, 
cosh 2 as. +0. , 

2. Wrile asymptotic formulas with the remainder of the 
form o (x*) as x 0 or o (1/x%) as t +00 (a > 0) for 
the composite functions sin y, tan y, cosy, In (4 + y), 
ce’, aY, (1 4+ y)", sinhy, tanh y, cosh y if (a) y = 3r 
and a 0, (b) y= Vx and x > -+}0, (c) y = 2 and 
x—+Q, (d) y = t/a and x — oo. 

3. Wrile asymplolic formulas with the remainder of the 
form o (4/n*) (a > 0) for the sequences sin z,, tan x), 
cos x,, In (1 -!- a,), e*", a*a, (1 -- x,)%, sinh x,, lanh z,, 


1 


cosha, if (a) 2, =1/n, (b) 2, =1/n®, (c) x, = 
In (1 +2), @) 2, =e" —1. 


4. Give a definition of an infinitesimal sequence {a,} 
of a higher order than {1/n} as n > co. Give a definition 
of the infinitely smal] function «@ (x) of a higher order 
than 1/2 as 7 oo. Write the symbolic notations for 
a, and « (z). 

5. Of what order of smallness are the sequence a, = 
no (1/n)? as n —oo and the function @ (x) = zo (1/2) 
as x —» oo as compared to {i/n} and B (x) = 1/z respec- 
tively? 

6. Using the asymptotic formula IV and Heine’s 
definition of the limit of a function, prove that e!/” — 


1+++0(=) as nao. 
7. Find whether the following equalities hold true: 


ViF e145 a+40(2) as x0, 


mt 1 7? 1 
cosh 2 =1455-+-0 (cr) aS N->oo. 


Substantiate the answer. 

8. Enumerate possible cases for calculating the limits 
of exponential power functions. Give examples of three 
types of indeterminate forms for those functions. 

9. Calculate the following limits: 


. z—2\x : z—2\ 2x : vl/ins 
(0) Jim (ge=a)" + C0) Hm (Su) + CO) Um ca, 
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III. Worked Problems 


1. Calculate ling ae) 
x—>0 In cos 3x 


A We write the asymptotic expansion of the numerator 
using the asymplotic formulas for the sine and tangent 
and the properties of the symbol “o”: 


gr x2 etal. is x2 x 
sin sin tan > = sin sin (> +-o (+) ) 


. x? x? x? x? 
=sin| +0 (+) +0(>+0(F))] 
: x? 
== sin (++ 0 (x?) + 0 (2?) ) 
: x? x 
= sin (= + 0(2*)) => +0 (2?). 
2 2 
We have used here the fact that o ea +o (+) ) = 0 (2?) 
and. o (2?) -+ 0 (2?) =0 (2). 
Now we shall derive the asymptotic expansion of the 
denominator using the asymplolic formulas for the cosine 
and logarithm: 


In cos 3a = In (1—-S" + 9 ((32)%)) 
=In (14+ (—+0(2)) 
= (—F +0 (2) +0(— +007) 
= — E+ 0 (22) 40 (2%) = —F +0 (2%). 
We have used here the fact that 
0 ((32)2) =0(22), 0 ( an = +o (22) ) += 0 (x*), 
0 (22) +0 (a2) = 0 (2?) 


Thus the limit is equal to 


1 pole 
; > te (2°) a ie oe 
lim = lim —~9 9 (#2) 
x0 uaa +o (2) x0 —z le 
ara ee 4 
eo Oh ee eG, 
~ 9 ~ 0 (x?) 
——-- lim —— 
2 1 xl) a 
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Here we have used the fact that according to the defini- 
tion of the symbol. “o” lim o(e =0. A 
x0 


2. Calculate ne — (a >0). 


A We set y=x—a, and then we can write the 
limit as 


avy—1 


lim oe = atlim : 
y>0 y yoo 
Since ad =1+ylna-+o(y), we have 
a lim av —1 =a lim y Ina+o(y) 
y>0 y y>0 y 
=a*{Ina+lim —* o(y)) _ a‘ lina. 
“ tn ee y 
Thus, lim * =alna. A 


3. Gace: tian sin (x V n?-+-1). 


A Using the asymptotic formula V for z= 1/n? and 
a= 1/2, we obtain 


Vrpian(14+4)'"= ae a *+0(=)) 
=nt+a+0 (=) ‘ 
Hence 
sin (x V n?-+1) =sin (an+ sto (=) ) 
= (—1)” sin (y+ (=) ) : 
The sequence {(—1)"} is bounded and {sin ( t+ 
0 =))} is infinitesimal, and therefore the product of 


these two sequences is an infinitely small sequence, 
Thus lim sin(n Vn?+1)=0. A 


n—->oo 


4. Calculate lim (cos zy, 
x0 
A This limit is an indeterminate form of type 4@ 


since limcosz=1, limcot?z=0o. We write (cos x)= 
x70 x0 


6—01682 at 


in the form ecot* x-Incosx and calculate L=limcot?z-Incosz. 
af x>0 

For that purpose, we write an asymptotic expansion 

for Incosz and sin?x as 20: 


2 2 
In cos x =: In (1-4 +0(2*)) = — +0(2%), 
sin? x = (r+ 0 (x))? = z*-+ 0 (22). 

Using these relations, we find that 
2 
mente ete 

sera aca oC. Waa 
Thus the required limit is equal to e@ = e-/2. @ 
5. Calculate lim (=) 

n 


N->0o 


A This limit is an indeterminate form of type 0°. 
A A 4 \tan(i/n) 
To calculate it, we write (=) 


the form 
etan(i/n)-In(t/2) and calculate L= lim (tan us In +) : 

noo n n 
We have 


pee nara a) 
=—lim 42” _ tim Inn-o (=)] 


nN->0co Noo 


=0—lim in li : (x) 


oc sae 
n 
: ~ Inn _ ~  o(i/n) 
since al —— =0 (see 2.4) and blige rae =0. 


Thus ZL = 0, i.e. the required limit is equal to 1. & 


IV. Problems and Exercises for Independent Work 


23. Write the asymptotic expansion for the following 
functions, as z +0, with the remainder of the form 
o (z“), where a > 0: 


(a) sin?(5/z), sin?(5Vz+2) (x>0), (b) cos (42%), 
cos (4x? -+ x), 
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(c) e@*, e2*+ Vee (z>0), (d) In(4—az*), Inl(1 —2z*+2), 
(e) 3—¥27—2, 3—V27—z+Va (c>0), (f) 2", 


Derm. 

(g) Incos2z, Incos(2z+2%), (h) cos)sinz, 
cosh Y sinz (x>0), _ 

(i) In (e® + Vz) (2>0), () SPRY, 

(k) YcosV x (x>0), (1) cosxcosa*—1. 

24. Write the asymptotic expansions for the functions, 
as xz 2, with the remainder of the form o (x — 2), 
where a > 0: (a) sin (rx—2)?, (b) (3—2)8, (c) In (x—4), 
(d) cos (nz), (e) tan(mz*), () Vz —-1—-Y2—1, 
(g) 2* —4. 

25. Write asymptotic expansions for the functions, as 
x —»oo, with the remainder of the form o (1/z%), where 
a > 0: 

(a) VY 22+2—2, (b) /8+2—2z, 

() V @+1) (@+2) (© +3) @+4)—2, 

(d) sin (4/7/22), sinh (1/72), (e) cos (1/2%), 

(f) 5/*,  (g) Incos (2/z), Incosh (2/z), (h) e/Vz_4 
(x > 0). 

26. Write asymptotic formulas for sequences with 
the remainder of the form o(1/n%), where a>0: 
(a) 7/n-r?—n, (b) 24 71"—2, (c) sin(1/Vn). 

27. Calculate each of the following limits: 


; sin ¢z—— 
(a): Lim 2 () tim eon) 


x0 x? , wong 4—2cosz 
(c) lim (4—2z) tan =, 
xt 
ap res NS ae he 


(e) lim (Vi-a-e—Vi—«+2), 
x7 +00 
Vcosz—} cose . (g) lim Inz—Ina ; 
sin? z x>aq  2t—4@ 
1-Vx 


(h) lim (542) 7* as +40, 21, 2++00, 


f) li 
an 
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(i) lim | tan (4+ x) i - , 


x—>m/4+0 


() lim (F5)* @+ex%0), 


x—>-+00 
(k) lim (sinz)'*"*, (1) lim neoshaya)- 1), 
x>m/2 


N-*00 


(m) lim (2h (2>0, b> 0). 


N-> oo 
28. Calculate each of the following limits: 


(a) lim eee eet Vi-tte—t 


: (m, n€N), 
x 
(b) lim V1+22—Y 1492 , © lim 1— V cos = 
x50 4 4—2 x+>+0 sin43 Vx 
V 2 


In cosh 2x : e*? — or 
(d) lim TTrcos 32 a) po sin (2/2)—sin =’ 


(f) lim n(Ya—1) (a2>0), (g) lim n (SSR ain) nt 


a , 
2 3+4\1- 
(h) Jim a (=°5)" » (i) lim n (Set yi 
2: 
(i) tin si (sera) > (k) Jim cos” 7 


(1) lim (tan 2)" 2*, 
xm] 4 


? 


29. Calculate each of the ae limits: 
(a) lim Jeary (b) lim = (a>0), 


In cos (1-2) 


In tan (Z-+ar) 


sin bz i 


(c) lim 


x—+0 


(d) lino (a>0), 


h? 


(c) lim 608 (20) 008 (20 (ee) ces (2) » (f) lim (cosh = —1) Pte 


x0 NAD 


(g) lim n? sin (1n V/ cos =) : 
(h) rin [ (<2 7) + sin — ai F 


Tl—->oo 


(i) lim cos (nV.n?+n), (i) lim _(e—Incosh 2). 
30. Calculate each of the following limits: 

(a) lim (9/234 322— V/2?—2z2), 

(b) Tim 2 [(a-+ 1)?/3— (x— 1)?/3], 


4—cos z Cos 22 cos 3x 


(c) lim sin? 2z 


x0 
(d) lim(1—2) log, 2, (ce) lim= 
x-rl xa 
(f) lim n2(‘fa—"tyYa) (a>0), 
Noo 


In (e** +2 Vz) . Wa-y/z 
lim ————--—— h) lim ——— 
(e) Eeare tan Va ( ) xt j/r—y x 


(i) lim [ cos (2x (25 i 
) Ym tan [E+ (t4+5)"]) 


(k) lim (sin + —-+ cos <)* ’ 


? 


x+ 00 
In (z?-+-e*) In (z2-+4 c*) 
() Tim areerpeny +") Lim ayrerpony 
Chapter 4 


Derivatives and Differentials 


4.4. The Derivative of a Function. 
Differentiation Rules 


I. Fundamental Concepts and Theorems 


1. Definition of the derivative. Let the function y = 
f (x) be defined in a neighbourhood of the point zx). The 
increment of this function at xz is a function of the argu- 


ment Az: 


Ay = f (xo -- Ax) — f (ap). 
The divided difference Se is also a function of the 
argument Az. 
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Definition. The derivative of the function y = f (x) at 

the point x, is the limit lim ou (provided that it 
Ax—>0 z 
exists). 

The derivative of the function y = f (x) at the point 
Z, is designated as f’ (x9) or y’ (x9). The operation of 
finding the derivative is differentiation. 

2. Table of derivatives of basic elementary functions 

I. (x*)’ = ax%-! (a is any number). 

II. (sin z)’ = cos z. 

III. (cos zx)’ = —sin z. 

, 1 

IV. (log, x) =Tne 
V. (a*)' =a* Ina, in particular, (e*)’ =e*. 


VI. (tan 2)’ =—4— (cAZ4+a0, n€Z). 
VII. (cot x)’ = —_=4> (xe mn, nEZ). 


, in particular, (In z)’ — (x>0), 


VIII. (arcsin 2)’ = (—1<2<1). 
IX. (arceos 2)’ = — A (—1<2x<1). 
X. (arctan z)’ = ao 

XI. (arccot z)’ = aa. 


XII. (sinh x)’ =cosh z. 

XIII. (cosh x)’ =sinh z. 

XIV. (tanh x)’ = cosh? a . 
1 

~ ‘sinh? z 


XV. (coth z)’ = (x £0). 

3. Physical meaning of the derivalive. The derivative 
{’ (9) is the rate of variation of the function y = f (2) 
at the point z, (in other words, the rate of variation of 
the dependent variable y relative to the variation of the 
independent variable x at z,). In particular, if z is time, 
y =f (x) is the coordinate of the point, which moves 
along a straight Jine, at the moment z, then jf’ (xq) is the 
instantaneous velocity of the point at the moment Zo- 

4. Geometrical meaning of the derivative. Consider 
the graph of the function y = f (z) (Fig. 1). The ‘points M 
and N have the following coordinates: M:(xq, f (Zo): 
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N (x) + Az, f (%) + Az)). We shall designate the angle 
between the secant MN and the z-axis as (Az). 
Definition. If there is a limit lim gg (Az) = @, 


Ax—>0 
then the straight line 1, with the slope k = tan @y, which 


passes through the point M (29, f (Zo)) is a tangent to the 
graph of the function y =f (x) at the point M. 

Theorem 1. Jf the function y =f (x) has a derivative 
f’ (x9) at the point xo, then the graph of the function has 
a tangent at the point M (Zp, f (%o)) and f’ (Xp) is the slope 
of the tangent, i.e., the equation of the tangent line can be 
written in the form 


y —f (Xo) =f (®o) (© — 2). 
If the function y = f (z) is continuous at z, and 


lim 1@o+42)—f @) _. 
Ax—+0 Ar 
then we say that the function has an infinite derivative 
at z,. In that case the tangent to the graph at the point M, 
is parallel to the y-axis and its equation is z = Zp. 

5. One-sided derivatives. If there is a limit 


f (mo + Az) — f (Zo) ( f (to Az) — f (2) ) 
Az Az , 


Co, 


lim 
Ax -0 


lim 
Ax—+0 
then it is called a right-hand (left-hand) derivative. of the 
function y =f (x) at the point z, and is designated as 
f’ (%) + 0) [f’ (z» — 0)] respectively. 
If there are f’ (cz) +0) and f’ (x, —0) and they are 
equal, then there is f’ (x9) and it is equal to f’ (x) + 0). 
Conversely, if there is f’ (x ), then there are f’ (t) + 0) 
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and fj’ (t»— ), and in that case f’ (cz) +0) =f’ (tx, —0)= 
f’ (Xp). 
6. Rules of differentiation 
Theorem 2. If u(x) and v (x) have derivatives at the 
point x5, then the sum, the difference, the product and the 
quotient of these functions (the quotient under the condition 
that v (%9) = 0) also have derivatives at the point x), and 
’ the following equalities hold true at the point x: 
(u+v)'=u'+v', (u—v)'’=u'—v', 
(uv)’ =u'v-+-uv’, (=) ae 
7. The derivative of the inverse function 
Theorem 3. If the function y =f (z) is strictly monoton- 
ic and continuous in a neighbourhocd of the point xo, 
has a derivative at the point xo and f’ (x,) 0, then there 
is an inverse function x =f-'(y) which is defined in a neigh- 
bourhood of the point yo =f (x9) and has a derivative 
at the point yo; in that case 
({-* (Yo))’ = 41/f' (20). (1) 
The physical interpretation of formula (1) is as fol- 
lows: the derivative (f-1 (y,))’ is the rate of variation 
of the variable zx relative to the variation of the variable y, 
and f’ (x,) is the rate of variation of the variable y rela- 
tive to the variation of the variable x. It is clear that 
these quantities are mutually inverse. 
8. The derivative of a composite function 
Theorem 4. Jf the function t = (x) has a derivative 
p’ (x9) at the point xy and the function y =p (lt) has 
a derivative wp’ (t)) at the point ty = @p (2), then the com- 
posite function y =p (q (x)) =f (2) has a_ derivative 


at 2X9, and 
f (Zo) =P" (P (Zo) P (0): (2) 
The physical interpretation of formula (2) is the fol- 
lowing: the derivative @’(z9) is the rate of variation of 
the variable ¢ relative to the variation of the variable z 
and the derivative 1p’ (f)) is the rale of variation of the 
variable y relative to the variation of the variable ¢. It 
is clear that the rate f’ (x9) of variation of the variable y 
relative to the variation of the variable z is equal to the 
product of the rates wp’ (t,) and @’ (zy). (If ¢ moves k 
times as fast as z and y moves J times as fast as t, then 
y moves ki times as fast as z.) 
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9. The derivative of a function defined parametrically. 
Assume that the functions 


= p(t) and y = 4 (é) (3) 


are defined on an interval of variation of the variable ¢ 
which we shall consider to be a parameter. Let the func- 
tion z= (t) be strictly monotonic on that interval. 
Then there is an inverse function t = ¢~-1 (x) and, sub- 
slituting this inverse function into the equation y = 
1p (t), we obtain 
y- =p (p> (z)) =f @).- 

Thus the variable y is a composite function of the vari- 
able x. The representation of the function y = f (z) by 
means of equations (3) is parametric. 

We can interpret equations (3) as the relationship be- 
tween the coordinates of a point moving on the zy-plane 
and time ¢. Interpreted in this way, the graph of the 
function y = f (z) is the path of the point. 

If the functions x = @ (t) and y = »p (t) have deriva- 
tives ~’ (t) 40 and yw’ (é), then the function y = f (z) 
also has a derivative, and 

, =. ap’ (t) L 

PO=S bee" (4) 
Note that the existence of the derivative q’ (t) of a defi- 
nite sign is a sufficient condition for the strict monotoni- 
city of the function z = @ (¢) and, consequently, for 
the existence of the function y = f (z) represented para- 
metrically. 

10. The derivative of a vector function. If every value 
of the variable t € JT (7 is a number set) is associated 
with a vector r, then we say that a vector function r = 
r (t) is defined on the set 7. 

Definition. The vector a is the limit of the vector func- 
tion r =r (t) at the point ty if lim |r (t) —a| =O. 

tta 

Definition. The derivative of the vector function 
c= 41 (t) at the point t is the limit lim —-(r (t + At)— 

Ai>0 
r (t)) (provided that it exists). 

The derivative of the vector function r (¢) is designa- 
ted as r’ (é). 

11. Physical meaning of a vector function and its deriv- 
ative. We can define the position of the point M in 
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—_ 
space by its three coordinates or by the vector r ~ OM, 
whose initial point coincides with the origin of coordi- 
nates and the terminal point with the point M (Fig. 2). If 
the point M moves, then the vector r varies with time t. 
We can thus describe the movement of the point by the 
vector function r = r (t), where ¢ varies on some interval 
[a, b]. The set of endpoints of the vectors r (¢) (where t € 
[a, b]) is the path of movement of the point [it is also 
known as the hodograph of the vector function r = r (t)]. 


M(x (0), Y(0,2(0) 


Mieeyiny  O 


Fig. 2 Fig. 3 


The derivative r’ (t) is the vector of the instantaneous 
velocity of the point at the moment ¢. The vector r’ (t) 
is directed along the tangent to the path. 

If we designate the coordinates of the point M at the 
moment ¢ as zx (t), y (t), z (¢) and the unit vectors of the 
coordinate axes as i, j,k then we can represent the vector 
function r=r(t) in the form 


r = iz (t) + jy (t) + kz (0), 
and the derivative r’ (¢) in the form 
r’ (t) = ia’ () + iy’ +e’ (D. 


Similarly, the movement of the point M on the zy- 
plane can be described by the vector function r = iz (t) + 


t). 
wt zx’ (t) is of a definite sign, say, x’ (t) > 0, then the 
path of the point M is the graph of the function y = f (zx) 
defined by the parametric equations z = x (t) andy = 
t). 
he coordinates of the velocity vector r’ (t) are x’ (t) 
and y’ (t) and the tangent of the angle between the vector 
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r’ (t) and the z-axis, i.e. the slope of the tangent to the 
graph of the function y = f (2), is y’ (t)/x’ (t) (Fig. 3). 
Then we have again obtained expression (4) for the de- 
rivative of the function defined parametrically. 

For x’? (é) + y’? (t) #0 the vector n (#) = {— y’ (2), 
x’ (t)} is the vector of the normal to the graph of the func- 
tion y = f (z) at the point M (x (8), y (#)), i.e. the direc- 
tion vector of the straight line passing through the 
point /M at right angles to the tangent to the graph at that 
point (this straight line is known as a normal). 


II. Control Questions and Assignments 


1. What is the increment of the function y = f (x) at 
the point x9? 

2. On what argument does the divided difference xt 
depend? What is the domain of definition of the func- 
tion qe? 

3. Give a definition of the derivative of the function 
y = f (x) at the point zp. 

4. Using the definition of the derivative, derive for- 
mulas for the derivatives of the functions x” (n is a nat- 
ural number), sin z, cos z, log,z, a*. 

5. What is the physical meaning of the derivative of 
the function y = f (z) at the point z,)? What movement 
of a point is described by the equation y = U) © + Yo 
(x is time and v, and y, are constants)? 

6. What is the geometrical meaning of the derivative 
of the function y = f (z) at the point z,? Give a definition 
of the tangent to the graph of the function y = f (zx) at 
the point (zy, f (xp)) and write the equation of the tangent. 

7. When do we say that a function has an infinite deriv- 
ative at the point z,? Give an example of a function 
whose graph has a vertical tangent at some point. 

8. What are the one-sided derivatives of a function at 
a point? What istherelation between the one-sided deriv- 
atives and the derivative of a function at a point? Give 
an example of a function which has one-sided derivatives 
at a point but has no derivative at that point. 

9. Derive formulas for the derivatives of the sum, the 
difference, the product and the quotient of two functions. 
Using them, derive formulas for the derivatives of the 
functions tan x, cot zx, sinh z, cosh xz, tanh x and coth z. 
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10. Formulate the theorem on the derivative of an in- 
verse function. What can you say of the derivative of an 
inverse function if all the conditions of the theorem are 
satisfied, except for the condition f’ (z)) 40 (i.e. the 
condition f’ (x,) = 0 is satisfied)? Give an example of 
such a case. What is the physical interpretation of the 
formula for the derivative of an inverse function? Using 
this formula, derive formulas for the derivatives of in- 
verse trigonometric functions. 

11. Formulate the theorem on the derivative of a com- 
posite function. Is that theorem applicable to the function 
y = sin? (//z*) at the point z — 0? Does the derivative 
of this function exist at the point x = 0? What is the 
physical interpretation of the derivative of a composite 
function? Using this formula, derive a formula for the 
derivative of the function z* (« is any number). 

12. What is the parametric definition of a function? 
Under what conditions does formula (4) for the derivative 
of a function defined parametrically hold true? 

13. What is a vector function? Give definitions of a lim- 
it and of the derivative of a vector function. What is 
the physical meaning of a vector function and its deri- 
vative? 

14. Using the definition of the derivative of a vector 
Cae derive the formula r’ (t) = iz’ (t) + jy’ () + 

z’ (t). 

15. What are the coordinates of the unit vector of the 
normal to the hodograph of the vector function r = 
ix (t) + jy (t) at the point M (z (t), y (t))? 


III. Worked Problems 


1. Using the definition of the derivative, find the de- 
rivative of the function y = z° at the point x — 1. 

AWe find the increment of the function y — z° at the 
point z =1: 


Ay = (1 + Az)® —1 = 3Az +4 3 (Az)? + (Az). 
From this we obtain oe =3-+3Az+(Az)? and, conse- 
quently, y’ (1)= lim AY = 3. A 

Ax+9 O* 


2. On the interval O <t <1 compare the instanta- 
neous and average velocities of two points whose rectilinear 
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motions are defined by the equations s, = ¢? and s, = 
2t4 (¢> 0). 

A We find the instantaneous velocities of the points at 
the moment #: v, (t) = s, (t) = 2t, ve (t) = s, (t) = 883. 
From this we obtain v, (0) = v, (0), v, (1/2) = v, (1/2), 
v, (t) > vz (t) for 0 < t < 1/2, v, (t) < vg (t) for t > 1/2. 
The average velocity of the first point on the time 


Sq (1) — s2 (0) 
1 


interval OC t<1 is Yay= = 1. Similarly, 


Vy ay = BW HO _ 2. Thus Vi ae < Va ay: A 


3. Derive an equation of the tangent to the graph of 
the function y = cos z at the point with abscissa z = n/6. 


A We have x, = 2/6, f (zo) = cos (n/6) = Y3/2, 


f’ (x9) = — sin (n/6) = — 1/2. Therefore the required 
equation of the tangent can be written in the form 
V3 1 bi 
y—"p=—2(2-F)- 4 


4, Find the one-sided derivatives of the function f (x)= 
|x — z, | g (x) at the point z), where g (x) is a function 
continuous at the point xz). Does the function f (x) pos- 
sess a derivative at the point 2,? 

AFor Az >0 the increment of the function at the 
point z, has the form 


Ay = f (% + Az) — f (2%) 


= [2 + Az — x | 8 (% + Az) —0 
= & (% + Az) Az, 


whence a =g(z,+Az). Since g(x) is continuous at 
the point z), we have lim ot =e (m). Thus f’ (t+ 
Ax—>+0 

0) = g (2). 

Similarly, for Ax < 0 we get Ay = — g (Zp) + Az) Az, 
whence 

lim 2 = lim (—g (%-+ As) = —8 (a), 
Ax+-0 Ax->-0 


ie. f' (v9 —0) = — g (a). If g (x) 0, then f’ (x) + 
0) ~/f' (x, — 0), and, hence, the function f (x) does not 
have a derivative at the point z,. Now if g (z)) = 0, then 
f' (%& +0) =f (% —0) =O and, consequently, the 
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function f (x) possesses a derivative at the point z, and 
f’ (Zp) — 0. A 

5. Calculate the derivative of each of the following 
functions: 


(a) y= z* sin x 


= Fae (@>0. 21), 
(b) y = cos (2* — x’) (coo <x < ow). 


A(a) Using the rules of differentiation of the product 
and the quotient and the table of derivatives, we get 


(x2 gin z)’ In z—<x? sin z (In z)’ 


y' (x) = In? z 
(z? cos ++ 2z sin z) In z—z? sin at 
_ ]n? z 
= Tlecos eye sips) ine—eene (c>0, x41). 


(b) We can represent the function y = cos (2* — z°) in 
the form y =cost, where t = 2* — z°. Using the rule of 
differentiation of a composite function, we get 


y' (z) = (cos #)’ | ,_9x_,,s (2*— 2°)’ 
= —sin (2* — 2) (2*lIn2—3z?) (—oo<r<oo). A 
6. Find the derivative y’ (xz) of the function 
zsin(1/z) for x40, 
z =| 0 for «=0 
and find whether y’ (z) is continuous at the point z = 0. 
AFor x0 the derivative y’ (z) can be found by 
differentiating the function z sin (1/z) according to the 
rule of differentiation of a product. This yields 
y’ (x) = 2x sin (1/x) — cos (1/z) (x #0). 
The expression obtained is not defined for t = 0. This 
does not mean, however, that y’ (0) does not exist since 
the expression for y’ (x) was obtained under the condition 
x = 0. To find y’ (0), we use the definition of the deriva- 


tive. The increment Ay of the function y (x) at the point 
x = 0 is (Az)* sin (1/Az) and therefore 


‘ A : 2 41 
lim —% = lim Arsin—— =O, i ‘O)= 
rene Ag peer Ag 0, 1e. y (0) 0. 


Thus y’ (z) exists at all points: 
‘ @)=|{ 2x sin (1/2) —cos (1/z) for x40, 
0 for <=0. 


To test y’ (z) for continuity at the point z=0O we 
consider lim y’ (z). It is clear that lim 2z sin (1/2) 
x> x0 
=0 but ae cos (1/x) does not exist. Therefore lim y’ (z) 

x x >0 
does not exist either. Thus y’ (x) is discontinuous at 
the point z = 0 which is a point of discontinuity of the 
second kind of the function y’ (x). A 

7. Prove that the equations tr = cost, y = sint(0< 
t<n) define parametrically the function y =f (2). 
Find the derivative f’ (x) of this function. 

A The function z = cost is strictly monotonic (decreas- 
ing) on the interval O< t<a and, consequently, has 
an inverse. Substituting this inverse function into the 
equation y = sin t, we get a function of the form y = f(z). 
In this case the inverse function is in explicit form: ¢ = 
arccos x and therefore, for f (z), we get an expression 
f (x) = sin (arccos z) (—1<_z< 1). We can also write 
this function in the form f (xz) = Vi — 2? (_1<7< 1) 
(explain why). Calculate the derivative f’ (x) by two 
techniques: (a) using the explicit expression, (b) using 
the formula for the derivative of a function defined para- 
metrically. We have 

x 


(a) f' (j= = (—1t<r< 1), 


(b) f’ (z) =—2S4_ (tA, tn). 


—sint 

Since cost =<, sint =V 1—cos?# = VW 1— 2? for0<t<n, 
the second expression for f’ (z) yields the first: f’ (x)= 
eee ae (cA+1, or —1<r4<1). A 

Vi-2 

8. Prove that if the vector functions r, (¢) and r, (2) 
have derivatives, then the following formula holds true 
for the derivative of the scalar product (r, (t) re (é)): 


1 re) = re) + 1 Om @)- 


tee (0) tifa Qty (. thon (6 (Drs haa (4 4 
j Z, (t). Then (r, r = 2, (t t 
¥: () Yo () + Z (t) z (t). We use the ne ay tt 
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r, (t) (i= 1, 2) has a derivative, then 2; (t), y; (t) and 3; (4) 
also have derivatives, and in that case rj (t) = ixy (4) + 
iy; (t) + kz; () (see Exercise 20). We obtain 
(ry (t) re (t)) = 25 (4) 22 (2) +24 (4 23 (2) + yi (D yr (4) 

ys (2) Ya (2) 4-24 (t) 20 (t) + 24 (4) 25 (4) 

= {23 (2) 9 (4s (4) Yo (t) -+ 23 (4) 22 ()} 

+ {24 (4) 2 (4) + ys (Ys (t) +24 (f) 2 (D} 

= (ry (4) re (4) + (ry (4) Fr: (2). 


IV. Problems and Exercises for Independent Work 


1. Write the expression for Ay = f (zr) + Az) —/ (*) 
and find the domain of definition of the function Ay if 
(a) f (x) = arcsin zx, xy = 1/2, (b) f (x) = arccos z, 2%) = 
0, (c) f(z) =Ina, z = 2, (d) f (x) =sinz, ro = 20. 

2. Using the definition of the derivative, find the 
derivative fof the following function: (a) yz at the 


point r=1, (b) y=2? at the point r=a,, (c) y= Vz 

at the point z=4, (d) y=x]|z]| at the point x=0, 
A—cos x for x=40 

(e) y= z * at the point x=0. 


0 for z=0 


3. The equations of the rectilinear motion of two 
points have the form (a) s;= t, sp=@? (t > 0), (b) s,=t, 
Sg = & (t>0), (c) s, = Int, s, = Vt (t> 1) (¢ is time, 
s, and s, are the distances traversed by the first and 
the second point during the time 1). Compare the instan- 
taneous velocities of the two points and their average 
velocities on the time intervals OC t< 1 and1i<t< 2 
for cases (a) and (b) and on the time intervals i1<t< 4 
and 1<¢< 25 for case (c). 

4. Set up an equation of the tangent to the graph of 
the function y = f (x) at the point with abscissa x, if 
(a) f (x) = sin x, 2 = 0, (b) f (z) = 2", a = 1,(c) f (x)= 
Vx, X =O, (d) f (x) = arctan z, x = 1. 

. Find the point of intersection of the tangents to 
the graph of the function y = f (x) at the points with 
abscissas z, and z, if (a) f (x) = cosz, x, = n/6, x, = 
m/2, (b) f (z) = e*, x, = 0, x, = 1, (c) f (x) = arcsin z, 
1 => 0, Lo = ‘ 

6. Set up equations of the tangents to the graph of 
the function y = Vz which pass through the point (2, 3/2). 
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7. Find the one-sided derivatives f’ (x) +0) and 
(tw) —0) and compare them if 

(a) f (~) = [2 |,2% =0, (b) f(z) =|z|, x = 1, 
(c) f(z) = 2% sgnz, z =0, (d) f(z) = Vsin® z, 

Ty =U, 

(ce) { (x) = |2|sinz, x =0, 


ti 


(f) f(a) =|2— cos, my=> 


(g) f(z) =|z2—1]e, 2 =1. 

Does the derivative f’ (x) exist in each case? 

8. Find y’ (z) if (a) y = 22, (b) y = Va, (c) y = 4/2, 
(d) y = 2722 —3/V zx, (e) y = log,2® + loggx? (calcu- 
late y’ (41)), (f) y= 2* + (41/2)*, (g) y=sin x —cosaz 
(calculate y’ (0) and y’ (x/4)), (h) y=tan x — cota, 
(i) y = arcsin x 4- arccos x (explain the result obtained), 
(j) y = arctan x + arccot x (explain the result obtained). 

9. Prove that if uw (x) and v (x) have derivatives at the 
point z and u (z) > 0, then the function [u (z)]°™ also 
has a derivative at the point z, and in that case we have 


[u (x)")’ = v (x) un (x)?O1U" (x) + u (x)? In u(x) v’ (2). 
10. Find y’ (x) if (2 >0 in every case): 


(a) y= y= Vr—a, y=rfr+t, 


(b) y= Ve4Ve4 V x, y=sin? (cos x) 4- cos? (sin x), 


: : . tan zx osx+tans 
(c) y=sin[sin(sinz)], y=<yg p> ye pa alae 


(a) y=e*sina, y=c**cos2x, y =e +2, 
: 4 = 
(e) y=x, y=I1n [In (In z)], y= 5, IN 
(f) y=In| al, y=iIn(z+- V2? +e), y=Insing, 
: a nme. ga pl 
(g) y=sin (In A y=aresin— , y= arctan, 
(h) y= arctan; + 
the function y = arctan z and explain the result obtained). 
(i) y=arccos(1/z), y=arcsin (sinz), y == arctan (tan z), 
(j) y=sin (arcsin z), y =cot (arccot 2), 


(k) y= Ine + Ff aretan Ss y= > Ve—e+ 


(compare with the derivative of 


ie avesin= 
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arceosz , 1, 1—/1—a? - 
Q) y= sae vetiey sce y=arctan Vx2—1 —i— 
1+Vi-2 
_ Ing 
fxor—i’ 


arcsin x 


(m) y=- yee tyne »y=In(et+V1+e*), 
(n) pamcian Gey ah: y=(sinz)"*, y= 


sinh (tan z), y= tanh (cos 2), 
(0) y=ln (inh z), y=log(coshz), y= arctan (tanh 2), 
y=ln (coth +). 


11. It is known that @ (z), wp (x) and f (z) have deriv- 
atives. Find y’ (x) if 


(@) y=VF +P), 

(b) y = logacsy p (x) (0 < 9 (x) @ (z) 4,  (z) > 0), 
(C)y=/@) +7"), Gy =f (f(a). 

12. Use induction to prove that if /, (x), f, (z), ..-, fn(2) 


n 
have derivatives at the point z, tlicn the sum pa fi (2) 


and the product f, (z) f, (z) . n («) also have rdenive: 
tives at the point z, and in a case we have 


(3 n@)'= Ds C6) fale) --- fa) 
= Dh file) HG) ota 


13. Prove that there is a rule of differentiation of the 
nth-order determinants: 


fis (2) «++ fan (2) |’ far (@) - ++ fin (2) 


Fay (2) «-- fan (2) fas (2) --+ fan (2) 


14. Can we use the rule of differci.tiation of the prod- 
uct of two functions u (z) and v(/) at the point z, if 
(a) u(z) = 2, v(z) = |e 1, % =: 
(b) u (2) = 2, v(2) = |e), % = 1: 
(c) u (z) = sin 2, v (z) = Sgn Zz, %, = i, 
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(dl) u (zt) = 2°, v (a) = sgna, 2 =0, 
sin (1/z) for x=0, 
E = v= 
eee) | 0 for x=0, 

Does the product wu (x) v (zr) have a derivative at the 
point z,) in each case? 

15. Iind oul whether each of the following statements 
is true: 

I. “If wu (2) has a derivative at the point x) and v (2) 
does not have a derivative at the point x9, then (a) y (2) + 
v(z) does not have a derivative at the point 2», 
(b) u ()v (z) does not have a derivative at the point 24”. 

IL. “If u (xz) and v(x) do not have derivatives at the 
Point 2, then (a) wu (2) -| v (x) does not have a derivative 
at the point zo, (b) u (2) v (x) does not have a derivative 
at the point z,”. ; 

(If the statement is not true, then give an appropriate 
example. ; 

16. Find out whether the following statement is true: 
“If f(z) < g(a), then f' (t) <8" (2)”. 

17. Derive formulas for the following sums: 


P,=1 4 22 + 3227+... 4+ 727", 
Q, = 12 + r+ Per +... f pe. 


18. Depict the path of the point whose motion over the 
zy-plane is defined by the equations 

(a) z=t, y= #, —o <t<o, 

(b) x =cos?t, y = sin? t, Ot < ov, 

(c) x =acost, y=bsint, OSMti<o, 

(4) x =acosht, y=) sinh tt —w<t<oo, 

(e)x = a(t —sint),y =a (1 —cost), —o<t<oo, 

(f) c=e, y=e™*, —w<cti<o. 

In each case indicate the interval of variation of the 
Parameter ¢ on which the equations define the function 
y =f (x) and find the derivative of this function using 
formula (4). In cases (a), (b), (c), (d) and (f) express f (x) 
in explicit form and compare the explicit expression for 
f' (z) with the expression obtained from formula (4). In 
vases. (c) and (d) derive an equation of the tangent and 
the normal to the curve at the point ¢ = 0. 

19. Let r (¢) = iz (t) + jy (t) + kz (t) and a = ia, + 
ja. + ka, be constant vectors. Prove the following statc- 


ment: “For lim r(t) = a, it is necessary and sufficient 
t+to 
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that lim z(t) =a,, lim y(t) =a, lim z(t) = a,”. 
tt 


>to >to t-+to 

20. Using the result obtained in the preceding problem, 
prove the following stalement: “For the vector function 
r (t) = ix (¢) + jy (t) + kz(t) to» have a_ derivative 
r’ (t) at the point ¢, it is necessary and sufficient that the 
scalar functions z (t), y (t) and z(t) have derivatives at 
the point ¢. In that case r’ (t) = iz’ (t) + jy’ (t) + kz’ (d)”. 

21. Prove that the following rules of differentiation are 
true for vector functions: 


(r, @) +r, (t)’ =7, +r, , 
GOrO) =f OrQ™+/@r' 
[ry @) r. QV = fry r, Y1 + In OO), 
where [r, (t) r. (¢)] is the vector product of the vectors 
r, (t) and rg (t). 


22. The motion of a point in space is defined by the 
equations 

(a) zx =t, y=t, Z= 0, i> 0, 

(b) x = Reost, y=Rsint, z=hi, t>0, RSO, 
h>0 (a helical curve), 

() z=t, y= ?, z=, t>0, 

(d)z=Int, y= #/2, 2= V2t, t>1, 

Find the modulus and the direction cosines of the veloc- 
ity vector at the moment (a) t = 2, (b)t =m, (c)t = 1, 
(d) t = 2.5. 


4.2. The Differential of a Function 


I. Fundamental Concepts and Theorems 
1. Differentiability of a Function 
Definition. The function y =f (x) is differentiable at the 


point xq if its increment Ay = f (z + Az) —f (2) at 
that point can be represented as 


Ay = AAz + aAz, (1) 


where A is a number and @ is a function of the argument 
Ax infinitesimal and continuous at the point Az = 0 
(i.e. lim a@ (Az) = a (0) = 0). 

Ax>0 
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Theorem 5. For the function y = f (z) to be differentiable 
at the point xo, it is necessary and sufficient for the deriva- 
tive f’ (%) to exist. 

Note that in this case A = f’ (zp). 

The differential (or the first differential) of the function 
y =f (x) at point z, (differentiable at this point) is 
a function of the argument Az: dy = f’ (xy) Az. 

For f’ (zo) 0 the differential is the principal (linear 
with respect to Ax) part of the increment of the function 
at the point 2p. 

The differential of the independent variable x is the 
increment of this variable: dz = Az. Thus the differenti- 


Fig. 4 


al of the function y = f (x) at the point xz, has the form 
dy = f (x) dz, (2) 
whence we have 
1 d 
i (Xo) F ~ ’ 


i.e. the derivative of the function y = f (x) at the point Xp 
is equal to the ratio of the differential of the function at this 
point to the differential of the independent variable. 

2. Geometrical and physical meaning of the differential. 
It is easy to see the geometrical meaning of the differential 
of a function from Fig. 4 which shows the graph of the 
function y = f (x) (heavy line) and the tangent MP to the 
graph at the point J7 (xq, f (2)). The differential dy is 
equal to the increment of the linear function whose graph 
is the tangent MP. 

If xis time and y = f (x) is the coordinate of the point 
on the straight line at the moment z, then the differential 
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dy = f' (x,) Az is equal to the variation of the coordinate 
which the point would obtain during the time Az if the 
velocity of the point on the time interval [z,, x, + Az] 
were constant and equal to f’ (x). The variation of the 
velocity on this interval leads to the fact that, in gener- 
al, Ay -~ dy. On small time intervals Az, however, the 
variation of velocity is negligible and Ay = dy = f'(z,)Az. 

3. The invariance of the form of the first differential. 
Assume that the argument z of the function y = f (2) 
differentiable at the point z, is not an independent vari- 
able but a function of some independent variable t, i.e. x= 
p (t), with x, = @ (t,) and @ (t) is differentiable at the 
point ¢). Then, as before, the differential of the function 
y = f (x) has form (2): dy = f’ (zy) dz, but now dz is not 
an arbitrary increment of the argument x (as in the case 
when z is an independent variable) but the differential of the 
function z = g (¢) at the point t), i.e. dx = ’ (tp) dt. 
This property [formula (2) is retained when x = @ (E)] is 
the invariance of the form of the first differential. 

4. Using the differential for approximations. Since 
Ay =dy for small Az, i.e. f (zo + Az) —f (x,) & 
f’ (a) Az, it follows that 


f (Xo + Az) & f (9) +- f° (a) Az. (3) 


This formula makes it possible to find approximate values 
of f (x) + Az) for small Az when f (x,) and f’ (x,) are 
known. The error caused by the replacement of f (z, + 
Az) by the right-hand side of formula (3) is the smaller 
the smaller Az is and, what is more, as Az-+0, this 
error is infinitesimal of the order of smallness higher 
than that of Az. 


II. Control Questions and Assignments 


1. Give a definition of the differentiability of a funce 
tion at a given point. 

2. Prove the theorem on the relationship between the 
differentiability of a function at a point and the existence 
of the derivative at that point. 

3. What is the differential of a function at a given 
point? On what argument does it depend? 

4, Can the differential of a function at a point be a con- 
stant quantity? 
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5. For what functions is the differential cqual to the 
increment of the function? Give examples. 

6. What is the geometrical meaning of the differential? 

7. What is the physical meaning of the differential? 

8. What is the invariance of the form of the first differ- 
ential? Prove that the form of the first differential is 
invariant. 

9. How can the differential of a function be used for 
approximations? 


IJI. Worked Problems 


1. Find the differential of the function y = 2? — x + 3 
at the point x = 2 in two ways: (a) by isolating the 
linear, with respect to Az, part of Ay, (b) by using for- 
mula (2). 

(a) Ay = f(2 + Aa) —f (2) = [2 + Aa)? — 2+ 
Az) 4- 3] — [22 — 2 + 3] = 3 Ax + (Az)*. It follows 
that dy = 3 Ac. 

(b) f’ (cz) = 22 — 1, f’ (2) =3. Consequently, from 
formula (2) we find that dy =3dx=3 Ar. A 

2. Find the differential of the function y = sin (z*): 
(a) at the point z = x», (b) at the point z = Vx, (c) at 
the point c= Yn for dr = — 2. 

A(a) According to formula (2) we have dy | x=x, = 
f' (xo) dz = cos (2?) 2zy dz. 

(b) Setting ty Vn in the last relation, we get 
dy lee = —2 Vu dz. 

(c) We have dy|,_y_ =4 Vu A 
dx=-2 

3. Replacing the increment of the function by its 
differential, find the approximate value of (a) V 0.98, 
(b) sin 31°. 

A (a) Let us consider the function y (z) = v1 + 2. 
Since y (0) =1, y (—0.02) = V/0.98, y’ @) =z (1 + 
z)-¥?, y’ (0) =F we find from formula (3) that y = 
(—0.02) = y (0) + y’ (0) (—0.02) = 1—0.01 = 0.99. 
Thus 0.98 = 0.99. 

(b) Consider the function y = sin zx. Since y (30°) = 


sin 30° = 1/2, y’ (30°) = cos 30° = V 3/2, and 1° = 
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2/360 (rad) & 0.0175 (rad), we find from formula (3) that 


sing VS ~ 0.5151. & 


IV. Problems and Exercises for Independent Work 


23. Express in form (1) the increment of the function 
(a) y = e* at the point z = 0, (b) y = sin x at the point 
x = 1/2, (c) y = arctan x at the point z = 0. Write an 
expression for the function @ (Az). 

24. Find the increment and the differential of the 
function y = 23 — xz? +1 at the point x =1 and cal- 
culate their values for (a) Ax = 0.01, (b) Az = 0.1, 
(c) Ax = 4, (d) Ax = 8. 

25. The rectilinear motion of a point is defined by the 
equation s = 2/2 + ¢-+ 1, where ¢ is in seconds and s 
in metres. Find the increment and the differential of the 
path s at the moment ¢ = 1 s and compare them for 
(a) At = 0.1 s, (b) At = 0.2 s, (c) At=1s. 

26. Find the differential of the function y at the 
point x if 


(a) y=Va, (b) y=1/z, (c) y= ln (c+V2?+1), 


1 —1 : 
(4) y=zIn ear : (e) y=aresin—, (ff) y= 
£ arctan =, (g) y= ze, (h) y=axsinz+cosz. 


27. Find dy |x=o and dy |=; if 
3 2 

(a) y=3—F +2, (b) y=In(1+2), (0) y=e", 

(d) y=sin (m2/2), (e) y=cos(nz/2). 

28. Construct the graph of the function y = In (1 ++ z) 
and represent dy on the graph for (a) c = 0, dz = 1, 
(b) z= 1, dx = 1, (c) x= 1, dx = 2. 

29. Let y = sin z, where x =cost. Which of the 
following equalities hold true: (a) dy|jonj2 = 0, 
(b) dy|irany2 = 2, (c) dylronsg = —dt? 

30. Using formula (3) and choosing an appropriate 
value of zy, find the approximate values of (a) cos 151°, 
(b) arcsin 0.49, (c){log 11, (d) j/1.01, (e) arctan 1.1, (e) e°. 

31. Prove the approximate formula (for smal]]1 z) 


1) oe ae ere Zz 
ya +S a+ Sar (a> 0). 


Using this formula, find the approximate values of 
(a) 7/9, (h) {/255, (c) 7/130. 
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4.3. Higher-Order Derivatives and 
Differentials 


I. Fundamental Concepts and Theorems 


1. Definition of higher-order derivatives. If the de- 
rivative f’ (x) of the function y = f(z) is defined in 
a neighbourhood of the point z) and has a derivative at 
this point, then the derivative of f’ (x) is the second deri- 
vative (or a second-order derivative) of the*function y = 
f (z) at the point z) and is denoted by one of the follow- 
ing symbols: f’’ (x9), f© (xq), y"’ (Zo)s y® (29). 

The third derivative is defined as a derivative of the 
second derivative and so on. If the concept of the 
(nx — 1)th derivative has been introduced and if the 
(n — 1)th derivative has a derivative at the point 2, 
then the derivative is the mth derivative (or the nth- 
order derivative) of the function y = f (z) at the point z 
and is designated as f™) (zo) or y(™ (z). 

Thus higher-order derivatives can be found by mathe- 
matical induction from the formula 


y™ (x) = [y@-) (@)I’. 

A function which has an nth derivative at the point z, 
is said to be n times differentiable at that point. A function 
which has derivatives of all orders at x» is said to be 
infinitely differentiable at that point. 

The higher-order derivatives of the vector function 
r =r (é) can also be introduced by induction: 


r™ (¢) = [r@-) (¢)]’. 


If r(t) = iz (t) + jy (t) +kz(é), then r™ (t) = 
inc (1) + jy (t) + ka (2). 

If the function r =r (t) describes the motion of a 
point (é is time), then the second derivative r’(t) is the 
acceleration at the moment f. 

2. The main rules of calculating the nth derivatives. 

1. (ub v)yM = uw + VW, 

2. Leibniz’s formula: 

n 
(uv) = > (7) uy), where uv) =u, yO =p, 


i=0 
()=qeor: Ol = 4. 
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3. Formulas for the nth derivatives of some functions: 

4s (xz =a (a —_ 1) cee (a —n+t 1) earn (zc > 0, 
a is any number). 

2. (a*)™ = a* (In a)" (0 < @ = 1), in particular, 
(e*)(™ =e, 

3. (sin z)™ = sin (x +n 5) : 

14 
2): 

4. Differengials of higher orders. Assume that z is an 
independent variable and the function y = f(z) is differ- 
entiable in a neighbourhood of the point z,. The first 
differential dy = f’ (x) dz is a function of two variables, 
x and dz. The second differential (*y of the function y = 
f (x) at the point zx, is defined as the differential of the 
function dy = f’ (z) dx at the point z, under the fol- 
lowing conditions: (1°) dy is regarded as a function of 
only the independent variable x (in other words, when we 
calculate the differential of f’ (z) dz we must calculate 
the differential of f’ (x) considering dz to be a constant 
factor), (2°) when the differential of f’ (x) is calculated, 
the increment of the independent variable x is considered 
to be equal to the initial increment of the argument, 
i.e. to the same value dz which appears as a factor in the 
expression dy = f’ (x) dz. 

Using this definition, we obtain 


d?y |x=2 id (dy) lex, =d [f’ (z)] | x= dx 
= {If (2)]" |zmx, dz}dz = f” (Xp (dz)’, 
or (writing (dz*) as dz), 
dy [ray =f" (ay) dz, 


The differential of the arbitrary mth order of the func- 
tion y = f(z) is found by mathematical induction from 
the formula 


4. (cos xz) = cos (3 +n 


d"y = d (d"-ty) 


under the same two conditions as the differential of the 
second order. In that case, the formula 


AY |aaay = fl (Xo) dx” (dx” = (dz)”) (1) 
holds true, whence we find that 
f™ (x) = st , (2) 
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If x is not an independent variable but a function of 
some variable t, Uhen formulas (1) and (2) become untrue 
(noninvariance of the form of higher-order differentials). 
In particular, for n = 2 we have 


d?y = f’' (x) dx? + f’ (x) dz. 


II. Control Questions and Assignments 


{. Give a definition of the second derivative of the 
function y = f (x) ab the point 2p. 

2. Can the second derivative f’’ (xo) exist if the first 
derivative f’ (to) does not exist? 

3. Give an example of a function for which f’(Z,) exists 
but f” (29) does not exist. 

4. Give a definition of the nth derivative of the func- 
tion y = f(x) at the point Zp. 

5. The nth derivative of the function at the point z, is 
known to exist. What can we say of the existence of lower- 
order derivatives at the point z, and in the neighbourhood 
of this point? 

6. Give a definition of the nth derivative of a vector 
function. What is the physical meaning of the second 
derivative of a vector function which describes the motion 
of a point? 

7. Use mathematical induction to prove the rule of 
finding the nth derivative of the sum and the difference 
of two functions. 

8. Derive Leibniz’s formula. 

9. Derive formulas for the nth derivatives of the 
functions r%, a*, sin zx, cos z, Inz. 

40. Prove that if f(z) is nm times differentiable, then 


an i 
Pi (es E 8) = an pm oy ener 


41. Calculate the derivatives of the mth order (e*)™, 
(sin (32 + 2))™, (V1 — zy. 

12. Give a definition of the nth-order differential of 
function y =f (x) at the point Zp. 

13. Prove the validity of formula (1) for the nth- 
order differential in the case when zx is an independent 
variable. 

14. Does formula (1) hold true if z is a function of 
a variable ¢? For that case derive formulas for d?y and d3y. 
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Prove that formula (1) remains true if z is a linear func- 
tion of the independent variable ¢, i.e. 2 = at 4- b 
(a and 6 are numbers). 


III. Worked Problems 


1. Find yO if y = xe. 
A This function is a product of two functions 2? and e**. 
Using Leibniz’s formula, we obtain 


(x2e3%)(10) — 22 (e3*)(10) 4. © ') (x2)’ (c3*)) 


+ (3) (x2) (eF)@4 4 (22)(40) 93, 


Since (2?) = 0 for n> 3, (e3*)() = e3*3", it follows 
that 
(x7e3*)10 = %e3%310 + 10 -27e3*39 + 45 -2e3*38 
= 3%8* (327 + 20z + 30). A 

The example considered shows that it is most convenient 
to use Leibniz’s formula in the cases when one of the 
factors is a polynomial of a not high degree of p. In that 
case, all terms of Leibniz’s formula, beginning with 
(p + 2), are zero. 

2. Find the nth derivative of the function 


z?t4 
— gt—{° 
A We can represent this function as y= 1+ =" 7 
2 (n) 4 
Therefore y() = 1() (a7) = ( a4 ae In its 
turn, +g—7 can be decomposed into partial fractions: 
Lea ee! Se Oa 
z2— 4 z—1 z+1 
Conse quently, 


yi”) = ( say ~— ( a ee 


Let us successively calculate the first, the second and 
the third derivative of the function 


zr—1 
(s+) = [(z—1)"1)’ = —1+ (x—1)-2, 
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2 
(Er) = (9-2 194 (1-21 99, 
4 \3 
era = (— 1)?-2!(— 8) (wx— 1) * = (—1)8- 3! @— 1). 
Then it is easy to prove by mathematical induction that 


(—1)" nt! 
(z—1)"*1 


( = ‘aa = (— 1)" n! (7— 1)" = 
Similarly 
( d ye _ _(—i)* nl 


z+i4 — (x44)? . 


Thus we have 
n 4 ; : 
yO =(— 1)" n! Laon tecap]- A 


3. The function y = f (x) is defined parametrically by 
ne equations x=acost, y=asint, O<Ct<na. Find 
a” (x). 

A We derive a formula for the second derivative of the 
function y = f(z) defined parametrically by the equa- 
tions z= «p (t), y= p(t), considering the functions @ (2) 
and w(t) to be twice differentiable and 9 (1) # 0. 

Since the form of the first differential is invariant, 


af’ (z) = jf" (x) dx, whence f” (z) = @ | Since f’ (x) = 


a 4 ' Hg) = (2)! eee 
ow? it follows that df’ (z) = ( 7 x) dt. Taking into 


account that dz=q’ (t)dt, we obtain 
epee cf Yt 
i ( p’ (t) ) a) ae 
_ Vor drow 
9p’? (2) t=971(x) (3) 
Setting p = asin t, p = a cost, p-! (z) = arccos (x/a) 
in this formula, we get 


W 4 —— i 
a a 
f ( ) asin? t |t=arccos(x/a) can Bre 
a ( 4 a2 


a2 
~"(@—z BP * 


In this example we can find an explicit expression for 
f(z): f(@) =Ve@—2 (—a <x <a). It stands to rea- 
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son that calculating f” (xr), we gel an expression the 
same as that obtained using formula (3). A 

4. The motion of a point in space is defined by the 
equalions x= Reost, y=R sin t, z = hi?/2, 10. 
Find the moduli of the vecters of the velocity and the 
acceleration at the moment ¢ = 1. 


A By means of the vector function, we can define the 
motion by the equation 


r=iRcosi+ jRsint +. kht?/2, t>0. 
By means of differentiation we find that 


r’ (t) = —iR sin t + jR cost -++ kht (velocity), 
r”(t) = —iR cos ¢ — jR sin t + kh (acceleration). 


Hence we get |r’ (t) |= VR? + ht, |r’ (1)| = 
V R? + h?, |r" (t) | = VR +h (the absolute value 
of the acceleration is constant). 

5. Find the second :lifferential of the function y = 
cos 2x if (a) z is an independent variable, (b) z = 9 (i), 
where @ (¢) is a twice differentiable function of the in- 
dependent variable ¢. 

A (a) d?y = y" (x) (da?) = —4 cos 22 (dz)’, 

(b) d?y = y" (x) (dz)? + y’ (a) d®e : 
= —4 cos (2p (t)) (@’ (t) dé)? — 2sin (2¢( t)) p” () (dt)? = 
= —2 [2 cos (29 (t)) p’? (t) + sin (29 (t)) 9” (1 (dt). A 


TV. Problems and Exercises for Independent Work 


32. Find the derivatives of the indicated order: 
(a) (e-2*), (b) (sin az)@%, (c) (e**), 


@) (2), ©) Fe) O Coe) 

() Wa), ay (Sq). @ CFs 2am 
(j) (2® cos 5x)(5), 

(k) (5), 

() (we), 


(m) (ze™*)@%, (n) (In 32). 
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33. Find y™ if 

(a) y= Var+b, (b) y= St , (c) y=: sin? a, 
(d) y==cos* 2, (e) y=sinez, (f) y = cos x, 

(g) y=sinawsinBz, (h) y=cosazcos Bz, 

(i) y=asinaz, (j) y=2* cosaz, 

(i) y= (a2? + br +c) e**, 


(l) y=ln at , (m) y=csinhz, 


(n) y = 2° cosh z, 

(0) y = ax" + aya"... - anpat + a, (a; are 
numbers). 

34. Find {” (z) and jf” (z) for the function from 
Exercise 18 defined parametrically. 

35. Express the derivatives of the inverse function 
xz =f-'(y) up to the third order inclusive in terms of 
the derivatives of the function y = f (2). 

36. The motion of a point in space is defined by the 
equations from Exercise 22. Find the modulus and the 
direction cosines of the vector of acceleration at the 
indicated moments. 

37. Find the differentials of the indicated order if z is 
an independent variable: (a) d3 (2%), (b) d* (V2 — 1), 
(c) d® (x In 2), (d) d?° (x sin 2). 

38. Find d"y if (a) y =sinh z, (b) y = cosh (az), 
(c) y = x? Inc. 

39. In each of the following cases verify whether the 
function y (x) satisfies the corresponding equation (C; 
are arbitrary numbers): 

(a) y = C,sinkz + C, coskz, y" = k*y = 0, 

(b) y = Cye™* + Cre", y" — ky = 0, 

(c) y = e-®* (C, cos Bx + C,sinBz), y” + 2ay’ + 
(a@* + B*) y = 0, 

oy = C,sinz + C,cosx + Cye*+Ce*, yO — 


Y= Uz 
40. Find f™ (2) if f(z) = (@ — 2)" @ (2), where 
 (z) has a continuous derivative of the order n — 4 at 
the point 2p. 
e-1/** for «=£ 0, 
0 forx=0 
is infinitely differentiable at the point z° = 0. 


Ai. Prove that the function fn)=| 
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Chapter 9 
The Indefinite Integral 


5.4. The Antiderivative and 
the Indefinite Integral 


J. Fundamental Concepts and Theorems 


4. Definition of the antiderivative and of the indefi- 
nite integral 

Definition. The function F (x) is an antiderivative of 
the function f (x) on the interval X if F’ (x) = f (x) Vr € X. 

Theorem 1. Jf F, (x) and Fy, (x) are two arbitrary anti- 
derivatives of f (x) on X, then F, (x) — F, (x) = const. 

Corollary. Jf F (x) is one of the antiderivaties of f (x) 
on X, then any other antiderivative @ (x) of the function 
f (x) on X has the form ® (x) = F (t) + C, where C is 
a constant. 

Definition. The set of all antiderivatives of the function 
f (x) on X is an indefinite integral of the function f (2) 


on the interval X and is designated as \ f (2) dz. 
By virtue of the corollary of Theorem 1, ( { (x) dz = 


F (zt) + C, where F(z) is one of the antiderivatives 
of f (z), and C is an arbitrary constant. 


(Sometimes the symbol \r@ dx denotes not the 


whole set of antiderivatives but any one of them.) 
2. Principal properties of the indefinite integral 


1°. d | f(z) dz=f (2) dz. 


20, j dF (2) =F (2) 4C. 


3°. Linearity of an integral. If there are antiderivatives 
of the functions f (x) and g (z) and @ and f are any real 
numbers, then there is an antiderivative of the function 


af (x) -+ Bg (x), and 


| las (7) + Be (z)]de=a | f(u)de+B | g(a) de. 
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II. Control Questions and Assignments 


1. Give a definition of an antiderivative of the func- 
tion f (z) on the interval X. 

2. Give examples of functions which have antideriva- 
tives. 

3. Give examples of two different antiderivatives of 
the function f (z). 

4. Does every function have an antiderivative? Con- 
sider the following example: 


1 for a>0, 
I —2 for <0. 


5. Find an antiderivative of the function f (x) = sin z 
which assumes a value 10 at the point z = 2/2. 

6. It is known that at the point z = 1 two antideriva- 
tives of the function f (2) = e* differ by 2. How much do 
these antiderivatives differ at the point z = 100? 

7. The graph of what antiderivative of the function 
f(z) = 1/1 + 2%) passes through the point with coordi- 
nates (1, 2%)? 


III. Worked Problems 


1. Prove that the function 


{ for z>0, 
sgn z= 0 for x=0, 
—1 for x<0 


has an antiderivative on any interval which does not 
contain the point x = 0 and does not possess an antideriv- 
ative on any interval which contains the point x = 0. 

AOn any interval which does not contain the point 
x = 0 tlie function sgn x is constant. For instance, on 
the closed interval [1, 2] the function sgn x = 1 and any 
antiderivative of the function sgn zx on this interval has 
the form F (x) = x + C, where C is a constant. 

Let us consider a closed interval which contains the 
point z = 0, say, [—1, 3]. On the half-open interval 
[—1, 0) any antiderivative of the function sgn zx has 
the form —z + C, and on the half-closed interval (0, 3] 
the antiderivative of sgn z is x + Cy. For any choice of 
the arbitrary constan ts C, and C, we get on the interval 
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{—4, 3] a function which does not have an antiderivative 
at the point z = 0. If we choose C, = C,, we get a con- 
tinuous function y = |x |+ C (C=C, =C,) which is 
not differentiable at the point x = 0 either. Thus the 
function sgn x does not have an antiderivative on the 
interval [—1, 3]. 

This example shows that the question concerning the 
existence of an antiderivative of a function is essentially 
connected with the interval on which the function is 
considered. A 

2. The problem of finding the law of the rectilinear 
motion of a particle using its velocity furnishes an im- 
portant example of an antiderivative. The instantaneous 
velocity v (¢) is a derivative of the function s (¢) which 
defines the law of motion of a particle. Therefore, to 
find the function s(¢) using the given velocity v (t), we 
must find an antiderivative of the function v (é). Any 
antiderivalive of v(t) has the form 


s(t)= | v(de+e. 


Some additional conditions must be taken into account 
to find the constant C. Assume, for instance, that v (t) = 
a(t — to) + % (motion with the acceleration @ = const), 


a 2 
s (to) = So- Then s(t) = at + Uy (t — ty) + C. From 
the additional condition s (ty) = sy we find C = sy, and 
therefore 


s(t) = SEW + yy (tty) +59. 


5.2. Basic Indefinite Integrals 
{. Table of Fundamental Indefinite Integrals 
3 [ Ode=C. 
i. ( fde=2+e. 


e 


a+i 
III. | = dz=—a, +¢ (a #—1). 
IV. [S=mn|el+e (x £0). 
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Po 4 
v. Jatdr=* +0 O<a¥1), | edzae™ +0. 
VI. | sin eda = —cos2+C, 


VII. j coszdzx=sinz+C. 


VIII. \ i =tanz+C (cp +50, n€Z)- 


IX. \ ware = cote (x nn, n€Z). 


xX. do { aresinz+C, 
—arcecosx+C 


(—1<2#< 1). 


Aa arctan z+C, 
4-22 ~ | —arccotz+C. 


=Inj2z+ VP4114C. 


V 241 


cosh zdz=sinhz+C. 


dz 
cosh? z 


Xv. | {S55 = —cothe+C. 


sinh? 


=tanhz+C. 


II. Worked Problems 


The following integrals can be reduced to the tabular 


ones by means of an identity transformation of the ele- 
ment of integration: 


Be 


1. j ae dx = j eas) = 
2. | (x#+-1) a dr= ral z*+1)d(2?+ 14) 


<5 JAG += Ftraere, 


oe 
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3. \ ede =) SPS a= (- tte) ae 


4—2z? 
=—2t5n|e|+e. 
4, | tantede= \ [(1-- tan? 2) — 1) dz 
= j (-e- 1) d2=tana—2+ C. 


cos? x 


=< z+21n | a+ 5|+C. 
. | VT=sin de de 
= | Vsinte—Zsin zeos.2-+ come de 
=|V eine (sin x —cos z)* dx 
=} | cosz—sin x | dx 
= (sin z+ cos z)-sgn (cos z—sin x) +C. 


‘III. Problems and Exercises for Independent Work 
Find the following integrals: 
1. | @—2)% de. 2. | (1-3)VeVe az. 


pee ae as | SE ac. 


ae 
5. \ = es “dz. 6. | tanh? x de. 
- 


oe 


~~ 405 


~ 


Vt+at Vite 4+Vi-w x x\2 
da. 8. | (24.35 az. 
9. | Vi+sin2zdz. 10. | (@2—3) de. 
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11. loss 12. \ a 
13. rt 14. \ ad 


sin? (22+) 
15. \ a. 16. j de 


4-+sinz ° 


5.3. The Method of a Change of Variable 


I. Fundamental Concepts and Theorems 


Theorem 2. Assume that the function x = @ (t) is defined 
and differentiable on the interval T and the interval X is 
its range. Let the function y = f (x) be defined on X and 
have an antiderivative F (x) on it. Then, on the interval T, 
the function F (g (t)) is an antiderivative of the function 
f (p ()) 9 ©. 


It follows from Theorem 2 that 
| FM) 9 (Hat=F (P))+C, (1) 


and since F (¢p (t)) +C=(F (2) +C) |e-gin= j f (2) dz| 
we can write relation (1) in the form 


§ £2) de |s-gn = J (p12) oF (Hate. (2) 


Relation (2) is known as the formula for a change 
of variable in an indefinite integral. 

If the function 2 = ~ (é) has an inverse t = 7! (2), 
then it follows from relation (2) that 


Ji@dz=J/@M)e Odlwm. ©) 


This is the basic “working” formula used to evaluate the 
integral ( f (z) dx by the method of a change of variable. 


x =@(t) 


II. Control Questions and Assignments 


4. Write formula (2) for a change of variable in an 
indefinite integral. Under what conditions does this for- 
mula hold true? 
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2. Under what condition does formula (2) yield formu- 
la (3)? 


3. We must find [V4 — ade for —2<2< 2. Find 


whether a change of variable is admissible for this pur- 
pose in the following cases: (a) z = sint, — n/2< t<n/2. 
(b) e = 2sint, OC t< n/2, (c)e = 2sint, —W/2Ct< 
n/2, (d) c= 2cost, OS t< n/2, (e) x = 2cost, TX 
t< 2n. 


III. Worked Problems 


We shall consider some techniques of calculating 
integrals by means of a change of variable. 

1°. An identity transformation of the element of inte- 
gration with an isolation of the differential of the new 
integration variable (the simplest change of variable). 


41 1 
a oe ee ca ee 
y= vee yee 


=-4[ G-epiat—ay 


4 
= — 5-21-22 €. 


= —In|t4 V ++ 4 eae (c>0). 


4. | =EShES ( dn io2) = In|InInz|+C. 


zInzinIinz Ininz 


5. \ tanzdz= j ad (cosz) _. —In|cosz|+C. 


cosz 
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o | srepecrs = | ess 
vn (34) 
“SGT 


= a arctan ( ates ) +C, 


2°. Some substitutions. 

1. J= j 2 {—zxdz. We set t=(1—2)! and then 
t=1—#3, dr= —3#dt. We have 

= {4—e(—3) ak = —3 { deer 

=~3 j (13 — 24+ #9) dt= —3 (~-F" 

+ayt) +0, 
where t= (4 —2)!/, 

2,./= J 2° (2528) de. We set t=2—523 and 


then r= (2Et)'? di = —1522dz. We find that 


I= j$e-o 42/3 ( ~s) = a (212/3 — 15/3) di 
= 4 3 45/ 3 
Seated a4 8 3 48/ +C, 
where t = 2— 523. 
= sin x cos? x _ sin x cos x [(cos* z+ 1)~1] | 
Bohs \ 1+ cos? z l =| 1+ cos? z 


We set t=1-+cos?z, whence we find that dt= 
—2coszsinzxdz. This means that 


T=—4) pet dt=—L4 Sin [tl] +e, 


where ¢=1-+ cos? x. 
3°, Integration of some irrational functions by tri- 
gonometric substitutions: 
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4.T= | Se: We set x=sint, —n/2<t< 


— £7)3/2 
n/2 and then dz=costdt. Consequently, 


Le \ a =tant+C, where t=arcsin x. 


d 
I= \ ane . Wesetx=atant, —n2< t<n/2 


adt 
and then dz= ar and therefore 


fs j soos fat = 4 sint-+C, where t=arctan = & 


3. [= __d= _—s We set x= =(/sint, —n/2<ti<i0 
(z?— 


1pz 
t 
and O<i<x/2 and then dx = — ae 2 . Thus we have 
Pe: \ “costae j sin tdt 
= ae 1 1) 2 cos? t 
ia ( sintt 
= j A(cos) _ _ -+-C, where t= arcsin (=) F 


IV. Problems and Exercises for Independent Work 


Evaluate the following integrals by isolatiifg the 
differential of the new variable: 


1. | / Tada. 18. j ate 


Frat: 
(95. \ le i \ pee ee 
Va FAVE Nl ear 


9 ' aye XE . 
a. | ast 22, \ xe dv. 
In?z 


23. \> 
25. — sins-boons dz. 26 j Seeds 27 | az. 
. : sonDn” * jd sinz 

la 

\=- 


dav. 24, | sin’ zoos « de. 


Vina Z—cosz V cos 2a 
' arctan x 
9. ry a a d 
sa z J 4d+2 


+z 
= In + = dz. 


28. 


30. 
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Evaluate the following integrals by using various sub- 
stitutions: 


3 (4 — 5x2) dx _ dz 
31. J 22(1—5a%)de. 32, | “ES 
33. jeer cdzx. 34. \ == 
> arctan a dz 
a Nae Segre ae 


37. | Va@—x dx. 38. ' y (aa: = acos 2t). 


x 
zedz r fx—a _ a 
39. res 40. | / So (ee =abm)- 
dz % dz 
41. | <2. 2. en 
: V z-La2 42 \ V 22—a? 


5.4. Integration by Parts 


1. Fundamental Concepts and Theorems 
Theorem 3. Assume that on the interval X the functions 
u (r) and v (x) are differentiable and there is j v (x) wu’ (x) dx 
(i.e. the function v (x) u’ (x) has an antiderivative on X). 
Then. Ju (x) v’ (x) dx also exists on X and 


| u (2) v' (2) dx = u (2) v (2) — \ v (2) u! (2) da. 


This relation is known as the formula for inlegration by 
parts. Since u’ (vw) da = du, v’ (2) de = dv, we can 
write this formula as 


\ udv = u (2) v (x) — \ vdu. 


It is convenient to use integration by parts in the 
following cases. 

1. The element of integration contains one of the func- 
tions In z, ln @ (x), arcsin z, arccos z, arctan z as a fac- 
tor. If we take one of these functions as u (x), then the 
element of integration v du of the new integral is usu- 
ally much simpler than the initial one. 
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2. The integrand function has the form P (x) e™, 
P (z) sin az, P (x) cos az, where P (x) is a polynomial 
with respect to the variable z. If we take P (z) as u (2), 
then in the new integral the integrand is again of one of 
the indicated types but the degree of the polynomial is 
smaller by unity. By choosing this polynomial again as 
u (zx), we lower the degree of the polynomial by unity 
again etc. 

3. The integrand function has the form e sin bz, 
e** cos bz, sin (In x), cos (In zx) etc. After a two-fold 
integration by parts, we get the initial integral with 
a coefficient. The relation obtained is a linear algebraic 
equation with respect to the required integral. 


II. Control Questions and Assignments 


1. Write the formula for integration by parts for an 
indefinite integral. Under what conditions does this 
formula hold true? 

2. What functions are convenient for integration by 
parts? 


III. Worked Problems 


1.J= { arctan x dz. We set w=arctanz, dv=dz. 


os dz 
Then du=7T a v=. Consequently, 
i 1 (d(t+22 
[ =xarctan t— \ (oor =warctan2— 5 j ae 


= xarctan 2—>In (1 + 2”) +C. 
2. T= {ate*de. We set u=a%, dv=e*de. Then 
du=2zdz, v= —e*. Hence 
I= —2xe*+2 | re* dx = — v?e™ 
-}- 2 ( —xe*+ | e*dz) 


= — g%e-* —2ne*— 2e*+C- 
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3. [= \ sin(Inz)dz. We set uw=sinlnz, dv=dr. 


Then du =~ cos Inzdz, v=2x. We have 
IT=csinInz — | cosInede=zsinIn 


— (xcos Ing+ { sin In dz) : 


We have obtained an equation 

J =x (sin Inz—cos In z)—TI, 
which is linear with respect to J, and find from it 
that 

f= + (sin In z—cos In z)-+C. 


dz 


(2? 4-02) 


4. yh (a=1, 2,...). We set u= 


dv = de. Then we have 


a= aay J a aa) 
ase Eee 


(z®-+a)* (22-024 


x dz dz 
= 4, +2a[ | —S -@ |“; 
(x? + a)* a (x® + a2)* J (a2@artth s 
zx 
= payee + 20 [Ky —a?K a4], 
whence 
| x 2a—1 
Kon = 2aa® (724+ @2)% + Sea Ka. 
We have got a recurrent formula by means of which we 
can express K,4, in terms of K,. For a = 1 the integral 
K,, is “almost” a tabular integral: 
dz 4 x 
K,= j waar a ee ane: 
Setting @ = 1 in the recurrent formula and knowing K,, 
we can find Ky. Setting @ = 2 and knowing K,, we can 
find Kg, and so on. 
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Remark. Using the change of variable and integration 
by parts, we can get the following much needed formulas: 
d 1 
1. \ ree =sarctan=+C (a0). 


dz 


2. Pail acl et ¢ (a £0). 

3. \ HEE tg leew] +0. 

4. | yee = aresin 24C€ (@>0). 

5. = Inj2t Votta|+C. 

6. \ pee EVP ERC 

7. \ Va—x dz=5 V a— 2 + aresin = --C 


(a > 0) 
8. \VPi@dr=s VPLe+ Sina 
+V2+ a |+4C. 


IV. Problems and Exercises for Independent Work 
Evaluate each of the following integrals: 


43, \Inzde. 44. [Vzlnzde. 45. | ate-* de. 


46. | 2tsin 2a ida. 47. { aresin 2 dx. 
(ance sacle) 


48. dz. 49. j sin x In (tan 2) de. 


zin (z+ Y1+22) au 
{1422 


) z(arctan v)?dz. 54. \ 
52. \VPze @tads. 53. J cos (In x) da. 


50. 


54. \e“sinbadz. 55. j e2* sin? z dz. 
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5.5. Integration of Rational Functions 


I. Fundamental Concepts and Theorems 


1. Decomposition of a rational fraction into the sum 
of partial fractions. Let us consider a rational function 
(or rational fraction) Py (x)/Qm (x). Here Py (x) and 
Qm (x) are polynomials of degrees n and m with respect 
to the variable z. 

If n> ™m, i.e. the fraction is improper, we can repre- 
sent it in the form 


Py (2) _p ; Rp, (2) 

Om (ey = Pn-m (+O, (a) 

or, as they say, isolate the integral part P,_,, (z) from it. 

As a result, the integration of an improper fraction re- 

duces to the integration of a proper fraction Ry (x)/Qm (2). 

Theorem 4. Assume that P,, (t)/Qm (x) is @ proper ratio- 

nal fraction (n< m) and the decomposition Qm (x) into 
the product of irreducible real factors has the form 


Qm (2) =(t@—a)* ... (7 — 5)P (x24 pz + 9)” 
wee (A+ re+s)°, 


where a, ..., b are real roots and x? + pr+q,..., 
2° +. rz + s are quadratic trinomials irreducible into real 
factors. Then we have 


(k< m) 


Bey eget pap tee 
$e be Pe tt Sy 
a eo? ee aint 
a ae + ee (1) 


where A;, B;, Mi, Ni, K;, and L; are real numbers. 

The fractions which appear on the right-hand side of 
(1) are partial fractions and relation (1) is the decompo- 
sition of a proper rational fraction Py (x)/Qm (x) into 
a sum of partial fractions with real coefficients. 

2. Integrability of partial fractions in terms of elemen- 
tary functions. Each of the partial fractions can be in- 
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tegrated in terms of elementary functions: 


(1) \ 4 dr=Aln|2—a|+C, 
B _ iB 4 
@) lage ie Goaet oes 
Mz+N M 
(3) \ ee de = Lin (2 4 pe t+q) 
oe 
he NP are bans 2 +C, 


Vet Vee 


( Mz+N M 4 
4 —— ey Se 
(4) | (22-+ pz+q)® a 2(L—a) (24 42)%-1 
M 
+(N-=F)K, @>41), 
where 
ny Viet eee P 5 
ken faps etd, tae 


The integral K, can be found from the recurrent for- 
mula (see 5.4). 
_ 3. Techniques of decomposition of a proper fraction 
into a sum of partial fractions. 

Method of undetermined coefficients. We shall use the 
following example to get acquainted with this method. 
zx 
; ; (t+ 1)(22 — 1)(x? +1) 
into a sum of partial fractions in accordance with Theo- 

rem 4 has the form 


The decomposition of the proper fraction 


(x+-1) (22 —1) (* + 1) z+4 a—1 ' e477: 
Reducing to a common denominator and equating the 
numerators of the resulting fractions, we arrive at a re- 
lation 


z= A (2x — 1) (@ + 1) + B (a + 1) (@? 4+ 1) 
+ Ca (x + 1) (22 — 1) + D (x + 1) (2a — 1). (2) 
Two polynomials are identically equal if and only if 


the coefficients in the same powers of z are equal. Equat- 
ing the coefficients to one another, we get a system of 
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equations for.A, B, C, and D: 
for x: -—A +B — D=0O, 
for a: 2A+B—CH+ D=1, 
for ce: —A+BH+C+ 2D=0, 
for 2: 2A4A+B42C = 0. 


Solving this system, we find the coefficients A, B, C 
and D. 

Even in the example involving four undetermined co- 
efficients, such a general approach leads to a rather cum- 
bersome system. 

Using identity (2), we can find the required coefficients 
much easier: 

4 
2 


1 
2. 


3.5 


(a) setting x= =B 3-7» whence 


B= ’ 
(b) setting x= —1 in (2), we get —1=—A-(—3)-2, 
whence A= : 
(c) setting x=O in (2), we get 0= —A+B—D, 
‘whence D=B—A= 


in (2), we get 


— 
al 


40? ° 
(d) comparing the coefficients in 23, we get0=2A+ 
1 174 4 
irs, whence C= —>(2A+B)= —> (s+75) = 
a5: 
Method of cancelling. Here is a useful technique used 
to calculate some undetermined coefficients. Assume that 


Pn(z) ——Pa(a) 


Qm(=) ~~ (x—a)*(z) ' where wile) 


i.e. the real number a is a root of multiplicity @ of the 
polynomial Q,, (2). 

In the decomposition of the fraction P, (x)/Qm (2), 
the chain of partial fractions is associated with the 
multiple real root r=a: 


Bas ope aed he i, A 


Ay 
—a‘ 


To find the coefficient A, in the leading power of 
the denominator, we must cancel (2—a)* in the deno- 
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Pals) _. 
(x—a)* @ (2) 
Pn (a) 
@ (2) 

This method is especially convenient when all the roots 
of the denominator are real and simple. Then this method 
is used to find all undetermined coefficients. For example, 


minator of the initial fraction and set v-=a 


in the remaining fraction, i. ec. Ag= 


z+2 A B C D 
PG=DGt)Gl = | Sot feat ee? 
es z42 = 
Nee (e---4) (c@-+1)(e—2) |x=0 \, 

_ x-|-2 = 3 t 
FE @—2) eal 


II. Control Questions and Assignments 


1. Is every rational fraction integrable in terms of 
elementary functions? 

2. Why do we use the test for integrabilily only for 
proper fractions? 

3. What does it mean “to isolate the integral part of 
an improper fraction”? 

4. Into what prime real factors can a polynomial with 
real coefficients be decomposed? 

5. The number 2 — i is known to be a root of a poly- 
nomial with real coefficients. Is it true that the number 
2 + iis a root of the same polynomial? 

6. Into what partial fractions can the fraction 
eel Le be decomposed? 

(e+1)2 (2-241) PUDOSe 

7. What is the method of undetermined coefficients used 
for decomposing a fraction into a sum of partial fractions? 

8. What is the method of cancellation in computing 
undetermined coefficients? 

9. Use the method of cancellation to find the unde- 
termined coefficients in the decomposition of the frac- 

° zx 
Won FH es)" 

10. Use the method of cancellation to find undeter- 
mined coefficients in the decomposition of the fraction 
BORED . @ Set 2?=y and then the method of can- 
cellation. 
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III. Problems and Exercises for Independent Work 
Find each of the following integrals: 
56, { 43 de. 57. | eee de. 


(@—2) (@+5) Ba? + bz 
58. | (se—Fogy) ae. 59. | tee ae. 
60. (aac: CO (a, 
v2 |. (SEL. 4. | age 
65. \ ae eT 66. j oy : 
67. | ES. 68. | SEP ae. 
69. janie: 70. j Soe dz. 
71. (=i 72. | Sep de. 
73. j 4 da 


5.6. Integration of Irrational Functions 


I. Fundamental Rationalizing Substitutions 


Here and in the following sections we designate a ratio- 
nal function of two arguments 2 and y as & (z,¢y)- 
1. Integration of linear fractional irrationalities. 


The integral of the form \R (J seth ) da (+# 


b s A . % 
a) can he rationalized, i.e. reduced to an integral of 


a rational function, by means of the substitution 


=V az+b 

= cxtd * 

_2. Euler's substitutions. Integrals of the form 
\ R(x, V a2?-+bz+c)dx (a 340) can be integrated in 


terms of clementary functions by means of Kuler’s 
substitutions which rationalize integrals of this form. 

If the quadratic trionomial a2* -|- ba +- ¢ has complex 
roots (in that case the sign of a coincides with that of the 


0-01632 429 


trinomial which appears under the radical sign, i.e. a > 0) 
then we use the first Euler’s substitution: 


t=Vaz?+br+c+2Va. 


If ax® + bz + ¢ = a (x — 2,) (e — 2), where z, and x, 
are real roots, then we use the second Fuler’s substitution 
lo rationalize the integral: 

Vaz®-- bx--c 
U—2Xy 

3. Other techniques of integration of quadratic irratio- 
nalities. Although they play an important theoretical 
part, in practical applications Euler’s substitutions 
usually lead to complicated computations and are there- 
fore only used when the integral cannot be calculated 
by any other, simpler, technique. One of the simpler 
tecnniques is the following. If we isolate a perfect square 
in the quadratic trinomial az? 4- bx + ¢, i.e. reduce it 


o the form a (2 + =) + (c —=), and set 


pes 


eae leHd) 
«4a 


then the integral | R (x, VY ax® + br + c) dr reduces to 
tone of the following three forms: 


Li, (t Vi—®B) az, j R(t, V B14) dt, 
| Rat, V1-+®) at. 


Making the substitution ¢ = sin u in the first integral, 
1/t = sin u in the second and t = tan u in the third, we 
get integrals of the form | R (sin u, cos u) du (see 5.7). 


Two special cases must be pointed out. 


Pp (2) 
ax? + bz+e 
where P, (x) is a polynomial, there holds a formula 


2 a 
(aa a = Ona) V ax? ba +e 


——— 
e } ax?-+bze-+e 


4. For an integral of the form j dz, 
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where Q,-, (2) isa polynomial of degree n — 1 and A is 
a number. To find the coefficients in Q,_, (x) and the 
number 4, we differentiale identity (1). Reducing then to 
a common denominator, we get an equality of two poly- 
nomials. Comparing the coefficients in the same powers of z, 
we find the unknown coefficients. The integral which 
enters into the right-hand side of relation (1) can be 
calculated by the indicated technique by means of one of 
the trigonometric substitutions. 
dz 
(c—B)™ )/ar®-Fbr+e 

can be reduced to the preceding one by means of the 
substitution ¢ == 4/(x—f). 


2. An integral of the form | 


II. Control Questions and Assignments 


1. What substitulion rationalizes an integral of a lin- 
ear fractional irrationality? 

2. Integrals of what form can be calculated by means 
of Kuler’s substitutions? 

3. What is the theoretical part played by Euler’s 
substitutions? 

4. By means of what trigonometric substitutions can 
the following integrals be calculated: 


| Vir#ae, | VP—B ae, | VP43de, 
| V®—22F2 de, | V2-422— ada? 


III. Worked Problems 


3 /z+1 dz 3 /z+1 
1./J= \V Pea wae We set t= / £44, whence 


we find that dr= < ei 3 . Consequently, 
a ieee area ee Col 
l=—3\ 75 oer 1Ft+e 

+Y3 arctan a +C, 


3 
where t= V2. 
xr— 


= 431 


We set t=2t | and then V5dt=2dx and, hence, 
4 


Pee 
2 (2 +=) yet 


dl 
Now we set — =sinu, whence —r = cos wdu. There- 
fore 


\ Cos u du sin u 
(14+ 3 *H9 
ey sin? u) COS u 
ie j Sinudu 4 ff d(cosu) 
s)°3- 39. °°. Se SB. .0e 
eek cos? u 3 cos? u 


en| 00 


J 84- 7 3 cos u 
y 8—y 3c¢0Su 


clr C, 


where u = arcsin ——-~— Serer = . The final result is 


Tene Jy |_ ttt 2+73@ 42-1) +¢. 
7 v | Qe+1) 2-3 (2+ 2—1) 


aN eee Oe ee We. Nah, pace 
3. T= ae /@+3c+i : z—1 


th 4 and [= — \ foarte Next we 
ou tea eacwt / 55H 
use formula (4): 


je edt = (At + B) V5? +5t+1 
opp ottt dt 


cP eeeaeey 


and 
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Differentiating this identity, we obtain 
12 ape (Att B) (10# 45) 
752 4-5t+4 VSe+ 5t+ 1+ 2 7524-5211 
A 
ay, 5 bet * 
Reducing to a common denominator and comparing the 
coefficients in the same powers of ¢, we find that 


A=1/10, B= —3/20, 4= 11/40. Furthermore, 


1 
j di 4 j a(t+3) 
Vita Ve ely! 
Vbe-ot4+1 9 5 (1-5) sy 
1 1 1 
= ln 44 e4tte|te. 
The final result is 
eee Spa brad > 
t=— (4,3) Veep - oe [t+ 


+Vesti+tlre, 


where t= —1 , or 
z—1 
_ 32-5 _ 1/7 3e41 
= me Vx2+3r+1 


(c+41) V542 EB cs 


— In 
z—1 


~~ 40 VE 


IV. Problems and Exercises for Independent Work 


Find each of the following integrals: 
a | ete ae 


z(+2 aa Vatity/r—t 


Uae 
2 

8. | eer Vere ee J Tet 

%. \ ayaa? 9. | EEE ae. 

0. | Ee 


dz 81. {+ 10 dz 


Yi+2z—2* ~ Vita" 
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dz 
%. 83. \ aT A aR =e emer 
x3 rsd x4 x2t—1 
wdz 


(4— ass V2+2r—2 * 


\ (4—z4) aS 

zdaz 
2 (22-1) y2?—2—1 

(z+ 1) dz 

of j erase V2+e+i ° 
d 

ewe soa a eT 89. | a ge er 
as, 6h, 
= 


WHS , (x24) Vat 


_ (tide 
“(a?@—1) ot 


5.7. Integration of Trigonometric 
Functions 


I. Fundamental Rationalizing Substitutions 


An integral of the form jR (sin x, cos z) dx can be 
rationalized by means of a universal trigonometric sub- 


stitution ¢ = tan (2/2). In practical applications, it 
often leads to cumbersome calculations. In a number of 
cases the following substitutions are more convenient: 


(a) t = cos z, if R (—sin z, cos z) = —R (sina, cos 2), 
(b) ¢ = sin z, if R (sin z, — cos z) = —R (sina, cos x): 
(c)¢ = tan z, if R (—sin z, —cos z) = R (sin z, cos z)- 


JI. Worked Problems 


1. I = \ cos®xdz. The integrand function refers to 
case (b), and therefore we set ¢ =sinz. Then dé = 


cos x dz, cos z = (1 — sin’x)? = (1 — #)® and 
I= j (1 — t2)2 di=t—2 844 B+4C, 
where ¢ = sin z. 
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2. I = \ sin 52 cos x dz. In this ‘case it is easier to 
calculate the integral without resorling to substitutions 
but representing the integrand as + (sin 4x + sin 6z). Then 


1 : 3 1 1 
I =e j (sin 4v-+ sin 6z) dz= — x cos 4a — 75 cos6z-+C. 
3. [= \ aot Here we can make a univer- 
acosz-+bsinz 


sal substitution t=tan >. Then x=2arctan t, dr= 


2d : 1-—t 2 
cee sin t= 7er cos t= 4 and then the inte- 
gral J reduces to an integral of a rational function. 


It is easier, however, to begin with the transformation 


of the integrand 
te eee 
acosz-+bsing — j/@2+ b3sin(z+q) ’ 


A a b 
at Tre — = ON P| > 
where sin @ Va’ COs P TL and then set 


ph z+ _ 2det . ___2t 
t tan —— . Then drv= Ta? sin (t+ 9) = qpye and, 


consequently, 
| een ee j al 
Vator t t=tan2t? 


ae aa “fe 
Sey na In| tan =% +0. 
III. Problems and Exercises for Independent Work 
Find each of the following integrals: 


93. j sine ade. 94, } sin? cost x de. 


cos! x 


95, j LUE ae { tans eda. 


97, oe eee ence re, e uz 
j V sin’ zcos®z * ue j Vtanz’ 
99. coszcos2rcos3xdz. 100. j sin’ 2x cos? 3x dz , 


dz 
101. ) sg : 
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Chapter 6 


Fundamental Theorems on Continuous 
and Differentiable Functions 


6.1. Theorems on the Boundedness of 
Continuous Functions 


I. Fundamental Concepts and Theorems 


1. Definition of a bounded function. Let the function 
y =f (x) be defined on a set X. 

Definition. The function y =f (x) is bounded from 
above (from below) ona set X if J a number M (m) such 
that Wx € X the inequality f (x)< M (f (x) > m) holds 
true. 

The number M (m) is the upper (lower) bound of the 
function on the set X. The function y = f (x) is bounded 
on the set X (or hounded from both sides) if it is bounded 
both from above and from below ‘on this set. 

2. Theorems on the boundedness of continuous functions. 

Theorem 1 (on the local boundedness of a function conti- 
nuous at a point). If the function y = f (x) is continuous 
at a point 2, then there is a neighbourhood of the point xo 
in which the function is bounded. 

Theorem 2 (on the constancy of sign of a continuous 
function). Jf the function y =f (x) is continuous at a 
point x, and f (x9) 0, then there is"a neighbourhood of the 
point xy in which f (x) is of the same sign as f (2). 

Theorem 3 (the first Weierstrass theorem). A function 
continugus on a closed interval is bounded on that interval. 

3. The least upper bound and the greatest lower bound 
of a function. 
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Definition. The number M is the least upper bound 
of the function y = f (x) on a set X if 

(1°) Wx € X the inequality f (x)< M holds true, 

(2°) VM’ < M 42’ € X such that f (2') > M’. 

Remark. Condition 1° signifies that the number M is one 
of the upper bounds of the function y = f (x) on the set X. 
Condition 2° signifies that W is the least of the upper 
bounds of the function y = f (x) on the set X, i.e. there 
is no number MW’, smaller than 1, which is an upper bound. 

The least upper bound of the function y = f (x) on the 
set X is designated as sup f (x). If the function y = f (z) is 

Xx 


unbounded from above on the set X, then we write 
sup f (z) = +00. 
The greatest lower bound, inf f (2), is defined by analo- 
gy. The difference sup f (z) — inf f (x) is the oscillation 
x xX 


of the function y = f (x) on the set X. 
Theorem 4 (the second Weierstrass theorem). A funciion 
f (x) continuous on the closed interval [a, 6] attains its 
least upper and greatest lower bounds on this interval, 
i.e. Sr’ and x” Ela, b] such that f(z’) = cae f (2), 
a, 


ia") = Ue f (2). 
If the function y =f (2) attains its least upper (greatest 


lower) bound on a set X, then it has its maximum (mini- 
mum) value on X, and max f(z) = sup f (x) 
x 


[min f (x) = inf f (x) respectively], otherwise the function 
x B 


does not have a maximum (minimum) value on the set X. 


II. Control Questions and Assignments 


4. Give a definition of a function bounded from above 
(from below) on the set X. 

2. Using the rule of constructing negations of propo- 
sitions with quantifiers, formulate the definition of a func- 
tion unbounded from above (from below) on the set X. 

3. Prove that the definition of a bounded function is 
equivalent to the following definition: the function y = 
f (z) is bounded on a set X if 3anumber A > 0 such that 
Wx €X the inequality | f(z) |< A holds true. 
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4. Formulate the definition of a function unbounded on 
the set X using the negation of the definition given in 
assignment 3. 

5. Formulate the theorem on the local boundedness of 
a continuous function. 

6. Prove that the theorem on the local boundedness of 
a function remains true if the condition of the continuity 
of the function at the point z, is replaced by the condi- 
tion of the existence of a limit lim f (z). 


XX, 

7. Formulate the theorem on the constancy of sign of 
a continuous function. : 

8. The function f (x) is known to be continuous at the 
point xz) and f (x,) = 0. Can we state that f (x): (a) has 
a definite sign in a neighbourhood of the point z, (except 
for the point zy itself)? (b) does not have a definite sign in 
any neighbourhood of the point z,? 

9. Formulate the first Weierstrass theorem. 

10. Find out whether the following statement is true: 
“A function continuous on an interval is bounded on that 
interval”. 

41. Cana function unbounded on a set X be continu- 
ous on this set if: (a) X is a closed interval, (b) X is an open 
interval? 

12. Give a definition of the least upper bound and the 
greatest lower bound of a function. In what case do we 
set inf f (x) = —o? 


13. Find out whether the following statement is true: 
“A function bounded from above (from below) ona set X 
ee the least upper (greatest lower) bound on this 
set”. 

14. Formulate the second Weierstrass theorem. 

15. Find out whether the following statement is true: 
“A function continuous and bounded on an open interval 
attains its least upper and greatest lower bounds on that 
interval”. 

16. Find out whether the following statement is true: 
“If a function does not attain its least upper (greatest 
lower) bound on the closed interval [a, b], then it is 
discontinuous on this interval”. 

17. Find out whether the following statement is true: 
“A function discontinuous on the closed interval [a, b] 
does not attain its least upper and greatest lower bounds 
on this interval”. 
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18. Find out whether each of the following statements 


is true: 
(a) “A function y = f (x) bounded on the closed inter- 


val [a, b] has max f(z) and min (f (z)”. 


a,b] a, 
(b) “A function continuous on the closed interval [a, 0] 
has max f(x) and min f (z)”. 


[a, b] [a,b] ; 

19. Find out whether statements 18 are true if the 

closed interval [a, b] is replaced by the open interval 
(a, b). 


III. Worked Problems 


1. Prove that the function y= TH is bounded on 
the number line (— 00, +0). 

A Since z?>>0, we have 1+22>1 and, consequently, 
Vx€(— oo, +00) there hold inequalities 


4 
0<ay73 M1. (1) 
1 


It follows that the function y= Ta is bounded on 


(— 00, + 00). A 

2. Find the least upper and the greatest lower bound of 
the function given in Example 4 and find out whether it 
Possesses a maximum and a minimum value. 


A It is clear that see —+ 0 as x«— oo, and there- 
fore this function can assume values arbitrarily close 
to zero. It is natural to assume that inf —+7= 0. 

wo) 1+2 


(-00, + 
Let us prove this using the definition of the greatest 
lower bound. We must show that the following two 
conditions are fulfilled: 


(19) Vee (—00, +00): pa SO, 


(2°) Vm >O04 2’ such that Tot <m. 


Condition 1° is fulfilled by virtue of the left inequal- 
ity (1). We shall prove that condition 2° is also ful- 
filled. We specify an arbitrary m>0. If m1, then 


the inequality dar<m is fulfilled by virtue of (4) 
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for all x’. Let m<1. Then a 1{>0. We take, 


as x’, any number such that 2’ > Va 4. Then 
n> 4 whence 1+2'2> + and, consequently, 


ssn <m, and this is what we wished to prove. Thus 


1 
(- _amt ay ee ipa = 0. 
We can prove by analogy that sup aa 


(-00, too) 12? 
We take note now of the fact that the function 
1 
Y=7p yr assumes a value of 1 (for 7 but. does 


not assume a value of 0 forany xz (Gea Te >0 Vz). 
Therefore ae function has a maximum yalue 
os ee ee EH — 1) on (—oo, +00) but does not 


have a minimum value. A 


IV. Problems and Exercises for Independent Work 
4. Prove the boundedness of the function: 


(a) y= a on the half-open interval [0, + 00), 


(b) y=qaSr on the number line (—oo, +00), 


(c) y=asin + on (—co, +00), 

(d) y=arctan 2* on (— oo, +00), 

(e) y= ze on (0, 4-00). 

2. Find out whether the following functions are boun- 
ded: 

(a) y=2? on [—5, 10], (b) y=2z? on [—5, +00), 

(c) y=z cos (1/x) on (—oo, +00), 

ae-) for x1, 
(d) v={ "9 for z= 1 op (0:2) 
(e) an on (0, 1). 
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3. Give an example of a function which, on a set X: 
(a) is bounded from above and unbounded from below, 
(b) is bounded from below and unbounded from above, (c) 
is unbounded both from above and from below. 

4. Let the function f (z) be defined on a set X and 
assume that Wx € X there is a neighbourhood in which 
f (x) is bounded. Does it follow that f («) is bounded on 
X if: (a) X is an open interval, (b) X is a closed interval? 

5. Give an example of a function f (x) which is conti- 
nuous and equal to zero at a point z, and: (a) is of a def- 
inite sign in a neighbourhood of the point xy (except for 
the point 2, itself), (b) does not retain sign in any neigh- 
bourhood of the point 2p. 

6. Give an example of a function which is continuous 
on an open interval but is not bounded on it: (a) from 
above, (b) from below, (c) from both sides. 

7. Give an example of a function defined on the inter- 
val [@, 6] bul unbounded on it: (a) from above, (b) from 
helow, (c) from both sides. Can such a function be con- 
tinuous on La, b]? 

8. Find the least upper and the greatest lower bound of 
the following functions: 

(a) {(@)=zFSz on (0, +), 

(b) f (2) = z? on [—5, 10], 

(c) { (z) = arctan 2* on (—oo, +00), 

(d) f (r) = sina + cosz on [0, al, 

(e) f (7) = 2“@-» on (0, 1). 

Does f(z) attain its least upper and greatest lower 
bounds on the indicated set? 

9. Give an example of a function f (x) which has 


(ay SUP The sees 0D) as 


10. Give an example of a function continuous and boun- 
ded on an open interval which (a) attains its limit 
superior but does not attain its limit inferior, (b) attains 
its limit inferior but does not attain its limit superior, 
(c) does not attain either the limit superior or the limit 
interior. 

41. Give an example of a function bounded on a closed 
interval which, on that interval, (a) allains its limit 
superior but does not attain its limit inferior, (b) attains 
its limil inferior but does not attain its limit superior, 
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(c) does not attain cither the limit superior or the limit 
inferior. Can such a function be continuous on a closed 
interval? 

12. Give an example of a function which has both the 
limit superior and the limit inferior on a set X but does 
not possess either max or min. 

13.. Find the oscillations of the following functions: 

(a) f (4) = 2? on (—1, 2), 

(b) f (e) = sin (1/7) on (0, &), where ¢ is an arbitrary 
num ber, 

(c) { (x) = asin (1/z) on (0, 1), 

(d) f (v) = x | sin (1/z) Jon (0, 1). 

14. We designate the greatest lower and the least upper 
bound of the function f (x) on a set X as m [f] and M If] 
respectively. Let f, (x) and f, (x) be defined and bounded 
on X. Prove that 


mif,y + f,] > m [fi] + m [f.], MM [f, + fhl< 
M If,] 4- M [fo]. 


Give examples of the functions f, (x) and /, (2) for which, 
in the indicated relations, we have (a) the equality sign, 
(b) the inequality sign. 


6.2. Uniform Continuity of a Function 


I. Fundamental Concepts and Theorems 


1. Definition of the uniform continuity of a function. 
Assume that a set X is an interval or consists of several 
intervals. 

Definition. The function f (2) is uniformly continuous on 
ihe set X if Ve >0356 = 8 (e) + O such that Wz, 2’ € X; 
which satisfy the inequality |x — x’ |< 6 the inequality 
lf (2) —f (2) |<e is satisfied. 

Remark. It follows from the definition that if a func- 
tion is uniformly continuous on a set X then it is con- 
tinuous on that set, i.e. continuous at its every point. 
The difference between the uniform continuity of a func- 
tion on a set X and the “ordinary” continuity on that 
sel (i.e. continuity at ils every point) is that when the 
continuity is uniform Ve->0O there isa “necessary” 
(such that is required by the definition) 6 (e) > 0 com- 
mon for all z € X (6 depends only on e€ and does not 
depend on x), whereas when the continuity is “ordinary”, 
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Ve >0 and V2 €X there is a “necessary” 6 (i.e. 5 de- 
pends both on ¢ and on z), but it may so happen that the 
“necessary” 6 (&) >>0O common for all 2 € X may not. 
exist for some e. It is clear that in that case 5 varies 
with z so that (for the indicated fixed values of e) it 
can assume arbitrarily small values. 

2. Geometrical illustration of the uniform continuity 
of a funetion. If f(z) is uniformly continuous on X, 


X 


Fig. 5 


then We >0 35 (e) >0 such that a rectangle witlf 
sides 5 (e) and e, which are parallel to the Oz and Oy 
axes, can be displaced along the graph (the parallelism 
of the sides to the coordinate axes being retained) so that 
the graph will not cut the horizontal sides of the rectangle 
but. will cut its vertical sides (Fig. 5). 

3. Theorems on the uniform continuity of a function. 

Theorem 5 (Cantor’s theorem). A function continuous 
on a closed interval is uniformly continuous on that interval. 

Theorem 6 (a sufficient condition for the uniform con- 
tinuity of a function). Jf the function f (x) has a bounded 
derivative on an interval X, then f (x) is uniformly con- 
tinuous on that interval. 


II. Control Questions and Assignments 


1. Give a definition of the uniform continuity of 
a function. 

2. Using the quantifiers, formulate the negation of the 
uniform continuity of a function. 
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3. Find out whether each of the following statements 
is true: 

(a) “If f (z) is continuous on a set X, then it is uni- 
formly continuous on that set”. 

(b) “If f (z) is uniformly continuous on X, then it is 
continuous on X”. 

4, What is the geometrical illustration of the uniform 
continuity of a function? 

5. Formulate Cantor’s theorem. 

6. Find out whether the following statement is true: 
“A function which is continuous on an open interval is 
uniformly continuous on that interval”, 

7. Formulate the theorem which expresses a sufficient. 
condition for the uniform continuity of a function. 

8. Is the boundedness of a derivative the necessary 
condition for the uniform continuity of a function? 


III. Worked Problems 


1. Test the function y = z* for the uniform continuity 
on the interval (—/, 1), where 1 > 0 is any fixed number. 

A We shall prove that the function y = 2? is uniformly 
continuous on the interval (—l, 1) employing three 
techniques: (1) using the definition of the uniform con- 
tinuity, (2) using Cantor’s theorem, (3) using the suf- 
ficient condition for the uniform continuity. 

ist Lechnique. We set up a difference y (x,) — y (22): 


y (2) — y (%2) = 2p — 4p = (4% + 22) (t — ry). (1) 


If z,, z, €(— 1, 1) then the absolute value of the sum 
| 2, + 22 | is bounded by the number 21. Therefore the 
absolute value of the difference | y (7,) — y (x,) | will be 
arbitrarily small for any 2,, z, € (— J, 1) when the abso- 
Jute value of the difference | x, —.¢, | is sufficiently small. 
These qualitative arguments show that the function 
y = x is uniformly continuous on the interval (—l, 1). 

Let us use now more exact arguments employing the 
definition of the uniform continuity. We specify an arbit- 
rary € >O and set 6 = e/(21). Then Vz,, 2, €(—l, J), 
which satisfy the inequality | z, — z, | < 6, there holds 
an inequality 


Lyd) —y @) lala — me bin tm 16 ae. 
Lads 


And this means, according to the definition, that the 
function y = 2? is uniformly continuous on the interval 
(—l, 1). 

2nd technique. Let us consider the function y = 2? 
on the closed interval [—/, 1]. It is continuous on this 
interval and, consequently, according to Cantor’s theo- 
rem, is uniformly continuous on it. It follows that the 
function y = x? is uniformly continuous on the interval 
(—l, 1). Indeed, (—2, 2) <[—1, 1], and since the inequali- 
ly | y (%) — y (2) |< e€ is satisfied Vz,, zx, €[—, 1], 
which satisfy the inequality | 2, — z, |< 6 (e), it is 
satislied for any 2, t, € (—l, 1) which satisfy the same 
inequality. 

3rd technique. The derivative y’ (x) = 2z is bounded 
on the interval (—l, 1): | y’ (xz) |=2|2|< 2l. Accord- 
ing to Theorem 6, it follows from this that the function 
y = x? is uniformly continuous on (—l, J). A 

2. Test the function y = 2° for the uniform continuity 
on the entire number line. 

A It can be seen from expression (1) that if 2,, 2, € 
(—oo, + 00), then, for an arbitrarily small absolute 
value of the difference | x, — z, | the absolute value of 
the difference | y (x,) — y (z,) | will not be small for 
sufficiently large x, and x, because of the factor (x, ++ 2). 
This qualitative reasoning implies that the function 
y =x? is not uniformly continuous throughout the 
number line (—oo, -++ co). We shall prove this by 
using the negation of the definition of the uniform conti- 
nuity. We must prove that Je > 0 such that V5 > 0 
Az,, Ta, which satisfy the inequality | 7; — 2, | < 4, for 
which | y (%) — Y (2) |DSe. A ' 

We take e=1 and V6>0 set y=Ztgsrm=FZ- 
Then | 2;—%2|=6/2 <4, but then 


ly (2s)—Yy (22) | =| %,—2, | | % 4-2, Me 
6/2 6 
=a\gta oe = 


This proves that the function y = 2° is not uniformly 
continuous on (—oo, + co). A 


[V. Problems and Exercises for Independent Work 


45. Using the definition of the uniform continuity and 
iis negation, prove that the function y = 1/z: (a) is 
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uniformly continuous on the half-open interval [1, + oo), 
(b) is not uniformly continuous on the interval (0, -+ oo) 

46. Give an example of a function whtich is continuous 
on some open interval bul is not uniformly continuous 
on it. 

17. Prove the uniform continuity of the following 
functions using only the definition of the uniform con- 
tinuity [i.e. using the specified arbitrary ©, we choose 
the necessary 5 = 6 (e)]: (a) f (2) =ke +b on (—oco, 
+ 00), k #0, (b) f(z) = 2? on (—3, 5), (c) f (2) = 
sin z on (—oo, + oo), (d) f (x) =e on [0, 10 

18. Use any technique to test each of the following 
functions for the uniform continuity: (a) f(z) = In x on 
(0, 1) and on (4, 2), (b) f (z) = sin (4/2) on (0, 1) and 
on (0.01, 1), (c) f (z) = arctan x on (—oo, +00), 
(d) f (x) = arcsin x on (—4, 1), (e) f (x) = Vx on [0, +00). 

19. Prove. that the function f(z) =e! is uni- 
formly continuous on the intervals J,=(—1<21<0) 
and J,=(0<r<1) but is not uniformly continuous 
on their sum J,+/,={0<|z|< 14}. 

20. Prove that if the function / (z) is uniformly con- 
tinuous on each of the closed intervals [a, c] and [c, 0], 
then it is uniformly continuous on the closed inter- 
val [a, db]. 

21. (a) Prove that if the function f(z) is defined and 
continuous on the half-line [a, -++0o) and there is a 


limit lim f(z), then f(z) is uniformly continuous on 
x++00 


[a, +00). 

(b) Give an example of a function which is uniformly 
continuous on the half-line [a, +00) and for which 
the limit lim f(z) does not exist. 

x --00 

22. Give an example of a function which possesses an 
unbounded derivative on the set X but is uniformly 
continuous on that set. 

23. Prove that a function which is uniformly continu- 
ous on an open interval is bounded on that interval. Is 
the converse statement true? 

24. Prove that the sum and the product of two func- 
tions uniformly continuous on an open interval are uni- 
formly continuous on that interval. 

25. The modulus of continuity of the function f (z) on 
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the interval (a, b) (a and b may be equal to —co and +00 
respectively) is the following function of the agru- 


ment 6 (5 > 0): 
wo, (6)= sup | f (2) —f (22) | 


Xz, X2E(a, b) 


é [x1 -x21<6 


(if | f(z) —f (ze) | is an unbounded function for 
{| 2, — 2, |< 6, x, 2 E€ (a, b)}, then we write ow, (6) = 
+ oo). 

(a) Prove that for the function f(z) to be uniformly 
continuous on the interval (a, b), it is necessary and 
sufficient that lim wy, (6) = 0 


6>0 

(b) Give an example of a function f (x), x € (a, 5), for 
which w, (6) = +00. 

26. Assume that the function f(z) is continuous on 
the set X, i.e. continuous at every point z € X. Then 
Ve>0 and VrEX 36=—5(e, z)>O0 such that 
the inequality | z’ — x |< 6(e, x) (x’ €X) implies an 
inequality | f(z’) —f(z) |<e. Prove that for the 
function f(z) to be uniformly continuous on the set X, 
it is necessary and sufficient that a” 6 (e, z) >0 


(Ve > 0). 


6.3. Some Theorems on Differentiable 
Functions 


I. Fundamental Concepts and Theorems 


1. Increase of a function at a point 

Definition. The function f (x) is said to be increasing at 
@ point z, if there is a neighbourhood of the point x, in 
which f (x) > f (to) for > 2, f (z) <f (2) for x< Zp. 

A decrease of a function at a point can be defined by 
analogy. 

Theorem 7 (a sufficient condition for an increase of a 
function at a point). /f the function f (x) is differentiable 
at a point xy and f' (x9) >O0 (f' (xo) <0), then f (2) 
increases (decreases) at the point Zp. 

2. Theorems on an increase and decrease of a function 
on an interval 

Definition. We say that the function { (x) increases (not 
decreases) on an interval X if Wz,, x, € X the condition 
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Z,<2, implies an inequality f (%,)<f (x2) If (m)< 
f (tq) respectively). 

A decrease (nonincrease) of a function on an interval 
can be defined by analogy. 

Theorem 8. For the function f (x) differentiable on an in- 
terval X noi to decrease (not to increase) on that interval, 
it is necessary and sufficient that Vx € X the inequality 
f (7) SO (f' (x) <0) be satisfied. 

Theorem 9 (a sufficient condition for strict monotoni- 
city of a function). Jf f’ (xz) >0 (f' (x) <0) WrE X, 
then f (x) increases (decreases) on the interval X. 

3. Theorems of Rolle, Lagrange and Cauchy 

Theorem 10 (Rolle’s theorem). Let the function f (x) 
satisfy the following conditions: 

(1°) f (z) is continuous on [a, 6], 

(2°) f (x) is differentiable in (a, b), 

(3%) f(a) =f (). 

Then there is a point c € (a, b) such that f' (c) = 0. 

Physical meaning of Rolle’s theorem. Assume that 
x is time and f (x) is the coordinate of a point, which 
moves along a straight line at the moment zx. At the ini- 
tial moment x =a the point has a coordinate f (2), 
then moves in a certain way with velocity f’ (z) and re- 
turns to the point with the coordinate f (a) at the mo- 
ment x = b[f(b) = f (a)]. It is clear that to return to 
the point f (a), it must stop at a certain moment (before 
“turning back”), i.e. at a certain moment x =c the 
velocity f’ (c) = 0. 

Geometrical meaning of Rolle’s theorem. There 
is a point c € (a, 6) such that a tangent to the graph of 
the function y = f (z) at the point (c, f (c)) is parallel 
to the z-axis. 

Theorem 11 (Lagrange’s theorem). Let the function 
{ (x) satisfy the following conditions: 

(1°) f (2) is continuous on [a, 5), 

(2°) f (x) is differentiable in (a, b). 

Then there is a point c € (a, b) such that 


f() -—1@ =f © (6-4). (1) 


Formula (1) is known as Lagrange’s formul (or the 
first mean value theorem). 

Physical meaning of Lagrange’s theorem. Assume 
that x is time and f (x) is the coordinate of a point, which 
moves along a straight line at the moment x. We write 
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Lagrange’s formula in the form 


{ (b)— f (a) = f' (c). 


b—a — 


The quantity on the left-hand side of the relation is, 
evidently, the average velocity of movement of the 
point along the straight line during the time interval from 
a to b. Lagrange’s formula shows that there is a moment 
xz = c at which the instantaneous velocity is equal to 
the average velocity on the time interval [a, 6]. 
Geometrical meaning of Lagrange’s theorem. The 


number £0) He) is the slope of the straight line 


which passes through the endpoints of the graph of the 
function y = f (z), i.e. through the points (a, f (a)) and 
(b, f (b)), and f’ (c) is the slope of the tangent to the 
graph at the point (c, f (c)). Lagrange’s formula shows 
that the tangent to the graph at a point (c, f (c)) is parallel 
to the straight line which passes through the endpoints of 
the graph (or coincides with it). 

Theorem 12 (Cauchy’s theorem). Let the functions f (x) 
and g (x) satisfy the following conditions: 

(1°) f(z) and g (x) are continuous on [a, dl, 

(2°) { (x) and g (x) are differentiable in (a, }), 

(39) g’ (x) £0 Ve € (a, b). 


Then there is a point ¢ € (a, b) such that 


1(b)~f(a) _ f' Ce) (2) 
g (0) —g (a) g’ (c) * 


Formula (2) is known as Cauchy’s formula. 


II. Control Questions and Assignments 


1. Give a definition of an increase (decrease) of a func- 


tion at a point. ; 
2, Formulate the theorem on asufficient condition for 
an increase of a function at a point. : 
3. Find out whether each of the following statements 
is true: ? 
(a) “If a function increases at a point 29, then it 
has a positive derivative at that point”. 
(b) “If the function f (x) differentiable at a point Zo 
increases at that point, then f’ (v7) > 0”. 
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4. Formulate the theorem on a necessary and sufficient 
condition for the monotonicity of a differentiable func- 
tion on an interval. 

5. Formulate the theorem on a sufficient condition for 
the strict monotonicity of a differentiable function on an 
interval. 

6. Find out whether the following statement is true: 
“If the function f(z) differentiable on an interval X 
increases on that interval, then f’ (z) >0O Wz e€ X”. 

7. Let the function f (x) be defined in a neighbourhood 
of every point of the set X. Find out whether each of the 
following statements is true: 

(a) “If f (x) increases on the set X, then it increases 
at every point xz, € X”. 

(b) “If f(x) increases at every point z, € X, then 
it sate on the set X”. (Consider the function f (xz) = 
— 1/z.) 

8. Formulate Rolle’s theorem. 

9. Will Rolle’s theorem remain true if we omit one of 
the following conditions: (a) f (a) = f(b), (b) f(z) is 
eoninious on [a, b]? Give the corresponding exam- 
ples. 

10. Formulate Lagrange’s theorem. 

11. Formulate Cauchy’s theorem. 


III. Worked Problems 


1. Find the intervals of monotonicity of the function 
f (x) = 32 — 2°. 

A We _ have ff’ (xz) = 3 — 32? = 3 (4 — x). Since 
f (x) > 0 for z € (— 4, 1), f’ (z) <0 for x E (— ow, —1) 
and x € (1, oo), it follows that the function f (xz) = 32 — 
x® increases on the interval (— 1, 1) and decreases on the 
half-lines (— oo, —1) and (1, + oo); we can also state 
that f(z) increases on the closed interval [—1, 1] and 
decreases on the half-lines (—oo, — 1] and [1, + 00). A 

2. Prove that the function 


z+x*sin(2/x) for x40, 
Lo 0 for «=0 


increases at the point x = 0 but does not increase on any 
interval (— e, e) (e >O is an arbitrary number). 
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A We have 


: ( 1+ 2x sin (2/x)—2cos(2/zx) for x40, 
pM 1 for x=0 


(see Example 6 in 4.1 for the calculation of f’ (0)). 

Since f’ (0) = 1>0, it follows, according to Theo- 
rem 7, that the function f (x) increases at the point z = 0. 

If the function f (x) were increasing on an interval 
(— &, €), then according to Theorem 8, the condition 
f’ (x) > 0 would be satisfied Vx € (— e, &). We shall show 
that this is not so. We set zr, = 1/(mn) (n is a natural 
number). It is evident that We>>0O An such that 
1/(mn) <<, i.e. x, €(— &, &). Substituting z= 2, = 
1/(xn) into the expression for f’ (x) when zx + 0, we get 
f' (t,x) = —1<0. This proves that the function f (z) 
is not increasing on any interval (—e, &). A 

3. Let the function f (z) satisfy the following condi- 
tions: (4) f (z) possesses a continuous derivative on [a, b], 
(2) f (z) possesses a second derivative in (a, b), (3) f (a) = 
f’ (a) = 0, f (b) = 0. Prove that there is a point c € (a, b) 
such that f” (c) = 0. 

A All conditions of Rolle’s theorem are evidently 
satisfied for the function f (x) on the closed interval 
(a, b]. Therefore there is a point d € (a, b) such that 
f (d) = 0. 

Wi consider the function 7’ (z) on the interval [a, d]. 
We have (1) f’ (x) is continuous on [a, d], (2) f’ (x) 
possesses a derivative (f’ (z))’ =f" (z) in (a, d), 
(3) f’ (2) =f (@) =0. By virtue of Rolle’s theorem, 
there is a point c € (a, d) [and, consequently, c € (a, b)] 
such that (f' (z))’ |xxc =f" () = 0. A 

4, Prove that |cosz —cosy |< |x —y | Vz, y. 

A From Lagrange’s formula we have 


cos x — cosy = sin E- (x — y), 


where & is a point from the interval (z, y). Since | sin § |< 
1, it follows that |cosx —cosy|<|z—yl. A 
5. Assume that the functions f (c) and g (z) are defined 
and differentiable for « S>2,, and f (%9) = g (p), f’ (x) > 
g’ (x) for x > 2. Prove that f (x) > g (2) for x > Xp. 
A Let us consider a function @ (7) = f (v) — g (2) on 
an arbitrary closed interval [z), z] (x > 2x). From 
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Lagrange’s formula we have 


@ (z) — © (%) = g (§) (t — 2), (3) 
where § is a point from the interval (xo, x). Since 
P (9) =f (o) — & (%o) = 9, 
ey G=fG)—eO)>0, c—x>0, 


we find, from relation (3), that @ (2) > 0, i.e. f (2) — 
g (x) > 0 for x > xy. Thus f (zt) > g (z) forz> 2. A 


IV. Problems and Exercises for Independent Work 


27. Find the intervals of monotonicity of the fol- 
lowing functions: 


(a) Ee ie (a2>0), (b) f(z) = 294-3224 321 
(c) f (z) = Sr ’ (d) f (x) =2z2-+ sin x, 


(e) f(x)=2x+2sinz, (f) f(x) =sin (a/z), 

(g) f(z) =2?2-*, (h) f(z)=2"e* (n>0, r>0). 

28. Prove that if a function increases at every point 
of an open interval, then it increases on that interval. 
Will the statement remain true if we replace the inter- 
val by an arbitrary set? 

29. Let the function f (x) satisfy the following condi- 
tions: m f (x) has a continuous (n — 1)th derivative on 
[9, Zn], (2) f(z) has an nth derivative in se sis 
(3) f (to) = f ()=-.-- =f(en), where r<2,.. 

Prove that there is a 1 point & € (po, Xn) such that fr) Oo 
0. 


30. Using Rolle’s theorem, prove that if all the roots 
of the polynomial 


Py (@) = Gt" +ayz" $+... +4, (a) 0) 


with real coefficients a, (kK=0,1,...,m”) are real, 
then its derivatives Py (x), Pn(x),..., Pi" (x) also 
have only real roots. 

31. Prove that all the roots of Legendre’s pvuly- 
nomial 


Py (x) = _— —_ a {(2?— 1)”} 
are real and lie in the interval (—1, 1). 
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32. Find a point c in the first mean value formula (1) 
for the function 


0.5(3—2?) for O<r<1, 
Ha=| 1/a for 1<x<+o0 


on the interval [0, 2]. 

33. Using Lagrange’s formula, prove tlie validity of 
the following inequalities: 

(a) |sinz—siny|<|z—y| Vz, Yy, , 

(b) | arctanz—arctany|<|rz—y| Vz, y, 

(c) tot <n = — for O<y<z. 

34. Prove the validity of the following inequalities: 

(a) e“>1+2 for z= 0, 


(b) 2-2 <In(it2)<2 for <> 0, 
a 
(c) In (1 +2) > qa5 for z>0, 


(d) s—3-<sing<2 for z>0, 


(e) #-+ = tanz for O<r<a/2. 

Give a geometric illustration of these inequalities. 

35. Assume that the functions f (x) and g (2) are defined 
and n times differentiable for r>>2,, and {™ (2) = 
a) (ap) (Ie = 0, 1, .. 4p m— As JOY (a) > gO (2) Lor 
X >. Prove that f (x) > g (z) for «> 2. 

36. Prove that if a function is differentiable but un- 
bounded on an open interval, then its derivative is also 
unbounded on that interval. Give an example showing 
that the converse statement is not true. 

37. Is Cauchy’s formula valid for the functions f (x) = 
x? and g (zt) = x on the interval [—1, 1]? What condition 
of Cauchy’s theorem is not satisfied for these functions? 

38. Let the function f (x) satisfy the following condi- 
tions: (1) f (x) is continuous on [a, b], (2) f (x) is differen- 
tiable in (a, b), (3) f (x) is not a linear function. Prove 
that there is a point c € (a, b) such that | f (b) —f (a2) |< 
If (c)|-|b—a |. 

39. Let the function f (7) satisfy the following condi- 
tions: (1) f (xz) is twice differentiable on [a, b]; (2) f' (a2) = 
f’ (vb) = 0. Prove that there is a point c € (a, b) such 


that | f (0) —f (a) 1< (HA) (b — a)? If" (0) |. 
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40. During the time és the point covered the distance 
of s m moving along a straight line. At the initial and 
the final moment the velocity of the point is zero. Prove 
that at some moment the absolute value of the accclera- 
tion of the point was not smaller than 4s/t? m/s*. 


6.4. L’Hospital’s Rule 


I. Fundamental Concepts and Theorems 


Theorem 13. Assume that the following conditions are ful- 
filled: 

(1°) the functions f (x) and g (x) are defined and differen- 
tiable in a neighbourhood of the point a (except, maybe, the 
point a itself), 


(2%) lim f (2) = lim g (2) = 


(3°) g’ (z) 40 i in “ia neighbourhood of the point 
a (except, maybe, the point a itself), 


(4°) there is limit lim Ee 


aa b(t) 
Then there is a __ limit lim oT and it is 
x—a 
equal to lim aon 


Reaiaiks oa all conditions of Theorem 13 are fulfilled 
in the right-hand (left-hand) half-neighbourhood of the 
point a, then the theorem holds true for the right-hand 
(left-hand) limit of the function f (z)/g (x) at the point a. 

Theorem 14. Assume that the following conditions are 
fulfilled: 

(1°) the functions f (x) and g(x) are defined and differ- 
entiable on the half-line (a, er 


(2°) lim f(z)= lim g(z)= 
X— +00 Xv +00 


) g(a) #0 Waele, +0) 
(4°) there is a limit Be Lo. . 


ren [ (2) : 
Then there is a limit lim —Gy and is equal to 


x +00 
F f (z) 
aie 8’ (2) 
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Remark. If we replace condition 4° in Theorems 13 

4 the condition lim _@ 

and 14 by ion ee nae 

f(z) _ 

xa &(t) 

Theorems 13 and 14 make it tie to find the values 

of indeterminate forms of type 0/0. 

Theorem 15. If conditions 1°, 3° and 4° of Theorems 

13 and 14 are fulfilled and the condition lim f (2) = 


= 09 (a2 is a number 


lim g(z) = 00 (a is a number or a symbol os) is ful- 
filled instead of condition 2°, then there is a limit 
lim i and it is equal to lim f ane 


xa 


Theorem 15 makes it possible + find the value of in- 
determinate forms of type oo/oo. It is also valid in the 
case of one-sided limits. 
Each of the Theorems 13-15 is called L’Hospital’s rule. 
Indeterminate forms of other types (0-00, co — oo, 
4”, 0°, o0°) can be reduced to indeterminate forms of type 
0/0 or co/co and then we can apply L’Hospital’s rule 


II. Control Questions and Assignments 


1. Formulate L’Hospital’s rule of finding the values of 
indeterminate forms of type (a) 0/0 as xa, (b) 0/0 
as rt» + 00, (c) co/c0 as >a, (d) co/o0 as T> + ov. 

2. Assume that conditions 19-39 of Theorem 13 (or 
Theorem 14, or Theorem 15) are fulfilled and there is 
no limit lim oo . Does it follow that the limit 


lim (@) does not exist? Consider the following exam- 
xoa_ g(x) 


ples: 
x? sin (1/2) P z+sing 
(a) Bh sin x > (b) aie ar-+sin xz * 


III. Worked Problems 


4. Find lim “4%. 
xg ban Be 


A This limit is an indeterminate form of type 0/0. Let 
us verify whether the conditions of Theorem 13 are 
fulfilled: 
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(1°) the functions sin aa and tan pa are defined and 
differentiable in a neighbourhood of the point x = 0, 
(2°) lim sinax=lim tan pr =0, 


x0 x>0 

(3°) (tan pay = Sas #0 in the neighbourhood of 

the point z=0, 
0) 13,, (sin az)’ —i @cosar _— a 
Sec ao gee 
cos? Bz ; 
Consequently, according to Theorem 13 lim “2% — 
xorg lanier 

7: a 


Sometimes, to lind the value of an indeterminate form, 
we have to apply L’Hospital’s rule several times in succes- 
sion, as in the following example: 

2. Find 


= (1) 
A This limit is an indeterminate form of type 0/0. 


Conditions 4°-3° of Theorem 13 are fulfilled and the limit 
of the ratio of derivatives 


, tan z— zx)’ 7 cos* x 1 
lim BLL 2 = lim ——— 
=O (x3) pee 322 (2) 


is also an indeterminate form of type 0/0. 
Conditions 1°-3° of Theorem 13 are fulfilled for limit (2) 
and the limit of the ratio of derivatives 


1 ) 
(sara! 


‘ _. Jin, 2c0s73z sin z 
ieee Ue Oe 


is again an indeterminate form of type 0/0. 
To find the value of this indeterminate form, we can 

also use L’Hospital’s rule since conditions 1°-3° of Theo- 

rem 13 are fulfilled for limit (3) and the limit of the 

ratio of derivatives 

(2 cos-8 z sin x)’ li 6 cos~4 x sin? z-+-2 cos“? x 

So = Lim >? 

(62') 6 


x>0 


(4) 


Thus, by virtue of (2)-(4), the required limit (1) is equal 
to 1/3. zA 
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lim 
x) 


eo] 


3. Find lim = z*. 
x>+0 

A This limit is an indeterminate form of type 0°. 
We represent z* in the form e*!"* and consider 
lim (cInz). This limit is an indeterminate form 0-oo. 
x>+0 

ie Inz 
Writing zlnz as Ve? 


terminate form of type oo/oo. It is easy to verify that 
all conditions of Theoters 15 for one-sided limits are 
fulfilled for lim — 
x>-+0 ifs 
plyping L’Hospital’s rule, we obtain 


we arrive at  an_ inde- 


(verify this independently). Ap- 


j Inz : 1/x 
lim = lim ——= lim (—z 
x+>+0 4/ x—>+0 et +0 ( ) 
It follows that lim z*= lim e*"*—e°—1. A 


x>4+-0 x> +0 


Y. Problems and Exercises for Independent Work 


Find each of the following limits: 


41. lim ae ——(a>0). 42. lim = (a>0, a> 1). 
X—>-+00 


x+>-+00 
A sinazr an z—2z 
43. lim ———. 44. lim 22— 5 
xoo sin Br x+9 Sinc—z 
F cosh z—cosx 
45. lim ———,__.. 
x—>0 a 
ote : 4+3 tana 
AG. lim (e—+) cot 2x. 47. lim jth 
x—>m/2 x—>3m/h 1—2 cos? z 


: arcsin - 
48. lim — . 49. lim 


z 
x0 x-»Q arccosz * 


50. lim J gin Bey (a>0,B> 0). 


In (sin Bx) 
—_ -1/2 
51. ns soon Gt) ee a ia (a > 0). 
x0 x4 x>+0 ha 
x 
53. lim =. 54, lim (2—a)tancne/2) 
xa x1 
55. lim (tan z)""**_ 56. lim 2t/*, 
xm] 4 XN—> +00 
. i 4/xa P x2 
57. lim (=>) i . 58 lim (moanzyi ‘ 
x0) *. x0) z 


59. lim ($—ztz). 60. lim (-<h). 
61. lim (cotz— +). 62. lim CHEE, 


7X — gx 


63. lim 64. lim (arccosz)!~*. 


t—a x->1-0 


6.5. Taylor’s Formula 


I. Fundamental Concepts and Theorems 


1. Taylor’s polynomial. Let the function f(z) be n 
times differentiable at a point z). The polynomial 


nr (k) 
P, (e)=  & (2-2) 
k=0 


is Taylor's polynomial for the function f (x) (with centre 
at the point z,). It possesses the following properties: 


P&) (z,,) = foo (mo) (k=0,1,..., 7). 


The following theorem discloses the part played by 
Taylor’s polynomial. 
Theorem 16. /f the function f (x) is defined in a neigh- 


bourhood of a point ry and n times differentiable at the 
point 2X, then 


f () <a P,, (x) a Ris (x), (1) 
where Ry+, (t) = 0 ((x — 2x)"). 

Formula (1) is known as Taylor’s formula for the 
function f (x) with centre at the point x, and the remain- 
der Ry+, (x) in Peano’s form. 

2. Various forms of the remainder 

Theorem 17. Let the function f (x) be defined and n -- 1 
times differentiable in a neighbourhood of the point 2p. 
Assume that x is an arbitrary value of the argument belong- 
ing to that neighbourhood and p > 0 is an arbitrary num- 
ber. Then there is a point & € (29, x) such that 

z—&§)nt I—2X \P 
Reyes (2) =f ()— Pp (0) = ESE (SH) joorn ® 


Expression (2) is known as the general form of the remainder. 
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The following special cases of the general form of 
m yemainder are especially important: 
(a) Lagrange’s form (p =n -- 4): 
(x — ay)? 


Rus 2) =e" + O@—%)) (0<0<1), 
(b) Cauchy’s form (p= 1): 


—7p)n+1 (4 — 
Ras (t) =F es 


- Q)” {9 (zy + 8 (x— Zp)) 
(0<0<1). 


3, Fundamental expansions. If z) = 0, Taylor’s for- 
mula is usually called Maclaurin’s formula. The most 


significant expansions by Maclaurin’s formula are: 
ols 


n 
ch 
I. c= >, + Rats (x). 
hk=0 
n a 
II. sinz= > (= 1)" ear + Rants (x). 
hk=1 


2h 
III. cost = y (— 1)" 5p + Ronse (2). 
h=0 


n 
1 zh 


IV. In(-2)= 2) (—1)"*=-+ Rass (2): 


k=1 


V. (1-2) = 14 AERO COE ED att Regal). 


k=1 


II. Control Questions and Assignments 


4. What is Taylor’s polynomial for the function f (z) 
with centre at the point 2)? What property does it possess? 

2. Formulate the theorem on Taylor’s formula with the 
remainder (a) in Peano’s form, (b) in the general form. 
How do the conditions of these theorems differ? The con- 
ditions of which theorem follow from the other one? 

3. Use the general form of the remainder to derive 
Lagrange’s and Cauchy’s forms. Obtain Peano’s form of 
the remainder from Lagrange’s form. 
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4. Write Maclaurin’s formula for the function f(z), 
and the remainder of this formula in the forms of Peano, 
Lagrange and Cauchy. 

5. Write the fundamental expansions and the remain- 
ders of those expansions in the forms of Peano, Lagrange 
and:> Cauchy. 


III. Worked Problems 


1. Expand the function tan z in Maclaurin’s series 
up to the term with 2° inclusive. 

A We seek the derivatives of the function f (z) = 
tan x up to the third order inclusive: 

f' (2) = —— = cos? a; 

{" (t) = 2 cos’ z sin 2; 

f"’ (z) = 6 cos-4 x sin® x + 2 cos-* z. 
From this we find that f (0) = 0, f’ (0) = 1, f” (0) = 0, 
f’” (0) = 2. From Maclaurin’s formula with the remain- 
der in Peano’s form we have 


tan r= a+ 40 (23). 


Note that the calculation of f@) (x) yields f “) (0) = 0. 
Therefore we can write the remainder as 0 (x). A 

2. Iixpand the function f (z) = In cos z in Maclaurin’s 
series up to the term with 2* inclusive. 

Alt is not necessary here to calculate the derivatives 
of f (x) up to the fourth order inclusive, instead we can 
use the fundamental expansions III and IV. Using expan- 
sion III, we obtain 


4 
In (cos x) = In (1 —2 +i +0 (z*)) =In(1-- 2), 
where t=: — 2 4 +0 (a). | 
We shall now make use of expansion IV: 
‘2 5 
In cos z= In (1+) =t—-z +e ) 


WS poy $ (Ere + oe) 


x? zt 4 
Sp py ge ele 


x a4 


=—-y arte). «a 


3. Estimate the absolute error of the approximate 
formula 


eat+epF4...42 =P, (2) (3) 
for O<z<1. 


A To estimate the absolute error, we must evaluate 
the remainder &,+,(z)=e*—P, (xz). The remainder 
Ry+,() in Lagrange’s form for the function e* has the 


form Rys+, (2) =i ee (0<0<1). From this we 
find that 


| Ravi) |<Gppr for O<e<t. (4) 


This is the required estimation of the absolute error of the 
approximate formula (3) for O< tr<1. A 
4. Solve the following problem using estimate (4): how 
many terms must we take in formula (1) for z = 1 to cal- 
culate the number e with an accuracy to within 10-8? 
It is easy to calculate that 10! > 3-108 Therefore 


e Bos. cate or F =e, 
in <3a0 = 40-°. Thus it is sufficient to set n = 9 


in formula (3) for s = 1 to get the number e with an 
accuracy to within 10-° zA 
5, Using the fundamental expansions, find 


tan z-+2 sin r—3z 


lim =I 


x70 
A We have ; 
iin tan z+2 a z—3zx 
x 
x8 x3 
at +e (24)+2 (2—-4-+0 (=*)) —3z 
£0) a reas 


=lim2@ 0, , 


4 
x9 «2 
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1V. Problems and Exercises for Independent Work 


65. Use Maclaurin’s formula to expand the function 
(z) up to the term of the indicated order inclusive: 
(a) f (xv) = e-* up to the term with 2", 

(b) f (zt) = e**-** up to the term with 2°, 

(c) f (x) =sinsinzup to the term with 2°, 

(d) f (cz) = cos sin z up to the term with x‘, 


(e) f(a) =In SBE up to the term with 2°, 


(f) f(z) =sinz up to the term with 213, 

(g) f(z)=/a"+a up to the term with 22(a>0), 

(h) f(z) =Vi—a2+ 222 up to the term with 2’. 
66. Write the expansion of each of the following func- 
tions in Taylor’s series with centre at the point x = 1: 

(a) f (xe) = 2’, (b) f(z) = Va up to the term with 
3 — Re (c) f (x) = sin (mz/2) up to the term with 
ur — . 
67. Estimate the absolute error of the following appro- 
ximate formulas: 


: 3 
(a) sin z— for race 


(b) tan recto for |x|<0.4, 

() Vi-ex145— for 0<e<i. 

68. Use Taylor’s formula to find the following approxi- 
mate values: 


(a) 9/9 with an accuracy to within 10-3, 


(b) 90 with an accuracy to within 10-4, 

(c) sinj18° with an accuracy to within 10-4, 

(d) sin 1° with an accuracy to within 10-8, 

(e) In 4.1 with an accuracy to within 10-%, 

(f) e°? with an accuracy to within 10-5, 

(g) cos 6° with an accuracy to within 10-5. 

69. Using the fundamental expansions, find the fol- 
lowing limits: 


cos x —e7 7/2 


sin 2x —2 tanz 


(a) a In (1-4 23) , 


(c) lim Vet (Ve*+1 —Ve*—1), 
x—> +00 


» (b) lim 
x70 
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sda ; | 
(ayy lim oa (VeF14Veri_syd, 


e) lin, S&te*—2 
(ce) lim - ; @iin( toe), 


x0 - 
x04 zx sin z : 
~ 474 we al ag B/E RE 
(8) pm Fd (j—cotz) , (bh) lim sinsins 2 V*, 
x->0 s 


Chapter 7 


Investigating the Behaviour of 
a Function and Constructing Graphs 


7.1. Constructing the Graphs of 
Explicit Functions 


I. Fundamental Concepts and Theorems 


1. Asymptotes to the graph of a function. A function 
defined by the relation y = f (x), z €D (f), is called an 
explicit function. 

Definition. The straight line x =c isa vertical asymptote 
to the graph of the function y = f (x) if at least one of the 


limits lim f(x) or lim f(z) is equal to 
x—>c-0 x—>c+0 
+ co or —o. 


Definition. The straight line y = kx + b isan oblique 
asymptote to the graph of the function y = f (x) asxt> 
+00 if this function can be represented asf (x) = kx + b + 
a (x), where a(x) 0 as r++ o. 

Theorem 1. For the straight line y = kx + b to be an 
oblique asymptote to the graph of the function y = f (x) as 
x—>-- co, it is necessary and sufficient that the limits 

lim L(2) _ y, lim [f(z)—Az]=b 
x—> +00 x—+> +00 
should exist. 

By analogy we can introduce the concept of an oblique 
asymptote to the graph of a function as t+ — oo. 

2. Even, odd and periodic functions 

Definition. The function y =f (x) is even if 


Wx ED (f): f (x) =f (—2). 
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Definition. The function y = f (x) is odd if 
We ED (jf): f(z) = —f(—2). 


Definition. Zhe function y = f (x) is periodic, if there 
is a number T 0, called the period of the function y = 
f (z), such that 


Wee Dif): f@=f(@+ 7) =f (e& — 7). 


By the period of a function we usually mean the least 
of the positive periods, provided that it exists. 

3. Local extremum of a function. Assume that the 
function y = f (z) is defined in a neighbourhood of a 
point Zp. 

Definition. The function y = f (x) is said to have a local 
maximum (minimum) at the point x, if there is a neighbour- 
hood of the point x9 in which the inequality f (x) < f (Xp) 
[f (z) > f (xo) respectively] is satisfied for x zo. A local 
maximum and a local minimum are united under the 
general term local extremum (or simply extremum). 

Theorem 2 (a necessary condition for an extremum). 
If the function y = f (x) has an extremum at the point Zo, 
then the derivative f' (x) at the point x, is either zero or 
does not exist. 

The values of the argument of the function y = f (z) 
for which the derivative is either equal to zero or does 
not exist but the function itself is continuous are known 
as points of a possible extremum. 

Theorem 3 (the first sufficient condition for an extremum). 
Assume that the function y =f (z) is differentiable in 
a neighbourhood of a point x, of a possible extremum (except, 
maybe, for the point x, itself). Then, if the derivative f’ (x) 
changes sign from plus to minus (from minus to plus) when 
passing through the point x, (in the direction of the increase 
of x), then the function y = f (z) has a local maximum 
(minimum) at the point zy. If the derivative of the function 
does not change sign when passing through the point Xo, 
then the function y = f (x) does not possess an extremum 
at the point Zp. 

Theorem 4 (the second sufficient condition for an extre- 
mum). Assume that the function y = f (x) has the second 
derivative at the point x, of a possible extremum. Then, if 
1",(@o) <0 (f” (zo) > 0), then the function y = f (2) 
possesses local maximum (minimum) at the point Zp. 
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4. The direction of convexity and the points of inflec- 
tion of the graph of a function. Assume that the function 
y =f (x) has a finite derivative at every point of the 
interval (a, b). Then, at every point M (a, f (z)), r€ 
(a, b), the graph of the function y = f (x) has a tangent 
which is nonparallel to the y-axis. 

Definition. The graph of a function is said to be convex 
downwards (upwards) on the interval (a, b) if, within the 
interval (a, b), the graph lies not lower (not higher) than 
any tangent. 

Theorem 5, If the function y = f (x) has a second deriv- 
ative on the interval (a, b) and if that derivative is non- 
negative (nonpositive) everywhere on this interval, then 
the graph of the function y = f (x) has convexity directed 
downwards (upwards) on the interval (a, 6). 

Definition. The point M (c, f (c)) of the graph of the 
function y = f (x) is a point of inflection of this graph if 
at this point the graph has a tangent and there is a neigh- 
bourhood of the point c within which on the left and on the 
right of the point c the directions of convexity of the graph 
of the function y =f (x) are different. We also say that 
at the point M (c, f (c)) the graph of the function has an 
inflection. 

Theorem 6 (a necessary condition for inflection). 
If the graph of the function y = f (x) has an inflection at 
the point M (c, f (c)) and the second derivative f" (x) is 
continuous at the point c, then f" (c) = 0. 

Theorem 7 (a sufficient condition for inflection). 
If the second derivative of the function y = f (x) exists in 
a neighbourhood of the point c, with f" (c) =0, and the 
signs of f” (x) are different on the left and on the right of 
the point c, then the graph of the function has an inflection 
at the point M (ec, f (c)). 

5. Scheme of constructing the graph of the function 
yY =] (2). 
ree the domain of definition of a function and 
the values of that function at the points of discontinuity 
and the boundary points of the domain. 

If the function suffers a discontinuity at the point c 
and f(ce-+ 0) or f(e —O) vanishes, then z=e is a 
vertical asymptote to the graph of the function y = f (x). 

If the function is defined on a half-line or on the whole 
number line, then we must find out (using Theorem 1) 
whether the graph of the function has oblique asymptotes. 
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If oblique asymptotes do not exist, then we must find 
out whether the function is bounded as zt > oo or un- 
bounded (in the last case we must find out whether it is 
infinitely large as z —oo and what sign it has). 

2°. Find out whether the function is even, odd or 
periodic. 

The aim of this item is to make the calculations as 
short as possible. Indeed, if the function is even or odd, 
then we may consider the part of the domain which 
belongs to the positive semi-axis of abscissas rather than 
the whole domain. On this part of the domain we must 
carry out complete investigation of the behaviour of the 
function and construct its graph, then, resorting to sym- 
metry, complete the construction on the whole of the 
domain. 

If the function is periodic, then it is sufficient to 
investigate the behaviour of the function on any closed 
interval whose length is equal to the period of the func- 
tion and then, constructing the graph on that inter- 
val, extend it to the whole of the domain of the func- 
tion. . 
3°. Find the zeros of the function, i.e. solve the 
equation f(z) = 0. These solutions and the points of 
discontinuity of the function divide its domain of defini- 
tion into intervals where .the function "is of constant 
sign. i 

49. Find local extremaYand the intervals of increase 
and decrease of the function (we shall depict the extremal 
points on the graph by circles O). 7” 

5°, Find the intervals where the graph of the function 
retains the direction of its convexity and the points of 
inflection (we shall depict the points of inflection on the 
graph by crosses: x or -++). 


IJ. Control Questions and Assignments 


1. Give a definition and an example of a vertical 
asymptote to the graph of a function. 

2. Give a definition and cite an example of an oblique 
asymptote to the graph of a function as + —-boo (as 
T —> —oo), 

3. Formulate the theorem which defines necessary 
and sufficient conditions for the existence of an oblique 
asymptote to the graph of a function. 
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4, Give examples of a function which has oblique 
asymptotes to its graph as x —-+oo and as xr — —oo 
and those asymptotes (a) coincide, (b) do not coincide. 

5. Give a definition of a local extremum of a function. 

6. What is a point of a possible extremum of a func- 
tion? 

7. Formulate the theorem which defines a necessary 
condition for an extremum (a) of an arbitrary function, 
(b) of a differentiable function. Give an example showing 
that this condition is not sufficient. 

8. Formulate the theorems which express the sufficient 
conditions for an extremum of a function. 

9, Give a definition of the direction of convexity of 
the graph of a function. 

10. Give a definition of a point of inflection of the 
graph of a function. 

11. Can the direction of convexity of the graph of a 
function change when the function passes through the 
point which is not a point of inflection? Give examples. 

12. Formulate the necessary condition for inflection 
of the graph of a function. Give an example showing that 
this condition is not sufficient. 

13. Formulate the sufficient condition for inflection 
of the graph of a function. 

14. Present a scheme for constructing the graph of the 
function y = f (2). 


III. Worked Problems 
1. Construct the graph of the function y= 
7 22 
arcsin Tat: 
A 1°. The function is defined for the values of x for 


which, as follows from the definition of the arc sine, 
the inequality | al<1 is satisfied. It is equivalent 
to the inequality (1—|x])?2>0. The last inequality 
is valid for any real x. Thus D(f)=R. The function 
ae is continuous at any point (being the quotient of 
the division of two continuous functions). Therefore 
fee : 2x 

the function* arcsin the 
point (being the superposition of continuous functions) 
and, consequently, there are no vertical asymptotes 


467 


is also continuous at any 


to the graph of the function. To find the vertical asymp- 
tote as z—+- oo, we calculate the following limits: 


1 22 


im $@ = lim 2 aresin —22_ — 
on = =e > arcsin = 0, 
3 , 22 
lim z)—kz] = lim arcsin- =arcsin0 =0. 
x—>-+f00 UF ) } x+>-+00 14-2? 


Hence it follows that the straight line y = 0 is an asymp- 
tote as x + +00 (it is rather horizontal than oblique). 
We can establish by analogy that the same straight line 
y=0O is an asymptote as t > —oo. 

2°, The function is evidently nonperiodic and odd and 
therefore it is sufficient to consider the half-line [0, -]-0o) 
rather than the whole domain. 

3°, We have y =O for x =O. There are no other 
zeros or points of discontinuity of the function. On the 
half-line (0, +-oo) the function is positive. 

49. We seek the points of a possible extremum on the 


half-line [0, ++0o) for which purpose we calculate the 
derivative of the function 21: 


7 1 2 (1-22) — 422 
ia ae 
(1+ 22)? 


4-2? 2(1—22) — 2sen (4 —22) 


Se, 


1-2? | (14+22)2 {422 


It can be seen that the derivative does not vanish at any 
point. Since y’ (1 + 0) = —4, y’ (1 — 0) = 1, the deriv- 
ative does not exist at the point z = 1. When passing 
through the point z = 1, the derivative changes sign 
from plus to minus. Therefore, at the point x = 1, the 
function has a local maximum and y (1) = arcsin1 = 
n/2. Note that at the point,.«c—1 the function is 
continuous and its derivative has a discontinuity of the 
first kind.‘;{n that case the corresponding point on the 
graph of the function [the point (1, 2/2) in this example] 
is known’ as a corner point. The intervals of monotonicity 
of the function are defined by the sign of the derivative: 
y >0for0O<x<1 and y' <0 for x >1. 
5°. Since the second derivative 


n__ 4x sgn (1 —=?) 1. 
Yriomeregye ret ae 
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vanishes only for z = 0 and y” changes sign when passing 
through the point .2 = 0, the graph of the function has 
an inflection at the point (0, y (0)) = (0, 0). The direction 
of convexity is defined by the sign of the second deriva- 
live: y”"<0 for OS a7<1, y”>0 for e>1. 

We have completed the investigation of the behaviour 
of the function. Before constructing the graph, it is 
convenient to depict the results of the investigation on 
the scheme, in particular, the intervals where the func- 
tion, the first derivative y’ and the second derivative y” 
are of constant sign: 


Inflection i 


Reading now the information on the scheme, we construct 
the graph of the function on the interval [0, -+0o). On the 
closed interval [0, 1] (a) the function increases from thie 


Fig. 6 Fig. 7° 


value y = U for x =: 0 to the value y = x/2 for z = 1, 
(b) the graph is convex upwards. Next, on the half-line 
[1, -Loo) (a) the function decreases remaining positive, 
(b) the graph is convex downwards, (c) as z — --0o, the 
graph approaches the asymptote, the z-axis. Note that 
when passing through the point 2 = 1, the direction of 
convexity of the graph changes but the point (1, 1/2) is 
not an inflection point, it is a corner point (Fig. 6). 
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Finally, using the fact that the function is odd, we 
complete the construction of its graph on the whole of 
the domain of definition (Fig. 7). A 

Remark. If a curve is defined by an equation ® (z, y) =0 
and if this equation can be solved for y or for x, then 
the construction of the curve reduces to the construction 
of the graphs of explicit functions. 

2. Construct a curve defined by the equation y? — 
sin* z = 0. 

A Vz € R this equation has two solutions with respect 
to y: y =sin® x and y = —sin®z which are explicit 
functions defined throughout the number line. The graphs 
of these functions are symmetric about the z-axis. It is 
therefore sufficient to construct the graph of the first 
function and then, resorting to symmetry, construct the 
whole curve. Thus the problem has reduced to the con- 
struction of the graph of the explicit function y = sin? x 
which we shall write as 


1 1 
an cos 22. 


We use tlie scheme presented above to invesligate the 
behaviour of this function. 

1°. We have D (y) = R. 

2°. The function y (x) is periodic with period 7 = x. 
Therefore, to construct the graph of the function, it is 
sufficient to consider an intercept on the z-axis of length x, 
say, [—n/2, 2/2]. Since, in addition, y (z) is even, we 
can restrict our consideration to the closed interval 
[0, 2/2]. 

3°. We scek the zeros of the function on the closed 
interval [0, 2/2]; we have + —4,c0s 2xzx=0 forz=kn, 
k €Z, but of all these solutions only x = 0 belongs to 
the interval [0, m/2]. The function has no points of dis- 
continuity. On the interval (0, x/2] the function is 
positive. 

49, Weseek y’ = sin 2x. On the closed interval [0, 2/2] 
the derivative is equal to zero for t = 0 and xz = n/2. 
Furthermore, y’ > 0 for 0 <2 < n/2, y’ <0 fora2<0 
and 2 > 1/2. According lo Theorem 3, the function has 
a local maximum at the point m/2, with y (x/2) = 1, 
and a local minimum at the point x = 0, with y (0) = 0. 
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The whole interval [0, 2/2] is an interval of increase 
of the function. 

5°. We have y” = 2cos 2x. On the interval [0, 1/2] 
the second derivative vanishes for z = 1/4. When pas- 
sing through this point, y” changes sign. This means, 
according to Theorem 7, thal the graph of the function 
has an inflection at the point (x/4, y (m/4)) = (/4, 1/2). 
Thus we can construct the following scheme: 


+ 


Reading the information on the scheme, we construct the 
graph of the function on the closed interval [0, =/2] 
(Fig. 8). Using the fact that the function is even, we 
complete the construction of its graph on the interval 
[—x/2, n/2] (Fig. 9). 


Bearing in mind that the function is periodic, we 
construct ils graph on the whole domain of definition 
(Fig. 410). 


Fig. 11 


Finally, using the symmetry of the original curve 
about the z-axis, we obtain the whole curve (Fig. 11). A 


TV. Problems and Exercises for Independent Work 


Construct the graph of each of the following explicit 
functions: 
=1+22—0.524. 2. y=(x+1) (x—2)?. 
- y=0.42—0.523+ 0.125. 4. y= (1—2)-1. 
y=a2t({4a2)3%. 6 y=(1+2)4(1—2)-4. 
y= a? (a—1)(e4+1)?%. 8 y=a(1—2?)2, 


cos z 


y= 2a7—14 (¢+1y!. 10. y= ere 


DIO G0 po 


oO 


a. 12. y=arcsin (sin z). 
13. y=sin(arcsinz). 14. y=arctan (tan 2). 
15. y=arctan (1/z). 16. y= (r-+ 2) ef/*. 
17. y=0.5(V papi Poa). 
18. y=VPTI-V eo. 
19. y= (a+ 2)?/3— (x — 2)7/8, 
20. y = (x + 1)¥/3 + (2 — 1)24. 
Construct the curves defined by the following equa- 
tions: 
24. y2= 822-274, 22. y®= (a—1) (x —2) (4 — 3). 
23. y? = (x—1) (x-}-1)7! 
(2A, y= 2? (1 —2) (1-+ 2). . 
25. y? == 24 (a-l- 1). 
26. 2? (y—2)?+4 2ry— y?=0, 
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11. y =arccos——, 


7.2. Investigation of Plane Curves 
Represented Parametrically 


I. Scheme for Investigation of a Curve 


The parametric equations of a plane curve have the 


form 
r=2(), y=y(t), tel. (1) 


We can use the following scheme to investigate and 
construct such a curve. 
“40, We find the set 7' which is the common part of the 
domains of definition of the functions z (¢) and y (t) (if 
the set 7 is not specified), noting, in particular, .the 
values of the parameter ¢; (including t; = -too) for 
which at least one of the one-sided limits lim 2z (t), 

t—te40 

lim y (é) is equal to +00 or —oo. 
tt ;+0 

20. We find out whether the curve possesses symmetry 
which makes it possible to cut down the calculations. 

3°, We find the zeros of the functions z(t) and y (t) 
and the domains where the functions are of constant sign. 

4°, We find the points ¢, at which at least one of the 


derivatives x (t), y (t) is zero or discontinuous. Note 
that the points ¢t;, indicated in 41°, and the points ty, 
found in this item, divide the set 7 into intervals where 


the derivatives x(¢) and y (t) are of constant sign. There- 
fore, on each of these intervals (¢,, ¢p4,) the function 
z(t) is strictly monotonic and, consequently, on the 
interval (t,, tp4,) the system of equations (1) gives 
parametrically a function of the form y = f (z) (see 4.1). 
The derivatives of this function are expressed by the 
formulas 


do 
f= 20 ; »_ af) 
z(t) z(t) 
We shall call the part of the curve corresponding to the 
change of the parameter ¢ from tp to tp+, a branch of the 
curve. Every branch of the curve is the graph of a func- 
tion of the form y = f (2). 
0°. We find the points ¢; at which f” — 0. 
6°. We compile a table of the form 
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(tp, tp+1) 


(Zp, Z p41) | 
(Yp, Yp+1) | 


Sign of f’ | 


In the first row we write the intervals of variation of 
the parameter ¢ whose boundary points tp and tp4, are 
the points we found in items 1°, 4° and 5°. In the second 
and third rows of the table we present the corresponding 
intervals of variation of the variables z and y. In the 
last row we give the sign of {” which defines the direction 
of convexity of the graph of the corresponding branch 
of the curve. 

7°. Using the table, we construct the branches of the 
curve corresponding to the intervals (tp, tp+1)- 

Remark 1. In 1° of the scheme we can find the asym p- 
totes to the curve (provided that they exist). To do 
that, we must bear in mind the following: 

(a) if +a) and yoo as tt, (t >t, +0 or 
tty —0), then t= 2 is a vertical asymptote to 
the curve, 

(b) if too and y +yo as tt, (t +t, +0 or 
t +t, —0), then y = y, is a horizontal asymptote to 
the curve, 

(c) if x—+oo and yoo as t+>t, (t( >t, +0 or 
t-»t, —0), then an oblique asymptote is possible 
which can be found in accordance with Theorem 4. 

Remark 2. When studying the symmetry of a curve 
(item 2° of the scheme), four cases must be borne in 
mind when it suffices to consider only the nonnegative 
part of the domain 7 rather than the whole domain: 

(a) WEE T: x(t) =2z(—t), y(t) = —y(—2) (sym- 
metry about the z-axis), 

(b) Wee T: z(t) = —2(—t), y@ =y(—t) (sym- 
metry about the y-axis), 

(c) WEE T: x(t) = —2(—t), y(t) = —y (—+*) (sym- 
metry about the origin), 
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(dd) Wee Tt: a(t) = 2 (—-4), y(t) =y (—t) (super 
position). 

Remark 3. If ¢, is a point found in item 4° of the 
scheme and if a(t) relains sign on the interval (tp-,, 
tp+i), then, on this interval, the system of equations (1) 
defines parametrically a function of the form y = f (2) 
for which the point z (¢,) is the point of a possible ex- 
tremum. We can find out whether z (tp) is the point of 
extremum of the function y = f(z) by considering the 
variation of y on the intervals (tp-,, tp) and (t,, tp+41). 

Remark 4. When investigating a curve, we may en- 
counter one of the specific singular points of the curve 
defined parametrically, a cuspidal point or cusp (see 
Example 2 in III). 


IJ. Control Questions and Assignments 


1. How can we calculate the derivatives of a function 
represented in parametric form? 

2. A curve is represented in parametric form: x = 
sin? t, y = cos*t. What interval is it sufficient to 
consider for the point (x(t), y (t)) to appear at every 
point of the curve only once when the parameter ¢ varies 
on that interval? 

3. How can we find the asymplotes to a curve repre- 
sented in parametric form? 

4. How can the symmetry of a curve represented in 
parametric form be investigated and used? 

5. Formulate the necessary condition for a local ex- 
tremum of a function represented in parametric form. 

6. Give a scheme of investigation and construction 
of a curve represented in parametric form. 


III. Worked Problems 


4. Construct the following curve represented in param- 
etric form: 
t t (1 —202) 
caeraies (Pa Y=—{—R 
A 19 We have 
x € (0, +00) U (—0, +00) U (—00, 0), 
y € (—o0, —oo) U (+00, —oo) U (+00, +00). 
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It follows that c — 0 is a vertical asymptote to the curve, 
and as t --—1 and ¢ +1 oblique asymplotes are pos- 
sible. Indeed, 


lim 4 = lim (1—2)=—41, 


x-+to 7 t+1i+0 
lim (y+z)= lim 2t=2. 
x—>=b00 t+>1+0 


By analogy we find the limits as t > —1: 


lim 2=—1; lim (yta2)=—2. 
x00 = XxX >+t00 
Thus the curve has two asymptotes y = —x + 2 and 
| le 2. 
2°. Since x(t) = —x (—t), y(t) = —y (—), the curve 


is symmetric about the point O(0, 0). It is therefore 
sufficient to consider the set M = [0, 1) U (1, -foo). 

3°. On the set M we have x (t) = 0 for t =0, y(t) =0 
for t = 0 and ¢ = 41/V'2. 


. 4-422 . 214 — 512 
“. 2()=ae y(Q= a. On the set 


M we have x(t) >0, and y (2) =0 for t,= 
0.5) 5—Y 17~ 0.47 and t,=0.5/ 54) 17 © 1.51. 


: diag 
50 fist = att — 542 +4 fil ar f) = 
x 4+22 i f= > — 
zx 


—At (1— 1?) (3-422 m 
eee. Hence f”"<O for £€(0, 1), f7>0 
for ¢€ (41, +00). 

6°.. We compile a table: 


(tp, tp) | O, van | (0.47, 1) | a, 1.50 5 $e) 
(zp, =ps) | (0, +00) | (0.6, +0) | (-00, —0.7) | (-0.7, 0) 


(yp, Yp+1) 


(0, 0.3) | (0.3, —0o) | (+00, 2.3) | (2.3, +-oo) 
Sign of f” | + | + | = | = 
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Fig. 12 Fig. 13 


7°, We construct the part of the curve corresponding 
to the set M (Fig. 12). Next, resorting to the symmetry 
of the curve, we construct the whole curve (Fig. 13). zA 

2. We construct a curve represented in parametric 
form: 


a= 2t—?, y= 3t —#. (2) 
A 19. We have 

t € (—o, +0), 

xz € (—0o, —oo), 

y € (-- oo, —o). 
Thus, as r-—oo (t+ 00), oblique asymptotes are 
possible. However, lim _= lim sr =0, i.e. 

X>—00 l—>+00 t—t 


there are no asymptotes. 


2°. The curve does not possess the properties of sym- 
metry and periodicity. 
3°, We have z =0 for £=0 and ¢t = 2; y = O for 


t=0, t= —V3 and t= V3. 
4°. We find that x(t)=2(1—f =0 for t=14, 
y(t) = 3(1—#) =0 for t= —1 and t= 1. 
5°. Since f”=- Tah y° it follows that f’>0 for 
<1, f’<0 for t>1. 


12-01632 477 


6°. We compile a table: 


(tp, tps) | (=p 1) | (—1, 1) | (1, -F 00) 


(Zp, Zp+1) (—©, —3) (—3, 1) | (1, — oo) 
(Yp, Yp+1) (+0, — 2) | (—2, 2) (2, — oo) 
| 

Sign of jf” + ee | me 


7°. We construct a curve (Fig. 14). 

Note that if we consider ¢t to be time and the curve 
defined by the system of equations (2) to be the trajec- 
tory of motion of the point on the zy-plane, then 


Fig. 14 


{z, y} is the velocity vector of the motion of that 
point. For ¢=1 in this example we have z(t) =y (t) = 0, 


i.e.4the velocity is zero and x() and y (t) change sign 
when passing through t=1. This means that as 
t+1—0O the point moving along the trajectory 
approaches the point W(1, 2) (see Fig. 14), stops at 
the point W at the moment t=1 and then moves in 


the opposite direction. Since lim A ee lim ue ’ 
7 t+1-0 x(t) t>140 z(t) 
the branches of the trajectory corresponding to t < 1 
and t > 1 have the same one-sided tangent for t = 1, 
i.e. at the point W (1, 2). The point W (1, 2) is known 
as a cuspidal point, or cusp (this name evidently corre- 
sponds to the physical interpretation considered above). A 
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Remark 1. it is sometimes possible to obtain param- 
etric equations for the curve defined by an equation 
of the form 


i (x, y) = U. (3) 


Here is the way to do this. We set y = a@ (t) x”, where 
a (t) and n are the requisite function and number. Sub- 
stituting the expression for y into equation (3), we get 
F (x, a (t) c") = 0. Let « = p(t) be a solution of this 
equation. Then 
z= (i), y= a(t) o" @) =p (2) 

is a parametric equation of this curve. In practical ap- 
plications the choice of the function @ (t) is determined 


by the form of the function F (z, y). 
Let us consider a curve defined by the equation 


ai + y? = day. (4) 


a 
This equation can be satisfied by the coordinates z and 
y of only those points which lie in quadrants I and III 
or on the coordinate axes, i.e. the inequality zy >0 
must be satisfied. To pass to the parametric equations 
of the curve, we set y =x Vtant. Substituting this 
expression into equation (4), we obtain 


zt (1+ tan? ¢) = 22°) tant, 


whence z = 0 and « = #4 tant cos t. The first solution 

zx = 0 is contained in the second for t = 0. Thus the 

parametric equations of the curve have the form 
z=V4tantcost, y= /4(tant)cost. 


However, we can introduce tlie parameter ¢ in another 
way, setting, for instance, y = xt. Then we arrive at 
the following parametric equations of the curve: 


=V 2t = 208 

7=V Tar YOV Fe 

and 1248 
baat -Y te ee, | gee 
a ta Y= tu 


Investigate the curve for both cases of introduction of 
the parameter ¢ as an exercise. 
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Remark 2. We can investigate a curve represented in 
polar coordinates using the scheme presented in this 
section. Indeed, assume that in the polar system of 
coordinates ((p, p) Lhe curve is defined by the equation 
0 =f (p). Then, expressing the Cartesian coordinates 
in terms of the polar oncs 


| Z=pNCos Pp, 
y=psing, 


we get the parametric equations of the curve (p is a 
parameter) 


xz=f(p)cosp, y=f(p) sing. 


IV. Problems and Exercises for Independent Work 


Construct the curves defined by the following equa- 
tions: a 
97. c=“ GLhiyotte4y 

me ea ee y=z (t—-1). 

Sos gen so 
se ae cae er 
eo 8 ere: 
si ene We bea re 


30. c= —54 205, y= — 322-4233, 


_ e+ ee 
31. “Fin? YT 

_ (422 aye 
32. 2=. fa he pe 
33. 2 t—12 12—43 


te’ ’- Tye 

Passing to parametric equations, construct the curves 
defined by the following equations: 

34, 2° + y® = 3azy, where a > 0 (Cartesian folium). 

35. (7 — a)* (z* 4- y*) = b?z*, where a>0, b>0 
(conchoid of Nicomedes). Consider the following cases: 
(a) a>), (b) a= b, (c) a<b; in each case define 
the character of the singular point of the curve O (0, 0). 

36, 22 + y?/} — a?/, where a > 0 (astroiad). 

37, 26 + 223y — y®. @ Sel y = xl. 

38. 4y? = 40°y 4+- 2°. @ Set y = 2°t. 

39. a4 |. 2y? = 422y. 40. 23 — Qaty — y® = 0. 

A. ey? 4-y = 1. @ Set y = tle. 
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42, 23 + y = 32. 43. y® + 24 = ay’. 

44, x9 — yt + ay = 0. 45, 2? 4. y® = wy”. 

Construct the curves delined by the following equations 
in the polar system: ; 

46. p = 5/9 (OS |< 4-00). | 

47. p? = 2a* cos? gp. 

48. p =acosp 4b. 

49. 9p = asin 3p (a > 0). 


50. p = 2// cos 39. 


Chapter 8 
The Definite Integral 


8.1. Integrability of a Function 
(in the Sense of Riemann) 
and the Definite Integral 


I. Fundamental Concepts and Theorems 


{. Integral sums and the definite integral. Let the 
function f(z) be defined on the closed interval [a, }] 
(where a < b). We shall designate the arbitrary partition 
of the interval [a, b] by the pointsa=2<2,<... 
<ws, = 0b into n subintervals [x;-,, x;] (i = 1, 2, 3, 

.., n) as T [a, b], or simply as 7. We set Az; = x; — 
X;-;. On each subinterval [z;_,, z;] we choose an arhit- 
rary point € and form a sum: 


Pap f (Ei) Az; = 7 (2;, &:)- 


The number J (2;, §;) is the integral sum of the function 
/(z) which corresponds to this partition 7' le, 6] and to 
this choice of the inlermediale points €; on the sub- 
intervals [x;_,, 2;]. We introduce the designation A = 
max A2;. 
{<isn 

Definition. The number I is the limil of the integral 
sums I (x;, §:)) as A +0 if Ve > 0 36 > 0 such that for 
every partition T la, bl, for which A <6, the inequality 
llr, §:) —T | <e holds true for any choice of the 
intermediate poinis &; on [x,_,, 7;)- 
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Definition. The function f(z) is Riemann inte- 
grable on the closed interval [a, b] if there is a_ limit 
lim 7 (z;, &;) = J. 

A>0 

In that case the number J is the definite integral of 

the function f (x) over the interval [a, b] and is written as 


b 
T= f(a) aw. 


2. Darboux sums. Let f(x) be defined and bounded 
on (a, b]. To carry out the arbitrary partition 7 [a, b], 


we introduce the designations m,;= inf f(z), 
[xy 4] 
M;= sup f(z) and form sums 
[¥j_y. %;] 


n n 
s= >) m;Az;, S=)) M;Az;. 
i= i=1 
The numberssand S are the lower and the upper sum 
(Darboux sums) corresponding to this partition 7 [a, dl. 
It is evident that s< J (z;, &;) << S§ for a fixed par- 
tition 7 [a, b] and any choice of intermediate points on 
this partition. 
Here are the properties of Darboux sums. 
1°. For any fixed partition 


s= inf {7 (z;,§&)}, S= sup {I (x;, §)}- 
over all over all 
collections of collections of 
points &; points &; 


2°. If we have obtained partition 7’, from partition 7; 
by adding several new points (i.e. by refining 7',), then 
the lower sum s, of the partition T, is not smaller than 
the lower sum s, of the partition 7’, and the upper sum S2 
of the partition 7, is not larger than the upper sum 8, 
of the partition 7,: s;<s,, S,< Sj. 

3°. The Jower sum of an arbitrary partition does not 
exceed the upper sum of any other partition. 

4°, Let {s} and {S} he the sets of various lower and 
upper sums for any partitions of [a, b]. The numbers 


I= inf {S}. [= sup {s} 
over over 
all partitious all partitions 
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are the wpper and the lower Darboux integral, respec- 
lively. 

The lower Darboux integral does not exceed the upper 
one: Jl, 

5°. Darboux lemma 


lim S=7, lims=J. 
A>0 A>0 a 


3. The necessary and sufficient conditions for integra- 
bility 

Theorem 1. For the function f (x) bounded on the closed 
interval [a, b] to be integrable on this interval, it is neces- 
sary and sufficient that I =I. 

Theorem 2. For a function bounded on the closed interval 
[a, b] to be integrable on this interval, it is necessary and 
sufficient that We > 0 there should be a partition T [a, b] 
(at least one) for which 


S—s<e. (4) 


Recall that the number o; = M; — m; is the oscillation 
of the function on the interval [z;_,, z;]. 
We can wrile condition (1) in the form 


n 


S—s= » w;Az; <é. 


i=1 


4. Some classes of integrable functions 

Theorem 3. A function f (x) continuous on the closed 
interval [a, b] is integrable on this interval. 

Corollary. Every elementary function is integrable on 
any closed interval which lies entirely in the domain of 
definition of that function (since it is continuous on this 
interval). 

Theorem 4. Let f (x) be bounded on the closed interval 
la, b]. Jf Ver>O there is a finite number of intervals 
which cover all points of discontinuity of f (x) and the 
sum of whose lengths is smaller than ©, then f (x) is inte- 
grable on the interval [a, 6). 

Corollary. A piecewise-continuous function (a function 
which has a finite number of points of discontinuity of the 
first kind on the closed interval [a, b]) is integrable on 
this interval. 
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Remark. If the conditions of Theorem 4 are fulfilled, 


b 


then the value offthe integral ( f (x) dz does not depend 


a 
on the values of f (x) at the points of discontinuity. We 
therefore often raise and solve the problem of calculation 
of the integral of a function which is not defined either 
at a finite number of points of the interval [a, b] or on 
the set of points which can be covered by a finite number 
of intervals of an arbitrarily small length. In that case 
we assume that the definition of the function / (2) is 
completed arbitrarily at these points but the function 
remains bounded on the interval [a, b] and, consequently, 
integrable. 
For example, strictly speaking, the integral 


4 
sinz - 
{ AF de (2) 
0 
does not exist since at the point x=0 the function — 


1 
is not defined. However, the integral j f(x) dz, where 
0 


sin z 
i (2) -| = for z=£0 
Cc for zx=0 


exists and is independent of the choice of C. We there- 


fore ‘assume that integral (2) also exists and is equal 
1 


to j f(z) dz. 
0 


Theorem 5. A function f (x) monotonic on the closed 
interval [a, b] is integrable on this interval. 


"(C is an arbitrary number), 


II. Control Questions and Assignments 


1. What is a partition of the closed interval [a, UI? 

2. What is the integral sum of the function f (2) on the 
closed interval [a, b]? 

3. Give a definition of the limit of integral sums when 
the mesh size of the partition (A 0) approaches zero 
on the closed interval [a, b]. 

4, What'is the definite integral? 
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5. What is an integrable function? 

- Prove that an unbounded function is not integr- 
able. 

7. Is the function f (z) = 1/x inlegrable on the closed 
interval [1, 2]? on the closed interval [—1, 1]? 

8. Is the function f(z) = tan zcotz integrable on 
a ee interval [x/6, 2/4]? on the closed interval 
—1, 4)? , 

9. Is thefunction f (7) = e-!/* integrable on the closed 
interval [—3, —2]? on the closed interval [—1, 0]? on 
tlie closed interval [—1, 4]? 

10. Is every bounded function integrable? Substantiate 
the answer by giving examples. . 

44. What are the lower and upper Darboux sums? 

12. Name the properties of the Darboux sums. 

13. Formulate the necessary and sufficient conditions 
for integrability (two variants). 

14. Recall the classes of integrable functions you 
know. Give examples of functions belonging to those 
classes. 

15. Think of an example of a function monotonic on 
the closed interval [a, b] which has an infinite number 
of points of discontinuity. Is such a function integrable 
on [a, b]? 


{1I. Worked Problems 


1. A constant function f (2) = C is integrable on [a, 0] 
since the integral sums have the same value for any 
partition and any choice of the points §&;: 


n 


1 (xj, E)= 2 1G) AR =CD Az; =C (b —a). 


b 
TIence (Cae =-Jim / (a, &) —C (b—a). 
- A>0 


2. Prove that the Dirichlet function 
QO if ga is irrational, 
D(x)=| 4 if a is rational 
is not integrable on any closed interval [a, bl. 


A Indeed, on any arbitrarily smal! closed interval 
[2;-,, 2;] there are both rational and irrational points. 
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If we choose rational €; on all intervals, then J (2;, §:) = 
b — a; now if all &; are irrational, then J (z;, §;) = 9. 
Alternating these choices as A +0, we find that the 
limit IJ does not exist. This means that the Dirichlet 
function is not integrable. A : 

3. Verify whether condition (1) of Theorem 2 is 
fulfilled for the function f(z)=1+2z on the closed 


4 

interval [—1, 4] and calculate I= | (1-2) dz as the 
aa 

limit of integral sums. 

A According to Theorem 2, for an arbitrary e > 0 
we must indicate a partition of the interval [—1, 4] 
for which S —s<e. 

We divide the interval [—1, 4] into n equal parts. 


? 


On each subinterval [z;_,, zJ=[—1+ 5 (i—1) 


n 
—14+=] the continuous function 1+ 2 attains the 
greatest lower bound at the left endpoint of the inter- 


val and the least upper bound at the right endpoint. 
Therefore 


~n 
I 


(MeiMe 
2 
I 


ze 
~ 
= 
| 
es) 
Jen 
I 
Is 
on 
M 
= 
ay 
| 
— 
= 


~ 
tl 
aa 
Cd 
ll 
= 


n 


>} Mids; 34 (—14%).% 


==1 i=1 
t nr 
5 i 5 25 j 
n no ne 
i=! i= 
Ilence 
n n 2 
25 . . = 5 25 
s—s=3 (2 i-dli 1) = 72 DS ae 
i=l i=1 


if n>25/e, i.e. for this number n of the points of 
division of the interval [—1, 4] inequality (4) is 
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satisfied. This means, according to Theorem 2, that 
4 
the integral ie (1+ x) dz exists. To calculate it as 


-1 

the limit of inlegral sums, we can consider any sequence 
of integral sums for which A —0 since it follows from 
the existence of the integral that the limit of any sequence 
of integral sums exists when the mesh size of the partition 
approaches zero and is equal to J. 

We take, for instance, a sequence of integral sums 
which corresponds to the partition of the interval [—1, 4] 
into n equal parts (i = 1, 2, ...) and to the choice of 
the right endpoints of the subintervals as the points &;. 
In this case, for the increasing function f (z)=1+<2 
the integral sum is equal to the upper sum 


n 
S=)) Si, whence we obtain 
1 : 
(4+ x) dx = lim 72 a >i=lim Bin (eet = 


N->co noo 
1 i=l 


' 
- io, Il 


Thus j (14-2)d2=25/2. 


a 
4. Prove that the Riemann function 


9) ={ 


where m and n (n > 1) are ae integers, is integr- 
able on any closed interval [a, b 

A We again use Theorem 2. We specify an arbitrary 
€ > U and “then the function p (x) satisfies the inequal- 
ilies 


0 if zx is irrational, 
1/n if e=m/n, 


Gay <p(e) <1 


only at a cerlain finite number 4 of points. 

This follows from the fact that all rational points of 
the closed interval [a, b], i.e. points of the form m/n, 
can be enumerated in the following order: first points of 
the form m/1, then m/2, then m/3 and so on. The corre- 
sponding values of the function ¢ (x) at these points are 
1/1, 1/2, 1/3, ..., ie, decrease with the passage to each 
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subsequent group of points, the number of points of 
each kind being finite. Thus the number N of the indi- 
caled points will include those points for which 


b—a 
whence n< Cr) 


It is clear that the number of such points is finite (let 
it be J). 

We cover these N points with a finite system of pair- 
wise nonintersecting closed intervals with the total sum 
of lengths smaller than e/2. We designate the lengths of 
these intervals as Azj;. We have thus obtained a certain 
partition of [a, b]. On the subintervals with lengths Az; 
the oscillations w; of the function (2) are not larger 
than unity since Vz €la, b] O<@(z)<1. We also 
have a certain finite number of the other subintervals 
(we designate their lengths as Azj). The oscillations 0 
of the function @ (z) on those subintervals do not exceed 


CG Therefore tlie following estimations are valid 
for the partition obtained: 


S—s=} ojAz; = 3 wjAri+ ¥ oiAai 
is pene a 2 & 8 
<1: Di Atitsgay Dd Ati< UE pgp b—a) ae. 


Thus, using the specified ¢ > 0, we have found a partition 
of the closed interval [a, b] for which § —s < &; con- 
sequently, according to Theorem 2, the Riemann [function 
(p (z) is integrable on any closed interval [a, bl. &A 


9 
dz 
5. Calculate J “cost (i--tan?z) * 


A This integral is of the type considered in the Remark 
to Theorem 4 since 


1 
f() = cos? xz (1-+ tan? x) 
| 1 for USr<n/2, nW/2< acu, 
is not defined for 2=27/2. 


extending the definition of this function to the point 
m/2, say, by continuity, i.c. selling f (a/2) = 1, we get 
f(z) =1 VzeEl0, x], and, consequently, the required 
integral is equal to a. A 
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IV. Problems and Exercises for Independent Work 


1. For given functions, on the indicated closed inter- 
vals, find the upper S and the lower s Darboux sum 
Ww hen the interval is divided into 2 equal parts: (a) f (x) = 
eB ryer<ss, (b) f(z) = 2%, OS ce < 10. 

2. Calculate the following definite integrals as the 
limits of integral sums: 


(a) \ a2dx (it is convenient to divide the interval- 
-1 
[—1, 2] into equal parts), 


dz 


ar (it is convenient to choose B= V 2; 2i44)s 


3. a that the faeusn i@= pane he 
z=£0, {(0)=0, is integrable on the closed interval 


’ 


4. Prove that the function f(z)=sgn (sin =) is 
integrable on the closed interval [0, 1]. 


8.2. Properties of the Definite Integral 


I. Fundamental Concepts and Theorems 


1. Properties of the definite integral 
1°. By definition, | 1) da == 0. 
b a 


2°. By definition, | f(x) dz= — j f (x) dz. 
b 


3°, Linearity of the integral. If f(z) and g (zx) are 
integrable on [a, b] and @ and 6 are any real numbers, 
then the function af (x) -+ Bg (z) is also integrable on 
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(a, b] and 
b b b 
j af (z) + Bg (z) dz=a J 7@) dz+ 8 j g (x) da. 


4°. If f (z) is integrable on [a, b], then the function 
| f (x) | is also integrable on [a, b] and 


| 7 ce I< | [f(a)| dz (a<d). 


5°. If f (z) and g (2) are integrable on [a, b], then the 
ee { () g (x) is also integrable on [a, )b]. 
. If f (x) is integrable on [a, 6], then it is integrable 
on ee closed interval [c, d] Cla, b). 
7°, Additivity of the integral. If f(x) is integrable 
on [a, c] and on [c, b], then it is also integrable on [a, 5), 
and 


f(z) dz+ f (x) da = f (x) da. 


In that case the position of the point ¢ may be arbitrary 
relative to a and b. 


In properties 8°-10° we assume that a < b. 
8°. If f(x) is integrable on [a, b] and f(z)>>0, then 


b 
j f(x) dz>0. 
9°. If f(z) and g(z) are epee on [a, b] and 
b 
{(*)S>g¢ (x) VxE[a, b], then 7) dz> g (x) da. 
10°. If f(x) is actos on [a, 6], i@s 0, and 
f(t) $0 on [a, b], then JK >0 such that f(x) dz>K. 
2. Mean value formulas nie 
Theorem 6. Assume that f (x) and g (x) are Eales 
on la, 6], g(z)>0 (g(t) <0) VWrela, 4, M = 


sup f (2), m= inf f(2). Then there is a num ber 
[u, 6) [a, b] 
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we E fm, MM] such that 
b 


7) 
J f@) el dz=p J g(aae. (f) 


a 


Corollary 1. If we set g (x) = 1 in formula (4), then 


b 
\ f (xe) dr=p(b—a), where p€[m, AV]. (2) 


a 


The number p= | F(z) dz is the mean value ef 


a 


b—a 


the function f(x) on the closed interval [a, b). 

Corollary 2. Jf the conditions of Theorem 6 are fulfilled 
and the function jf (x) is continuous, then J§€ Ela, bd] 
such that 


b b 
\ f@)g@)dz=7® | g(a) ae. (3) 


a 


Corollary 3. Jf f (x) is continuous on [a, b], then JE € 
{a, b] such that 


| fe) de=f@ ba). (4) 


a 


II. Control Questions and Assignments 


1. Enumerate the properties of the definite integral 

2. Does the integrability of a sum imply the integrabil 
ity of the summands? Give examples to substantiate the 
answer. 

3. Consider similar questions concerning the differ- 
ence, the product and the quotient of two functions. 

4. Is the sum of two functions inlegrable if one sum- 
mand is integrable and the other is not? 

5. Consider similar questions concerning the differ- 
ence, the product and the quotient of two functions. 

6. Is the sum of two nonintegrable functions integr- 
able? Give examples to substantiate the answer. 

7. Consider similar questions concerning the differ- 
ence, the product and the quotient of two nonintegrable 
functions. 
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8. It is known that | f (x) | is an integrable function. 
What can you say of the integrability of / (x)? Give 
examples. 

9. Assume that f (x) is integrable on [a, c] and non- 
integrable on [c, b]. What can you say of ils integrability 
on la, 

b 


10. It is known that \ #@) dz>0. Does it follow 


that f(x)>0 Vze€[a, bl? Give examples. 


b 


b 
11. It is known that j f(x) dz> | e@) dz. Does it 


follow that f(x)S>g(x) Vzx€[a, b]? Give examples. 
12. Give several variants of the mean value formula. 
Under what conditions does it hold true? 


III. Worked Problems 


14. Prove that the sum, the product and the quolient 
of two nonintegrable functions. can be integrable. 
A Let f(z) = 2+ D (2), g(t) = 24D (x), where 


> | O if x is an irrational number, 
(q)= 4 if x is a rational number 


(i.e. D (x) is a Dirichlet function). 

Recall that the function D (z) is nonintegrable (see 
Example 2 in 8.1). The function f(z) = 2 -+ D (z) is 
nol integrable either. Indeed, if we assume that f (2) 
is integrable, then the difference of two integrable func- 
tions f (v) — 2 = D («) must be integrable according to 
property 3°, but this contradicts the fact that D (zx) is 
nonintegrable. Since g (rz) =f (x), it follows that g (z) 
is nonintegrable. Let us consider the function 


4 4/2 if x is an irrational number, 


hie) = ate = | 


g (z) 1/3 if x is a rational number. 


This function is not integrable either. The proof is similar 
to the proof of the nonintegrability of a Dirichlet fune- 
lion. 
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We set up the sum, the product and the quotient of 
nonintegrable functions: 


FP, (@) =f (2) + (—g (@)) =9, 
F, (t) =f (2) h (ce) =1, 
P, (a) =f (lg (2) =1. 


Being constant, the functions F,, F, and F; are integrable 
on any closed interval [a, b]. Thus the integrability 
of a sum or a product does not imply the integrability 
of the summands or factors. A 

2. Prove that the product of the integrable function 
{ (x) by the nonintegrable function g (x) may be (a) an 
integrable, (b) a nonintegrable function. 

A (a) Let us consider, for example, an integrable func- 
tion f(z) =0 and a nonintegrable Dirichlet function 
D (x) on [a, b]. Since f (z) D (x) =0, it follows that 
f (x) D (z) is an integrable function on [a, 6]. 

(b) Let f (z) = 2 and g(x) =D (z) on [a, 6]. Then 
f (2) g(x) = 2D (2) is a function nonintegrable on 
fa, Od). 

3. Finds the mean value of the function on each of the 
indicated closed intervals: (a) f (z) = cos x on [0, 3x/2], 
(b) f (z) =sgnz on [—4, 2]. ; 

A We seek the mean values pw using formula (2): 


30/2 9 
(a) — \ coscdz= —<, Note that the con- 
0 
tinuous function cosz assumes the value p=— 2/(3n), 
namely, cos E=—2/(3m), at the point §—arccos 


(-<) E[ 0, sa of the closed interval [0, 32/2]. 


2 
(b) p =+ j sgn ade=—. In this case the discon- 


tinuous function sgnz does not assume the value 
p= 1/3 on the closed interval [—1, 3]. A 


TV. Problems and Exercises for Independent Work 


5. Prove that the sum of an integrable and a non- 
integrable function is a nonintegrable function. 

6. Find out whether the following functions are inte- 
grable on the closed interval [0, 4]: 
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QA@=27, 0 a@=ie, ) hO+a, 
(a) fy (2) 8: (@), (©) fo @) = V2, (Cf) fo @ & @). 
7. Let 
1 for —2<7<0, 
f(a) =| D(z) for 0<2<2, 
where D (x) is a Dirichlet function. Is the function f (x) 


integrable on the closed intervals [—2, 2], [—2, —41], 
[—1, 1], [1, 2]? 


b 
8. Let there exist j \f(z)| dz. Does it follow that 


the function f(z) is ‘integrable on the closed interval 
{a, bj? Consider the example 


4 if x is a rational number, 
(=| 


9. Assume that f (c) = sin x, g (xz) = 0.5 sin x and that 
(a) OS ran, (b() OS X<3n/2. In which case are 
the conditions of property 9 satisfied? 

10. Find the mean value of the function on each of the 
indicated closed intervals: 


—1 if z is an irrational number. 


(b) f (2) =sgnz on [—2, —4], [—2, 11, [-4, 3] 
{[—2, 2}, [4, 2. 

Is the mean value of the function on each interval 
one of the values of the function on that interval? Explain 
why in some cases the answer is positive and in the other 
negative. 

11. Find the mean value of the function on each of the 
indicated closed intervals: 


(a) f(z) = Vz on [0, 4], (0, 10}, {0, 100}, 

(b) f (2) = 10 4+- 2sinz + 3cosz on [—na, al, 

(c) f (z) =sin sin (x +) on [0, 2a]. 

12. Find the mean value of the velocity of a body 
falling freely from the altitude h with the initial velocity 
Uo- 
‘ 13. The strength of an alternating current varies accord- 
ing to the law 

amt 


t=i,sin (+9) A 
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where i, is the amplitude, ¢ is time, 7 is the period and 
(p is the initial phase. Find the mean value of the square 
of the current strength: 

(a) on the interval of time [0, 7], 

(b) on the interval [0, 7/2] (the period of the function 
is i? (t)), 

(c) the arbitrary interval [0, ¢,] and the limit of 
that mean value as ty oo. 


8.3. Newton-Leibniz Formula 


I. Fundamental Concepts and Theorems 


1. The antiderivative of a continuous and a piecewise- 
continuous function. Let the function f (z) be integrable 
on the closed interval [a, b]. The function | 

x 
F(x)=|f(dt (a<x<b) 


a 


is an integral with a variable upper limit. 

Theorem 7. The function f (x) continuous on the closed 
interval [a, b] has an antiderivative on this interval. One 
of the antiderivatives is a function 


x 


F (2) = a0) at. (1) 

a 
Remark. An integral with a variable upper limit is 
defined for any function / (2) integrable on [a, b]. How- 
ever, for the function F (x) of form (1) to be an antideriv- 
ative for f(z), it is essential that the function f (z) be 


continuous. 
Here is an example which shows that an integrable 


function may have no antiderivative. Let 
{ for 2>0, 
f(z) =sgnz= 0 for r=0, wcé[—1, 1]. 
—1 for z<0. 


This function is integrable on the closed interval [—1, 4] 
since it is piecewise-continuous, but, as was pointed 
out in Chapter 5, has no antiderivative. Indeed, any 
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function of the form 
—az+C, for <<0 

F@ay=| 
z+C, for «>0, 


where C, and C, are arbitrary numbers, has an antider- 
ivative equal to sgn x for all x 40. But even “the best” 
of these functions, i.e. the continuous function F (z) = 
|x |+ C (if C, = C, = C), does not have an antideriv- 
ative for x = Q. Therefore the function sgn x (and, in 
general, every piecewise-continuous function) does not 
have an antiderivative on any interval containing a 
point of discontinuity. 

Here is an extended definition of an antiderivative 
ea is suitable for piecewise-continuous functions as 
well. 

Definition. The function F (x) is an antiderivative of 
the function f (x) on the closed interval [a, b] if: (4°) F (z) is 
continuous on [a, b), (2°) F’ (x) =f (x) at the points of 
continuity of f (2). 

Remark. The function f (x) continuous on [a, b] is a 
special case of a piecewise-continuous function (‘a piece 
of its continuity” coincides with the whole interval [a, b]). 
Therefore for a continuous function the extended defini- 
tion of an antiderivative coincides with the old definition 
since F’ (x) =f (x) Vx Ela, b] and the continuity of 
F (x) follows from its differentiability. 

Here is an example of a function which has an anti- 
derivative in the “new” sense and has no antiderivative 
in the “old” sense. The function f (xz) = sgn had no 
antiderivative in the “old” sense on [—1, 1] whereas in 
the “new” sense the function F (z) = |x | is its anti- 
derivative since it is continuous on [—4, 1] and F’ (x) = 
f (x) for x 0, i.e. everywhere except for the point of 
discontinuity z = 0. 

The significance of the extended definition of the anti- 
derivative is clear if we consider the following result 
which retains Theorem 7 with the “new” definition of the 
antiderivative for piecewise-continuous functions. 

Theorem 8. The function f(x) piecewise-continuous on 
the closed interval [a, b] has an antiderivative on this 
interval in the sense of the extended definition. The 

x 


function F (x)= j f(t)dt is one of the antiderivatives. 
a 
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2. Newton-Leibniz formula 
Theorem 9. For piecewise-continuous functions the 
Newton-Leibniz formula 
b 
\ f (x) da =F (b)— F(a), 


a 


holds true, where F (x) is an antiderivative of the function 
f (x) on [a, b] in the sense of extended definition. 

2 2 
For example, \ senzdz=|z| | =2—1=1. 

i ad 


3. The method of a change of variable 

Theorem 10. Let 

(4°) f (x) be defined and continuous on [a, 5), 

(2°) z = g(t) be defined and continuous, together with 
the derivative on [a, B),.where g («) = a, g(B) = b and 
axg(t)<d. 

b 


B 
Then j f («) da= \ f(g (t)) g (t) dt. 
a a 
4. The method of integration by parts 
Theorem 11. /f f (x) and g (x) have continuous deriv- 


atives on [a, b], then 
b 


b 
2 a (2) g (x) de. 


a a 


b 
| £ (2) g (2) dw =f (2) g (2) 


II. Control Questions and Assignments 


1. What is an integral with a variable upper limit? 
For what integrand functions is it an antiderivative? 

2. Give an extended definition of the antiderivative 
which is suitable for piecewise-continuous functions. 

3. Under what conditions does the Newton-Leibniz 
formula hold true? 

4. The function f (z) is known to have an antideriv- 
ative on [a, b]. Is f (2) integrable on [a, b]? Consider 
an example f (x) = F’ (x), where 


2* sin ({/z) for 240, 
F@=| 0 for z=0, xeE[—1, 4]. 
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5. Enumerate the conditions under which (a) the 
formula for a change of variable and (b) the formula for 
integration by parts hold true. 

6. By means of what substitutions can the integrals 
which contain (a) linear fractional irrational expressions 
and (b) quadratic irrational expressions be calculated? 

7. What kinds of integrals can be conveniently cal- 
culated by means of trigonometric substitutions? Give 
examples. 

8. What kinds of integrals are convenient for evalua- 
tion by integration by parts? Give examples. 


III. Worked Problems 


x 
{ cos (#2) de F 
1. Find lim *—_——, 


x0 


A This integral is an indeterminate form 0/0. The 
x 

integral with a variable upper limit f cos (2) dt is an 
0 


antiderivative of the continuous function cos z2, i.e. 
x 


( | cos (¢?) at) = cos (z*). Therefore, applying L’Hospi- 
0 ; 
tal’s rule, we obtain 


x 

{ cos (12) de 
lim 2-—____ = lim 
x0 # x->0 


cos (x?) of 


Note that an antiderivative of cos (x?) is not an ele- 
x 
mentary function, i.e. { cos (t?) /é cannot be expressed 


0 
in terms of elementary functions. This, however, has not 
prevented us from calculating the required limit. & 

2. Find an antiderivative of the piecewise-continuous 
function ° 


for |z|<1, 


f={ 0 for |z|>41, ER, 
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A One of the antiderivatives is an integral with a 
variable upper limit, and we can take any number, say, 
x = —2, as the lower limit of integration. Thus 


x 


F(a) = | f(t) de 


-2 


| 0 for z<—1, 


z+i1 for —i<r<ct, (Fig. 15). Az 
2 ~~ for zl, 


cos z dz 
V t—sin?z * 


19 

3. Calculate J= j 

0 

A ist technique. The integrand f (z) is not defined at 
the point z = x/2. We divide the closed interval [0, x] 


F(x) 


Fig. 15 


in two: [0, 2/2] and [x/2, x]. Setting f (x/2) = 1 on the 
first interval, we obtain an integral of the continuous 
function f = 1: 


I,= | 1de=2 \ =x/2 
0 0 
On the second interval we set f (n/2) = —1 and again 
obtain an integral of the continuous function f = —1: 
8 1 
I,= | (-1)dc=—2 | ee 
m/2 1/2 


The final result is J, + 7, = 0. 
2nd technique. We use the extended definition of the 
autiderivative. The function F (xz) which. satisfies this 


499 


definition has the form 
x for 0<z<n/2, 
PF (z) = 
u—x for n/2<r<cn. 
Indeed, F (x) is continuous on [0, x] and F’ (x) = f (2) 
Wx €[0, x], x n/2, i.e. F’ (x) = f (xz) at the points 
of continuity of f (x). (Recall that x = n/2 is a point 
of discontinuity of f (z).) 
In accordance with the Newton-Leibniz formula valid 


for piecewise-continuous functions and for the extended 
definition of the antiderivative, we obtain 


= \ f(z) dz = F (z) =N—E|x-n—F|z-9 = 0. A 
0 0 


The following two examples show that a formal appli- 
cation of the Newton-Leibniz formula (i.e. the use of this 
formula without due account of the conditions of its 
applicability) may lead to errors in the result. 

1 


es . Taking the function 


4. Consider an integral | S- 
v Zz 


F (x) =) = as an antiderivative of the integrand function 


f(~j= 1/(2 Vx) and using formally the Newton-Loibniz 
formula, we obtain 


layer? ja. 


However, this result is incorrect since the function 
f(x)=1/(2 Vz) is unbounded on [0, 1] and, consc- 
1 


does not exist. 


quently, the integral j vr 
zx 


5. Consider an integral 


At first sight the function arctan ({/z) may seem to 
be an antiderivative of the integrand function 


4 
Mt arctan —- and then, from the Newton-Leibniz 
dz z 
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formula, we obtain 
ie | 

41 

I = arctan — 


z sy cael Cate oh cs a 


-1 
However, this result is incorrect since the functiom 
arctan (1/x) is not an antiderivative of + (arctan +) 


on the interval [—1, 1]. Indeed, Fig. 16a shows the graph 
of the function arctan (1/z). It can be seen that the function. 


arctan 


(Q) 
Fig. 16 


has a discontinuity of the first kind at the point « = 0 
whereas the derivative must be continuous at al! points 
according to the definition itself. 

To calculate the integral J, we note that the integrand 
function 


1 
$ (arctan +) -{ a for «0, 
- is not defined for z=0. 


Extending the definition of this function to the point 
x = 0 by continuity, we get a continuous function 


f(z) = a re[—1, 4]. 


The function F (z) = —arctan z is an antiderivative of 
f (2) and, therefore, from the Newton-Leibniz formula, 
we have 
1 
J=-—arctanz | =—7 4 (—z)= ole, 
a 4 x aoe 
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Note that we can also construct an antiderivative for 
f (x) using the function arctan (1/z), namely, 


arctan (1/2) for —1<2<0, 
® (x) = -+> for r=0, 


arctan (1/z)—2 for O0<z<1. 


The graph of ® (z) is shown in.Fig. 16b. From the Newlon- 
Leibniz formula we obtain 


{ 
-1 
6. Using an appropriate change of variable, calculate 
a 
i= j 22 V a— x dz. 
0 


We set x =asint, O<t<n/2. Such a change of 
variable satisfies all conditions of Theorem 4. Since 


Va? —2? =acost, dz =acostdt, it follows thal 


n/Z ri 0/2 
I=a‘ \ sin?tcos*¢dt = \ sin? 2tdt 
0 0 
4 mie 4 sb ig 
2.5 = 4 ee =o. 4 ., at 
ae j (1—cos 4t) dt=5 ( sin it) ) | T5° 
0 


The example that follows shows that a formal appli- 
cation of the formula for a change of variable (without 
due account of the conditions for its applicability) may 
lead to an incorrect result. 

7. If we perform a formal change of variable x= 4/t 


in the integral Te) moar and write 
f 1 ( dt 
ee aE = So 
I= | cet (—+) og J te 2° (2) 
=4 15 Pp - 


we evidently get a wrong result. 
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The error is due to the fact that the variation of z on 
the closed interval [—1, 1] is associated with the variation 
of t — 1/x not on the interval [—1, 1], as is written in 
relation (2), but on the union of the half-lines (—oo, —4] 
and [1, -+oo). Thus the indicated change of variable 
does not satisfy the requirements of Theorem 4. 


dz 
0 COSz ° 


on 
8. Calculate [= 
4+0 
eee 


es ; 4 : 
A ‘The integrand function f (z) = ToS esa '§ 
continuous on the closed interval [0, 2x] and, consequent- 
ly, has an antiderivative. An appropriate change of 
variable for finding an antiderivative of the function 
f(z) is t = tan (2/2) (see Chapter 5). However, when 
we seek the integral J, such a change of variable does not 
satisfy the conditions of Theorem 4 since the variation 
of ¢ on some interval does not correspond to the variation 
of x on the interval [0, 2x], i.e. ¢ = tan (x/2) + -}-00 
(—co) as r+ —O (xn +0). Therefore we use the 
indicated change of variable to find the antiderivative 
of the integrand function. We consider the indefinite 


integral \ Wee . The change of variable t=tan (2/2) 


is permissible for it on cach of the intervalsO<r<x 
and n<2r< 2n. 
In the first case the inverse function is z= 2 arctant 


(9<t< -+- 00), in the second case it is : = 2 (n-+ arctan t) 
—22 ) 
(—co<t<0). In cach case cost= 7 dra 7 : 


and we obtain 


® (x) = dz \ dt 4¢ 


1-0.5ces2 | | 348 


4 4 x : 
Sra arctan (py tan 5 )+e. 


For any constant C, the function @ (z) is an antideriv- 
4 


i+ cos & 


t=tan (x/2) 


ative of f (x)= on the intervals [0, =) and 

(x, 2x]. Since it has a discontinuity of the first kind 

at the point =a, ie. ® (x +0) — O(n) =— =F, 
i 

it follows that @M(z) is not an antiderivative of 
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i@)= 5a on the whole closed interval [0, 27]. 


However, using @(z), we can now easily construct an 


antiderivative for f(x) on the whole interval [0, 2m). 
We set 


4 4 x 

7g arctan (Ts tan) for O0<2<q, 
F(a) = aa for z=, 

4 1 z 4m ’ 

75 arctan (Fs tan 5) Tals for t< e<2an. 


We have thus taken C =0 on[0, x], extended the defini- 
tion of @ (x) (for C = 0) to the point z = x by continuity 
from the left and have taken C = 4n/V3 on (n, 2n). 
We have got a function F (x) whose derivative is equal 
to the function f (x) at all points of the interval [0, 2x], 
the point z = x inclusive (prove this fact for the point 
x = x yourself!), i.e. F (x) is an antiderivative of f (x) on 
(0, 2x]. From the Newton-Leibniz formula we have 


2m 
4n 4a 
[= = —F(0)= —=—-0= 
Ba RECN EO aga a 
Remark. We could have divided the integral J into 
4 2n 


two integrals [= \f@ dz+ | 7 (@) dz and use the 
0 Ea 
fact that the antiderivative of f (x) on [0, n] is the function 


xz 


5 ) for OS a<Qn, 


4 1 
—= arctan {| —-= tan 
3 ( V3 
io on for c= 1 
V3 


and on [n, 2x] the function 


4 1 tan ~) for n<x<2zn, 
ao (7 ta 5) ) S 
F, (t) = an for z= 
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(F, (x) results from ® (x) for C = 0 when the definition 
of @ (x) is extended lo the point x = a by continuity 
from the left and F, (x) from the right). In that case, 
applying the Newton- Leibniz formula to each of the 
integrals, we obtain 


‘14 
I=F, (2) = Fy () — Fy (0)-+ Fs (2) — Fy (x) 
2m 4n 
= -040~(—4) = 


e 


9. Calculate J = j jln z| dz. 
i/e 
A Dividing the integral J into the sum of integrals 
over the closed intervals [1/e, 4] and [1, e] (to get rid 
of the absolute value) and using, in each case, the formula 
of integration by parts, we obtain 
1 


[a j ert Inzdz 
gore ‘ 1 : ; 
=—clnz | + ( dz+ainz|— j de 
i/e f/e i i 
Sit tag. | ene Nero) es 


10. Evaluate J= j fens de. 


A We use the formula for integration by parts: 


P14 
d 
I=— j= ea =— | dz (arctan (cos z))) 


uw 7 
= —z arctan (cos z) | + j arctan (cos z) dz 


o 
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To find [,, we make note of the fact that the graph of 
the function f (z) = arctan (cos x) is centrally symmetric 
with respect to the point (x/2, f (n/2)) = (n/2, 0). There- 
fore the integrals of this function over the closed intervals 
[0, 2/2] and [x/2, x] are equal in absolute value and 
opposite in sign, and, hence, their sum is zero, i.e. J, = 
0. We can also establish this fact as follows: we divide 
the integral J, into two integrals over the intervals [0, 2/2] 
and [x/2, x] respectively and make a change of variable 
x = x —tin the second integral. We obtain 


1/2 7 
= \ arctan (cos z) dz+ j arctan (cos x) dz 
m/2 
m{2 0 
= arctan (cos x) dx+ arctan (—cos t) (— dt) 
m/2 
m2 m/2 
= arctan (cos x) dx — arctan (cos t) dt = 0. 
0 0 


Thus J, = 0 and therefore J — 17/4. ~@ 


IV. Problems and Exercises for Independent Work 


14. Find the following derivatives: 


b b 
d f.. 
(a) \ sin («?)dz, — (b) = iy sin (x2) dz, 
a a 


x? 


@ # J sin (2?) dz, (@) 2 \yipeary; 
0 


a 


x2 


@ 4 | Vi+2 ade, (f) i j at 


5 ¥i- en” 
af 4 at a 
(g) => Reet ’ (h Sed eee (i a j dz ’ 
dz ) t+ 22 ) az J Vi+e (i) dt 2 VY1i+z4 
x? 3 


. de dt d dt 
(i) dt J i+ ’ ©) a J Vr 


x 
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15. Calculate the following integrals: 
sinh 2 2 

(a) j eae » (b) j ji—z| dz, 
sinh { 0 


1 
dz 


(c) J z*—2zcosa-+1 


16. Explain why a formal application of the Newton- 
Leibniz formula’ leads to wrong results and, using an 
antiderivative of a piecewise-continuous function or 
dividing the integration interval, calculate the following 
integrals: 

* dz t 4 1 
(a) ) costa (2-ftantay > (>) jas a: ) dz. 


(O<a<q). 


2 
17. Let us calculate J t@ dz, where f(x) = 
0 
x2 for 0O<r<l, us ma 
Q—x for 1<2r<2, employing two _ techniques: 
(a) using the antiderivative of f (xz), constructed on the 
whole closed interval [0, 2], (b) dividing the interval 
[0, 2] into the intervals [0, 1] and [1, 2]. 
148. Applying the formula for integration by parts, 
calculate the following integrals: 
In 2 ait 
(a) \ ze“ dz, (b) | #cos x dz, (c) | arccosz de. 
0 0 


149. Applying an appropriate change of variable, cal- 
culate the following integrals: 
0.75 


zdz dz 
@ \yee ® | enya 


-1 

Me ae arcsin | z 
(c) \ Ver—1 dz, (d) Fate aa dz 

0 


3 
20. Can we calculate the integral ) *Vi—wae 
0 


py the change of variable x= sin t? 
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21. Find out whether, when calculating the integral 
1 


\ Vi—zdz by changing a variable r-sin¢t, we can 
0 
take, as the new limits of integration, the numbers (a) % 
and x/2, (b) 2x and 5x/2, (c) x and 5n/2. Calculate the 
integral in each case when this change of variable is 
permissible. 

22. Prove that the following equalities are valid for 
the function f (x) continuous on [—1, J]: 

l l 


(a) j f (x) dx=2 \ f(z) dz if (x) is an even function, 
=1 0 
l 


(b) j f(z) dx=0 if f(z) is an odd function. 
at 
Illustrate this fact geometrically. Find out whether 
these equalities hold true if f (z) is integrable on [—1, J] 
“but not necessarily continuous. 
_ 23. Prove that one of the antiderivatives of an even 
function is an odd function and every antiderivative of 
an odd function is an even function. 
24. Calculate the following integrals: 
1 e 
xdz 
© |arerr ©) | (@Ina? de, 
- 1 
3 ae pease 2n a 
. zx zx 
(c) { aresin J/ Ts dz, (d) { “@-Feos z) (3-Fcosz) ’ 
0 0 


m/2 at 
sinzsin2zsin3zdz, _ (f) j (x sin x)? da. 
0 


25. Employing Euler’s formula 
eit —cosxr+isinz (iis an imaginary unit num ber) | 


prove that 


0 for m=”, 


on cee 

-inx , ptm dz — 
je . { 2 for m=” 
0 
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b b 
( use the equality \ [f (x) + ig (x)] dz = j f (x) dx + 


a 
b 


i j & (2) dz) : 
26. Show that 


y er ed(+iB)__ gala.+éB) 
A+ip)x — 

fe dz = aip 

a 


(use the equality e@+#6)= — e&*. eff), 
27. Using Euler’s formulas 


Pegic) ig : de of, Geis» 4.28 
cos t= = (e'*+e i), sin t=, (e*—e **), 


calculate the integrals 
m/2 nm 
0 


(a) sin?” 2 cos?” 2 da, (b) \ 


sin nz a 
sin z : 


(c) 


Pea ig 


P14 
cos” xcosnx dx, j sin” zsin nz dz. 
0 


8.4. Calculating the Length of 
Plane Curves 


I. Fundamental Concepts and Formulas 


1. The length of a curve. Consider, on the plane, a curve 
L defined by the parametric equations 


zx=(t), y=vp(t), etic, (1) 


where p(t) and w(t) are functions continuous on the 
closed interval [a, B], different values of t € [x, B] being 
associated with different points (x, y) (i.e. there are no 
multiple points). Such a curve is known as a simple 
(plane) open curve. 

If the points A (p (a), sp(@)) and B (p (B), ~p (B)) 
coincide and the other points are not multiple, then the 
curve L is called a simple closed curve. 
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Let LE be a simple (closed or open) curve delined by 
equations (1). We consider an arbitrary partition of the 
interval [o, 6] by the points a=t,<t,<tn<... 
<(t, = f. 

It is associated with the partilion of the curve ZL by the 
points A = My, M,;, M,, ..., M, = B, where M; = 
M (9 (t:), p (é;)). We inscribe a polygonal line AM,M,.. 
B into the curve L, designate the length of the polygonal 
line as 1(M;) and set At = max (t; — t;_,). 


1<i<n 

Definition. The number 1 is the limit of the lengihs of 
the polygonal lines 1 (M;) as At +0 if Ve>0 36 > 0 
such that the inequality 0<1—1(M;) <e holds true 
for any partition of the interval [a, B) for which At < 6. 

Definition. If there is a limit of the lengths of the poly- 
gonal linesas At +0, then the curve L is said to be recti- 
fiable and the number 1, the length of the curve L (or the 
are length of the curve L). 

2. The length of a curve represented parametrically 

Theorem 12, Let the simple curve L be defined by the 
parametric equations x = 9p (t), y=p(t), a<t<f, 
the functions p(t) and w (t) having continuous derivatives 
on the closed intervalla, Bl. Then the curve L is rectifiable 
and its length can be found from the formula 


8 
= | VoPQE PO at. (2) 
The function 
t 
1Q=|\ Vere? wat (3) 


expresses a variable arc. 

3. The length of a curve in Cartesian coordinates. If a 
curve is defined by the equation y =f (z),a<2z<b, 
the function f (z) having a continuous derivative on the 
closed interval [a, b], then the length of the curve can be 
found from the formula 

b 
l= j V 14-2 (a) dz. (4) 
a 

4. The length of a curve in polar coordinates. If a curve 

is defined by the equation p = 9 (g), 9, <P XK Po, with 
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the function p (q) having a continuons derivative on 
the closed interval [g,, @.], then the length of the curve 
can be found from the formula 


"3 
l= \ Vp?(9) Fp (9) de. 
P1 


If a curve is defined by the equation p = 7 (0), PF) S 
P< Pa, with the function ¢@ (pe) having a continuous de- 
rivalive on the closed interval [p,, el, then the length 
of the curve ean be found from the formula 


Ms 
l= \ V 1+ pp" (p) dp. 


Pr 


IT. Control Questions and Assignments 


1. What is a simple open (closed) curve? 

2. Give the definition of the limit of the lengths of 
polygonal lines as At +0. 

3. What is a rectifiable curve? 

4, What is the length of a curve? 

5. What formulas can be used to calculate the length 
of a curve (a) represented parametrically, (b) in Cartesian 
coordinates, (c) in polar coordinates? 

6. Give examples of rectifiable curves. 

7. Is a straight line a rectifiable curve? 

8. Is a circle a simple curve? 


III. Worked Problems . 


1. Find the length of the parabola y = 27,0 <I 2z< 2. 
A From formula (4) we obtain 


2 
te j Vi+ 4a de =V 174410 (44VT%). 2 
0 


2. Find the length of one segment of the cycloid z = 
a(t —sint), y =a(1—cost),0O<1< 2n. 
A From formula (2) we obtain 


2m 
l=-a | VG —cos a)? sin’ t de — 80. A 
0 
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3. Find the variable arc of the ellipse: 2 = acost, 
y=bdsint,O<t<2n,a>b. 
A From formula (3) we obtain 
t he eS = Se t 
L(t)=a \V1 —( o ) sinttdt=a\ V1 —e?sin? i dé, 
0 


0 


where ¢ = Va? — b?/a is the eccentricity of the ellipse. A 

Thus the variable arc of the ellipse is expressed by an 
integral which is known as an clliptic integral of the 
second kind: 


t 
L(t) ==a \ V 1—e?sin?tdt=ak (e, t). 
0 


This integral does not possess an elementary antideriv- 
ative but is widely used in mathematics. Its name fol- 
lows from the problem we have just considered. 


If ¢ = 1/2, the integral equals a quarter of the length 
of the ellipse. In this case the elliptic integral E (e, 1/2) 
is a complete elliptic integral which is written as E (€). 


IV. Problems and Exercises for Independent Work 

28. Find the lengths of the curves defined by the 
equations 

(a) y= 29? 0<2r<4), 

2 1 

(b) c=4—Siny (t<y<e), 

(c) y=Incose <Seca< m/2), 

() P=z>> (0<2<5a/3), 

(e) 22/3 4. y2/3 = a8, (f) = cos't, y = sin‘ t, 

(g) z= a(t —sint), y=a(1—cost) (0<t< 8n; 
pay attention to the integration limits), 

(h) p = ap (0<@ < 2n) (Archimedes spiral), (i) p = 
a (1 F cos ®); 

(j) p = @ sin’ ((/3), (k) p= Vp O<p <5). 

29. Prove that the length of the ellipse = acost, 
y = bsint is equal to the length of the sine curve y = 
esin (x/b), OS a2 < 2n/b, c= Va? — B®. Give a geo- 
metric illustration of this result by connecting the lengths 
of the ellipse and the sine curve with the section of a 
cylinder. 
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8.5. Calculating the Areas of 


Plane Figures 


J. Fundamental Concepts and Formulas 


1. The area of a plane figure. A plane figure is any 
bounded set of points of the plane. 

Assume that a polygonal figure is inscribed into a given 
figure and a polygonal figure is circumscribed about the 
given figure, the polygonal figure being a figure consisting 
of a finite number of triangles. 

The set of areas of all inscribed polygonal figures is 
bounded from above (by the area of any circumscribed 
figure) and the set of areas of all circumscribed polygonal 
figures is bounded from below (say, by zero). 

Definition. A plane figure is squarable if the least upper 
bound P of the set of areas of all inscribed polygonal figures 
is equal to the greatest lower bound P of the set of areas of 
all circumscribed polygonal figures. 

The number P = P = P is the area of the plane figure 
(in the sense of Jordan). ne 

Theorem 13 (the sufficient condition for squarability). 
For a plane figure to be squarable, it is sufficient that its 
boundary be a rectifiable curve. ; 

2. The area of a plane figure in Cartesian coordinates. 
Assume that a plane figure is a curvilinear trapezoid 


Fig. 17 


bounded by the continuous curves y = f; (z), Y = fs (2)s 
a<uax<b, where y, (x) < yg (x), and two line segments 
z= a,x — b (Fig. 17a). The line segments may degener- 
ate into a point (Fig. 17b). Then the area of the figure 
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can be found from the formula 
b 


S= | h@—f(@)l de. (1) 


a 
3. The area of a plane figure in the case of the para- 
metric representation of its boundary. Assume that the 
boundary of the plane figure G is a simple closed curve 
defined by the parametric equations z = ¢p (t), y = »p (2), 
O0<ti<T, and when ¢ varies from 0 to 7 the point 
(p (4), p (t)) traverses the boundary of G so that the 


Fig. 18 


figure G remains to the left of the moving point. Then 


the area of the figure G can be found from any of the 
following formulas: 


T 


S=—J ve (pas, (2) 
0 
T 
S=JeMw wd, (3) 
0 
T 
S=F low @—¢ Oval. (4) 
0 


4. The area of a plane figure in polar coordinates. 
Assume that a plane figure is a curvilinear seclor bounded 
by the continuous curve p = ep (¢), Q > YP > Ge, O< 
P.— Py 2n, and the segments m = q, and gq = Py 
olf rays (Fig. 18a). The segments of rays may degenerate 
into a point O (Fig. 18b). Then the area of the figure can 
be found from the formula 

Q: 


S=t \ 0? (#) de. (5) 
M1 
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{I. Control Questions and Assignments 


1. What is a plane figure? 

2. What is a squarable figure? 

3. What is the area of a plane figure? 

4, What formulas can be used to calculate the area of 
a figure (a) in Cartesian coordinates, (b) in the case of 
the parametric representation of the boundary, (c) in polar 
coordinates? 

5. Give examples of squarable figures. 

6G. Is the plane a squarable figure? 

7. Is a straight line a squarable figure? 


III. Worked Problems 


4. Find the area of the figure bounded by the curves 
y=|z—1) y=38—|2|. 

A The curves meet at two points (Fig. 19). Solving 
the equation 3 — |z | = |x —1 |], we find the abscissas 


Fig. 19 Fig. 20 


of these points: l= —1, x = 2. Therefore 


2 
S= | (G—Ja|—|z—1)) dz. 
-{ 
We divide the integral into three integrals over the closed 
jntervals [—1, 0], [0, 1], [1, 2] respectively. We obtain 


0 1 
s= \(8+2)—U—adet J (8—2)—(1—a)} as 


1 0 


+ \ ((8—2)—(x—1)]det=1+241=4. ~ 


em Cee ND | 


215 


2. Find the area of the figure bounded by the astroid 
v/3 + y?/3 — a*/3 (Fig. 20). 

A Setting z =acos*t, y=asin?t, OSM t< 2a, we 
arrive at the parametric equations of the astroid (the 
parameter ¢ plays the part of the polar angle of the point 
(z, y) on the astroid). From formula (4) we get 

20 
sat j [a cos? t- 3a sin? t cos t+ 3a cos*t sin t-a sin? ¢} dé 
0 
2m 
= 3a \ sin? ¢ cos? t dt == 7 na2, A 
0 

Remark 1. The symmetric formula (4) has led here to 
an integral simpler than that which would result from 
the application of formula (2) or (8). 


AY 
a 


a x 
Fig. 24 


Remark 2. Note that the integral taken over the closed 
interval [0, 1/2] 
ae | sin? t cos? t dt = ~~ na? 


2 32 


0 
specifies the area of the part of the figure which lies in 
the first quadrant (Fig. 24), although in this case the 
whole boundary of the figure is no longer described by 
the equations z = a cos? tf, y = a sin® ¢ since it contains 
segments of the coordinate axes. Why then have we got. 
a correct result? The matter is that parametrically the 
closed interval [a, 0] of the y-axis can be defined by the 
equations x =0, y = 2a (1 —it/n), n/2<t<a and 
the interval [0, a] of the z-axis by the equations z = 
2a (t/n — 1), y = 0, Nm Ct < 3n/2. Using now the com- 
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plete parametrization of the boundary of the figure 
(the parameter ¢ varies from 0 to 3/2) and dividing the 
integral taken over the closed interval [0, 32/2] into 
three integrals corresponding to a curvilinear integral 
and to two rectilinear parts of the boundary, we find 
that the integrals taken over the segments of the coordi- 
nate axes vanish since on each of them one coordinate 
and its derivative with respect to the parameter are 
zero. 

For the same reason formula (2) remains valid for the 
curvilinear trapezoid bounded by a part of the z-axis, 


Fig. 22 


two vertical line segments and a curve which has para- 
metric equations z= p(t), y= p(t), OSE, if, 
when t varies from 0 to 7, the point (@ (¢), *p (¢)) traverses 
the curve so that the trapezoid remains to the left of 
the point. Otherwise we must put the plus sign before 
the integral in formula (2). 

3. Find the area of the figure bounded by the cycloid 
z=a(t—sint), y=a(1—cost), O<t<q2n and 
the z-axis. ; 

A From formula (2) (where we have put the plus sign 
before the integral in accordance with Remark 2), we 
have 

on 
S = ( a? (1— cos t)? dt =: 37a?. A 
0 . 

4. Find the area of the figure bounded by a curve 
defined by the equation p? = 2a? cos 2¢— in polar coordi- 
nates (lemniscate of Bernoulli). 

A Since p*? is nonnegative, we find that —r7/4 << p< 
n/4 and 3n/4 <p < On/4 (Fig. 22). From formula (5) 
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we find the area of one of the two equal parts of the 
figure and double the result: 
n/4 
S=2. 4.20 j cos 2p dp -=2a2. A 
—m/4 


IV. Problems and Exercises for Independent Work 


30. Find the area of the figure whose boundary is 
defined by the following equations in Cartesian coordi- 
nates: 


2 2 
@) = +f =1, c=, t=2,, yO (—a<u< 
<24,<a), 


) 

(ec) y=e™|[sinz |, y= 0 (cx >0) (assume that the 
area of this unbounded figure is the limit, as A — --oo, 
of the areas of the curvilinear trapezoids corresponding 
to the variation of x from 0 to A). 

31. Find the area of the figure whose boundary is 
represented parametrically (first make a schematic draw- 
ing of the figure): 

(a) z =a (cost + tsint), y=a(sint —tcost),0< 
t<2n, x =a, y<O (involute of a circle), 

(b) z = a (2 cos t — cos 2t), y = a (2 sin t — sin 21). 

32. Find the area of the figure whose boundary is 
defined by an equation in polar coordinates: 

(a) p = a (1 + cos g) (cardioid), (b) p = a sin 3@ (tre- 
foil), (c) p = 3+ 2cos@, (d) p? + g? = 1. 

33. Passing to polar coordinates, find the area of the 
figure whose boundary is defined by the equation 

(a) «3 + y® = 3azy (folium of Descartes), 

(b) (a? + y*)? = 2a®zy (lemniscate of Bernoulli). 


8.6. Calculating the Volumes of Solids 


J. Fundamental Concepts and Formulas 


1. The volume of a solid (in the sense of Jordan). 
A solid is any bounded set of points of space. 
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Assume that a polyhedron is inscribed into a given 
solid and a polyhedron is circumscribed about the given 
solid, the polyhedron being a solid consisting of a finite 
number of triangular pyramids. 

The set of volumes of all inscribed polyhedrons is 
bounded from above (by the volume of any circumscribed 
polyhedron) and the set of volumes of all circumscribed 
polyhedrons is bounded from below (say, by zero). 

Definition. A solid is cubable if the least upper bound 
V of the set of volumes of all inscribed polyhedrons is equal 
to the greatest lower bound V of the set of volumes of all 
circumscribed polyhedrons. 

The number V = V = V is the volume of the solid 


(in the sense of Jordan). 

2. The volume of a solid with given cross sections. 
Assume that each section of a cubable solid by the plane 
x = const is a squarable figure, the area S (x) of the 
figure being a continuous function z (a<z< 6). Then 
the volume of this solid can be found from the formula 


b 
V= j S(x) da. (1) 


a 


ft. a particular case, when the solid results from the 
rotation of a curvilinear trapezoid defined by the con- 
tinuous function y = f (z), a<x <b, about the z-axis, 
the volume of the solid can be found from the formula 


b 
Ven \ f? (x) dz. (2) 


a 


Il. Control Questions and Assignments 


1. What is a solid? 

2. What is a cubable solid?. 

3. What is the volume of a solid? 

4. What formula can be used to calculate (a) the volume 
of a solid with given cross sections, (b) the volume of 
a solid of revolution. 

5. Give examples of cubable solids. 

6. Is the plane a cubable solid? 

7. Is a straight line a cubable solid? 
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{II. Worked Problems 
1. Find the volume of a solid resulting from the 


=1 about the z-axis. 


. . 2 
rotation of an ellipse + _ 


A From formula (2) we obtain 


a 
Van \ sa (a? — x?) do=— nab’. & 
-a 
2. Find the volume of the solid bounded by the sur- 
faces 22 4+ y? =a, z= V3 y, 2 =0 (y>O). 
A 1st technique. Consider the sections of this solid 


by the planes x = const. The sections are right tri- 
angles with areas 


S (2) = y (2) 2 (2) => Ve—xrV3VeI—x 
avs 


(a2 — x’). 


From formula (1) we obtain 


2nd technique. Cutting the solid by the planes y = 
const, we get, in the sections, rectangles with arcas 


S (y) = 2a (y) 2 (y) =2V @—y? VB y. 
Therefore 


a 
oa pita [3 
v=2V3 \y Ve—Pay-. ET a 
0 


IV. Problems and Exercises for Independent Work 


34. Find the volume of the truncated cone whose bases 
are bounded by ellipses with the semi-axes A, B and 
a, b and whose altitude is /. : 

35. A solid is a set of points Af (x, y, 2), Where 0< 
z<i.InthiscaeO<2<1,0<y<lifzisa ration. 
al 1 number and —1<r<od, —1<y<0 if z is an 
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irrational number. Prove that the volume of the solid 
! 


does nol exist although \s (z) dz = 14. 


0 
36. Find the volumes of the solids whose surfaces are 
defined by the following equations: 


2 c 
(a) S +=, z= zr, 2=0, 


(Q) att amat, yi psa, er 
(c) a2 + y?+ 2 = a?, x2 + y? = ax (Viviani’s solid). 
37. Find the volumes of the solids resulting from the 

rotation of the following curves: 

(a) y = b (z/a)?? (0<2<a) about the z-axis, 

(b) y = 2x — x*, y = O about the z-axis, 

(c) y = 22 —2?, y =0 about the y-axis, 

(d) y=sinz, y=0 (0<a2< 2) about the z-axis, 

(e) y=sinz, y=0 (0<2< 72) about the y-axis, 

() c=a(t—sint), y=a(1—cost) O<t< 2n) 
about the z-axis, 

(g) ex =a(t —sint), y=a(l—cost) (0S? < 2n) 
about the y-axis. 


8.7. Applications of 
the Definite Integral in Physics 


I. Fundamental Concepts and Formulas 


1. Calculating the mass of a plane curve. Assume that 
a simple curve ZL is defined by the parametric equations 
zx=o(t), y=p(t), ox<t<f and let pe (z, y) be the 
linear density of the mass at the point (z, y) € L. Then 
the mass of the curve Z can be found from the formula 


B 
M= J e(@(), oi) Vorz®+Pr@ at. 


Let the simple curve be defined by the equation in 
Cartesian coordinates y =f (t), a<x<b. Then the 
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imass of the curve L can be found from the formula 
b 


M= \ p(x, f(z) VIF? (a) de. 


a 


In particular, for p = 1, the numerical value of ihe mass 
coincides with the length of the curve. 

2. Calculating the moments and the coordinates of the 
centre of gravity of a plane curve. The static moments 
(or the first-order moments) of the curve Z about the 
coordinate axes in the case of a constant linear densily 
p =1 (geometric moments) can be found from the 
formulas (cx = 9 (t), y= p(t), a<t<f are the equa- 
tions of the curve) 


B 
My. = j p(t) Vp? (é) + 2 (8) dt. (the moment about the 
a z-axis), 


ae) 


M,= 


—_—_ 


p(t) V p'2 (é) +p (f) dt (the moment about the 
y-axis). 


Re 


If the curve is given in Cartesian coordinates, y = f (2), 
a<xx<b, then 


b 

Ma= | f(0) VIFTP@ as, 
b 

My= | 2 V1+T?@) ds. 


The coordinates z) and yy of the centre of gravity of 
the curve L can be found from the formulas 


2 = M,/l, Yo = M,/, 


where 1 is the length of the curve L. 
The moments of inertia (the second-order moments) of 
the curve ZL about the coordinate axes (p = 1) can be 
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found from the formulas 


| g(t) Vp?) 2) dt (about the y-axis) 


a 


B 
te \ ap? (t) Vp’? (t)-+ p’2(t)dt (about the z-axis), 
a 
B 
i= \ 
or (in Cartesian coordinates) 
b 


a \ (0) V THF 2 (@ ae, 


3. Calculating the moments and the coordinates of the 
centre of gravity of a plane figure. The static moments 
of the figure G bounded by the continuous curves y = 
fy (2), y =f. (w), a4 <b, [where jf, (z) < f, (x)] and 
the line segments 2 = a, x = b can be calculated, in the 
case of the constant surface density p =1, by the for- 
mulas 

b 


M,=~. \ iZ@-z (x)]}dx (about the z-axis), (1) 


a 


M,= \ 2h. (%)—f,(#)] d@ (about the y-axis). (2) 


Ree | 


The coordinates x) and yo of the centre of gravity of 
the figure can be found from the formulas 


yo = M,/S, Yo = M,/S8, (3) 
where S is the area of the figure G. 


The moments of inertia of the figure G about the coor- 
dinate axes (@ = 1) can be found from the formulas 


b 
l= ju (z)— f}(x)] dz (about the z-axis), 


a 


b 
Iy= | 2° Uf. (x) —f,(x)] dz (about the y-axis). 


223 


II. Worked Problems 


1. Find the static moments and the coordinates of the 
centre of gravity of the curvilinear trapezoid bounded 
by the parabola y* = f? (x) == 2pz and the straight lines 
y =f, (x) = 0 and «=1. 

A From formulas (4) and (2) we obtain 


1 i 
M,=z | fi(a) da= +. 2p (ode= 2, 
0 0 
1 1 ps 
M,= | fs (x) dx =: VY 2p [ 29 es 3 ae 
0 0 


We calculate the area of the curvilinear trapezoid: 
1 
ty /x 
S=V2p j xi/2 do = 2h ep 
0 


And now, from formulas (3), we find the coordinates of 
the centre of gravity: 


ty = M,/S = 3/5, yy = M,/S = (3/8) V2p. wz 


2. Applying the second theorem of Pappus (see Exercise 
44 below), find the coordinates of the centre of gravity 
of the plane figure G bounded by one segment of the 
cycloid zx =a(t—sint), y=a(1—cost), 0<t< 
2n and the 2-axis. 

A The volume of the solid resulting from the rotation 
of the figure about the z-axis is 

2ma 2n 


V=n \ y2dz = na \ (1 —cos ¢)3 dt = 5x2a3. 
0 0 


The area of the figure G is 


21a on 
e 


S= | ydz= | 2 (1 —cos 4)? dt = 3a’. 
0 0 


Let yo be the ordinate of the centre of gravity. According 
to the second theorem of Pappus, S-2ny, = V, whence 
Yo — 5a/G6. Since the figure G is symmetric about the 
straight line z = na, it follows that the abscissa of the 
centre of gravity 7) = 71a. & 
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III. Problems and Exercises for Independent Work 


38. Find the static moment and the moment of inertia 
of the semicircle of radius a relative to the diameter of 
the semicircle. 

39. Find the static moment of the arc of the parabola 
y2 = 2px (0<2<p/2) relative to the straight line 

40. Find the static moment and the moment of inertia 
of the homogeneous triangular plate with.base b and 
altitude h relative to the base. 

44. Find the moments of inertia of the homogeneous 
elliptic plate with semi-axes a and b relative to its 
principal axes. 

42. Find the moment of inertia of the homogeneous 
circle of radius R and mass M relative to its diameter. 

43. Prove the first theorem of Pappus: the area of 
the surface resulting from the rotation of a plane curve 
about an axis, which lies in its plane and does not cut it, 
is equal to the product of the length of the curve by the 
length of the circle described by the centre of gravity 
of the curve. 

44. Prove the second theorem of Pappus: the volume 
of the solid resulting from the rotation of a plane figure 
about an axis, which lies in its plane and does not cut it, 
is equal to the product of the area of the figure by the 
length of the circle described by the centre of gravity 
of the figure. 

45. Find the volume of the ring-shaped roll resulting 
from the rotation of the circle (x — 2)? + y® = 1 about 
the y-axis. 

46. Find the coordinates of the centre of gravity of the 
arc of the circlez = acosg,y =asing(|p|<a<n). 

47. Find the coordinates of the centre of gravity of 
the figure bounded by the parabolas az = y?, ay = 2° 
(2 > 0). 

48. Find the coordinates of the centre of gravity of 
the homogeneous half-ball of radius a. 

49. Find the coordinates of the centre of gravity of 
the figure bounded by the curve p = a (1 + cos 9). 
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Chapter 9 


Lebesgue Measure and 
Lebesgue Integral 


9.1. The Measure of a Set 


I. Fundamental Concepts and Theorems 


1. On the sets. We say that a one-io-one correspondence 
is established between the elements of two sets if every 
element of the first set is associated with a certain ele- 
ment of the second set so that every element of the second 
set corresponds to only one element of the first set. 

Two sets are equivalent if a one-to-one correspondence 
can be established between their elements. If two sets 
are equivalent, then we say that they have the same 
power. 

A set is countable if it is equivalent to the set of natural 
numbers (to put it otherwise, a set is countable if its 
elements can be enumerated by means of natural num- 
bers). 

For example, the set of all rational numbers from the 
closed interval [0, 1] is countable whereas the set of 
all real numbers from the same interval is uncountable. 

If a set is equivalent to the set of all real numbers 
belonging to the closed interval [0, 1], then we say that 
it has the power of the continuum. 


The HI (sum) of the sets Z,, E., ..., E, is the set 
E= U E,, all of whose elements Lelong to at least one 
of ‘lie seis Ey (k = 14, 2, ..., n). 


The union of the sets E, and E, is designated as E, U 
E, or Ey + £&,. 


The intersection of the sets E,, E,, ..., E, is the 
set G= A, E,, all of whose elements belong to each of 


the sets "r, eh Dy: sy. Me 
The intersection of the sets FE, and £, is designated 
as E,f\E, or E,E,. 
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fae) 
The same (efinition refers to the union U &, and to 
hk=1 


the intersection () £, of a countable number of sets. 
h=1 


The difference of the sets #, and E, is the set E = 
E,\E, which consists of all elements of the set Z, which 
do not belong to &,. 

Let E£ be an arbitrary number set. The point x is an 
interior point of E if there is a neighbourhood of the 
point x which entirely belongs to E. 

The sect E is open if all its points are interior points. 
The sct £ is closed if all its limit points belong to it. 

For example, the interval (a, b) is an open set whereas 
the interval [a, b] is a closed set. 

_ The union of a finite or countable number of open sets 
1S an open set. 

Theorem 1 (on the structure of open sets). Any open 
set is the union ofa finite or countable number of pairwise 
nonintersecting open intervals. 

2. A number series. Let {a,} be a number sequence. 
We formally compose an expression 


G Mason Pa 2 ap 


and term it a number series (or simply a series). 
The numbers a, are the terms of the series and the 


n 
number S, = >) a, is its mth partial sum. 
h=1 


Consider a sequence {5S}. 
Definition. If there is a limit lim S, = S, then we say 


n-> oo 


that the series >| a, is convergent andthe number S is the 


k= 
sum of the series. 
3. The measure of a set. The measure of the open inter- 
val (a, B) (where B > q) is its length B — a. 
Let G be a bounded open set. According to Theorem 1, 
it can be represented asG = U (ax, Bx), Where (ax, Br) 
h=1 


are pairwise nonintersecting open intervals. 
The measure wG of the bounded open set G is the sum of 


the lengths of its intervals: uG = >) (B, — ay). 
k=1 
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Note that if the number of intervals («,, {,) is count- 
able, then the sum of the lengths of the intervals is 


Cc 
a number series >) (PB, —o,) wilh positive terms 


kh=1 
(By — &,). Since the set G is bounded, thie series is con- 
vergent. 

Let & be an arbitrary bounded set. Let us consider 
various bounded open sets G which contain E. The set 
{yG} of the measures of these sets is bounded from below 
(say, by the number 0) and, consequently, has inf {wG}. 

The number pE = inf {yG} is the outer measure of 
the set E£. 

Definition. The set E is measurable (in the sense of 
Lebesgue) if Ve > O there is an open set G, containing E, 
for which w (GN E)<e. In this case the outer measure 
of the set E isits Lebesgue measureand is designated as 
pE, ie. pE = pe. 

Remark. For the open set £& this definition is equivalent 
to the definition given above (we can take -E£ itself as G). 

The concept of the measure of a set generalizes the 
concept of the length. For sufficiently simple sets (an 
open or closed interval) the measure coincides with the 
length. For more complicated sets, which have no length 
in its ordinary sense, the measure plays the part of the 
length. 

Any bounded closed set is measurable. 

If # is a measurable set, and FE cla, b] then the 
set E =[a, b] \ E(the complement of the set E with 
respect to the closed interval [a, b]) is measurable. 

The union (provided that it is bounded) and the inter- 
section of a finite or countable number of measurable sets 
are measurable sets. In this case, the measure of the union 
of a countable (or finite) number of pairwise noninter- 
secting sets is equal to the sum of the measures of those 
sets, i.e. if 

E= U Ex EN Bj=@ (ix), 
then 


pE= 2 wE,. 
This property is known as the countable additivity (or 
g-additivity) of the Lebesgue measure. 
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II. Control Questions and Assignments 


1. What is the one-to-one correspondence between the 
elements of two sets? 

2. What sets are equivalent? 

3. What set is countable? 

4. Are the following sets countable: (a) the set Q of 
all rational numbers, (b) the set R of all real numbers? 

5. What is a set of the power of the continuum? Does 
the set R of all real numbers have the power of the 
continuum? : 

6. What is the union of sets? Can the union of sets 
coincide with one of them? Can the union of nonempty 
sets be an empty set? 

7. What is the intersection of sets? Can the intersection 
of sets coincide with one of them? Can the intersection 
of nonempty sets be an empty set? 

8. What is the difference of two sets? Can the difference 
E,\E, of nonempty sets coincide with (a) £,, (b) E,? 

9. What is (a) an interior point of a set, (b) an open 
set, (c) a limit point of a set, (d) a closed set? 

10. Is the set Q of all rational numbers (a) open, 
(b) closed? 

41. Is the set R of all real numbers (a) open, (b) closed? 

42. Prove that the union of a finite or countable number 
of open sets is an open set. 

43. Prove that the intersection of a finite number of 
open sets is an open set and the intersection of a count- 
able number of open sets may not be an open set. 

14. Prove that the intersection of a finite or countable 
number of closed sets is a closed set. 

15. Prove that the union of a finite number of closed 
sets is a Closed set and the union of a countable number 
of closed sets may not be a closed set. 

46. Formulate the theorem on the structure of open 

ts. 
is 47. When do we say that a number series converges? 
What is the sum of a series? & 

48. Let all terms of the series 2 a, be nonnegative. 


Prove that in this case (a) the necessary and sufficient 
condition for convergence of the series is the boundedness 
of the sequence {5S,,} of its partial sums, (b) if we arbi- 
trarily interchange the terms of the series, the sum of 
the series does not change. 
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19. What is the measure of (a) an open interval, 
(b) a bounded open set? Prove that the series 1G = 


> (Bx — oy), where (a,, B,) are pairwise nonintersecting 


open intervals from which the bounded open set G con- 
sists, is convergent. 

20. What is the outer measure of a set? Does every 
bounded set possess an outer measure? 

21. Give a definition of a measurable set and its meas- 
ure. 

22. Using the definition of a measurable set, prove that 
the closed interval [a, 6] is measurable and its measure 
pla, b)] =b—a (a<b). 

23. Let the measurable set E cla, b]. Prove that 
the set E = [a, b]\.E is measurable and pE = yu [a, b] — 

E 


24. Prove that a bounded closed set is measurable. 

25. What is the countable additivity of a measure? 
Prove that the union (if it is bounded) of the countable 
number of measurable sets is a measurable set. 


III. Worked Problems 


1. Prove that the open interval (0, 1) = J and the 
number line R are equivalent sets, i.e. R~ J. 

A To prove the equivalence of the sets J and R, we 
must establish a one-to-one correspondence between their 
flements. Such a correspondence is established by the 
eunction ; 

y = tan (xx +) » «@el, 
Indeed, this function puts every x€ J into correspond- 
ence with somey€R, and since it is continuous and 


increases on J and, besides, lim tan (xx—)= 
x+1+0 2 


—oo, lim tan (xz—+) =-+oo, it follows that 
x-1-0 2 

Vy€R there is a unique r€J such that y=tan xX 

(xx —+) . And this means that a one-to-one corre- 


spondence is established between the elements of the sets 
J and R. Thuy R~ Il. A 
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2. Prove that the open interval (0, 1) =J and the 
closed interval [0, 14] = S are equivalent sets, i.e. J ~ S. 

A Let Q be the set of all rational numbers belonging 
to a closed interval S. This set is countable (see 2.6). 
We set Q = S\Q. Then S =Q+Q. We remove’ the 
points 0 and 1 from the set Q and obtain a countable set 
Q, of rational numbers from the interval J. Evidently, 
I=Q,+ 0. Since Q and Q, are countable sets, it fol- 
lows that Q ~ Q,. HenceeQ+Q~Q,+Q,ie.S~w~LA 

Remark. It follows from the results of Examples 4 
and 2 that the number line R (the set of all real numbers) 
has the power of the continuum. 

3. Let the open set E Cla, b].Prove that G = [a, DINE 
is a closed set. 

A We must prove that G contains all its limit points. 
It follows from the definition of the difference of sets that 
Vc €la, b] either x € FE or c€G. Assume that z is a 
limit point of the set G, i.e. in any neighbourhood of the 
point x there are points of the set G different from z. 
Evidently, x €[a, b]. We shall prove that z€G. We 
assume the contrary. Then z € £, and since E is an open 
set, there is a neighbourhood of the ‘point zx entirely 
belonging to &. Consequently, in this neighbourhood of 
the point z there are no points of the set G, but this contra- 
dicts the fact that z is a limit point of G. The contradic- 
tion obtained proves that x € G and, hence, G is a closed 
set. A 

4. Prove that the set Q of all rational numbers belong- 
ing to the closed interval [a, b] is measurable, and »Q = 0. 

A The set Q is countable and therefore we can enumer- 
ate its points by means of natural numbers. We specify 
an arbitrary ¢ > and include the first point of the set 
G into an open interval of length e/2, the second point 
into an interval of length e/2?,..., the nth point into 
an interval of length e/2" and so on. The union of these 
intervals is an open set G whose measure 


Since e is arbitrarily small, it follows that 1Q = 0, and 
since (G\Q) € G, we find that (G\Q) < nG = pG<e. 
By definition this means that Q is measurable, and nQ = 
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uQ = 0. In this case we say that the set Q is of measure 
zero. 

5. Let a be an arbitrary number such that O <a< 1. 
We construct two sets D and E by means of a countable 
nunfber of steps as follows. At the first step we remove 
from the closed interval [0, 4] an open interval £, of 
length a/2 which lies symmetrically with respect to the 
midpoint of the interval [0, 1] (we shall call this open 
interval a middle interval). At the second step, we remove 
the middle intervals of length a/8 each from the remain- 
ing equal closed intervals. We designate the union of 
these intervals as £,; the length of FE, is a/4. At the third 
step, we remove the middle intervals of length a/32 each 
from the remaining four equal closed intervals. We desig- 
nate the union of these four intervals as Z,; the length of 
E; is a/8. At the fourth step, we remove the middle inter- 
vals of length a/128 each from the remaining eight equal 
closed intervals and so on. Assume that 


Be, En, D=[0, 1)NE. 

Prove that 

(a) £.is an open and D is a closed set, 

(b) pE =a, pD = 1 —a, 

(c) the set D does not contain a closed interval in its 
entirety, 

(d) the set D does not contain isolated points, 

(ec) Ve>0O da set D’ such that D cD’ and 0O< 
pD’ —pD<e, 

(f) the set D is uncountable. 

A (a) The set # is open since it is the union of open 
intervals, which are open sets, and the set D is closed 
since it is a complement of an open set with respect to 
a closed interval. 

(b) Since the sets E, (k = 1, 2, . . .) do not intersect, it 
follows, by virtue of the o-additivity of the measure, that 


pe = >; bE, =D) a= 2 
h=1 h=1 


The sets D and E do not intersect and therefore 
pD = wl0, 1] — pk = 1 —a. 
(c) We assume that the set D contains a certain closed 
interval of length 7 in its entirety. Note that in the 
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process of construction of the set D, after the mth step of 
the removal of the middle intervals, the remaining part 
of the closed interval [0, 4] consists of 2” equal non- 
intersecting closed intervals. We designate the length 
of each of them as d,. Evidently, d, +0 as n + oo. For 
any m, the set D belongs to the union of the indicated 2” 
closed intervals. Therefore the closed interval of length 
l, which entirely belongs to D, must entirely belong to 
one of the indicated closed intervals of length d,, i.e. 
l<d,. But this contradicts the fact that d, >~0 as 
n-»+oo. Thus the set D does not contain any closed 
interval in its entirety. 

(d) If the set D contained an isolated point, it would 
follow that when constructing D, we have removed two 
adjoining intervals (divided by that point) from the 
closed interval [0, 1]. However, any two removed inter- 
vals are divided by some closed interval but not by a 
point. 


(e:) We set D’=[0, 1]\ J Ey. Evidently, D&D’, and 
k=1 


D\D= U En 
hk=n+1 
= a 


t a eo 
uD —pD == Py wE, = > on On: 
k=n+1 k=n+1 
It follows that’ Ve>>0 dn such that there holds an 
inequality 


O0<pD'—pD=37 <e. 


(f) A countable set is of measure zero (see Example 4)- 
Since pD = 1 —a 0, it follows that D is an uncount- 
able set. A 


IV. Problems and Exercises for Independent Work 


1. Test the equivalence of the following sets: 
(a) {1, 2, 3, 4, ...} and ie 4) 6, 8, 22 hs 
(b) the closed intervals [0, 1] and [a, 6], 
(c) the open interval (¢ ») and the number line R. 
2. Prove that 
(a) an infinite subset of a countable set is also 
countable, 
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(b) the union of a finite or a countable number of 
countable sets is a countable set, 
(c) the set of all polynomials with rational coeffi- 
cients is countable, 
(d) the set of points of discontinuity of a monotonic 
function is finite or countable. 
3. Prove that the set of all real numbers belonging to 
the closed interval [0, 1] is uncountable. 
4, Prove that 
(a) if A is an infinite set and B is a finite or a count- 
able set, then A+ BW~A, 
(b) if A is an infinite set, B is a finite or countable 
set and ANB isan infinite set, then A\B ~ A, 
(c) the set of all irrational numbers belonging to the 
closed interval [0, 1] has the power of the continuum, 
(d) every infinite set contains a part equivalent to the 
whole set. 
5. Prove that for any sets A, B and C 
(a) (A+ B)C =AC+BC, (bd) A+A =A, 
(c) AA =A, (4) A+ BC =(A+B)(A4+ 0), 
(e) A = (ANB) + AB, in particular, A = (A\B) + 
B if BCA. 
6. Assume that Wk: A, CE, A, =E\A, is a 
complement of A; with respect to E (the number of sets 
A, is finite or countable). Prove that U A; = f\ Aj. 


k k 

7. Let the closed set E (a, b). Prove that G = 
(a, b)\£ is an open set. 

8. Prove that the set Q of all irrational numbers 
belonging to the closed interval [a, 5] is measurable and 
find its measure. 

9. Let E be a bounded set such that »E = 0. Prove 
that £ is measurable and that pE = 0. 

10. Prove that every subset of the set of measure zero 
is of the measure zero. 


9.2. Measurable Functions 


I. Fundamental Concepts and Theorems 


1. Definition of a measurable function. Let the function 
f (x) be defined on a measurable set . We shall designate 
as {x € E: f (t) <c} the set of all values of the argu- 
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ment x which belong to the set £ and are such that f (z) <c 
for them (c is a number). 

Definition. The function f (x) is measurable on the set 
E if for any number c the set {x € E: f (x) <c} is measur- 
able. 

Theorem 2. For the function f (x) to be measurable on the 
set E, it is necessary and sufficient that for any number c 
any one of the following sets be measurable: {x € E: f (x) > 
ch, (@EE: f(z) Sc}, {2 CE: f (xe) <c}. 

2. Some properties of measurable functions. 

4°. If the function f (x) is measurable on the set £, 
then it is measurable on any measurable subset of the 
set L. 

2°. If the function f (x) is measurable on the sets Fj, 
Ey, ..., En, ..., then it is measurable on their union 


co oo 
U £), and intersection f] £,. 
k=1 =! 


3°. If the function f (x) is defined on the set E of meas- 
ure zero, then it is measurable on that set. 

4°, If the functions f (x) and g(z) are measurable on 
the set Z£, then the functions f (z) + g (2), f (xz) — g (2), 
f (z) g (x) and_f (x)/g (x) (provided that g (xz) #0) are 
also measurable on the set E. 

5°, A function continuous on a closed interval is 
measurable on that interval. 

We say that a property is valid almost everywhere on 
the set & if the set of points of EF on which it is not valid 
is of measure zero. : 

The functions f (z) and g (x), defined on a measurable 
set EZ, are equivalent on that set if they are equal almost 
everywhere on it. 

The designation of the equivalence is f (z) ~ g (2) 
on E. 

For instance, the Dirichlet function 


0 if x is an irrational number, 
1 if x is a rational number, z€[a, b], 


Di =| (1) 


is equivalent to a continuous function g(x) =O on 
[a, b] since the set of points x which belong to [a, b] and 
on which D (zx) > g (z) is the set Q of all rational numbers 
from the closed interval [a, b] whose measure is »Q = 0. 


Note that the function D (x) is discontinuous at all 
points of [a, bd]. 
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Here are another two propertics of measurable func- 
tions. 

6°. If g(x) is measurable on £, f (x) ~ g(a) on E£, 
then f (x) is measurable on L. 

7°. Theorem 3 (Lusin’s theorem or the C-property of 
measurable functions). For the function f (x) to be mea- 
surable on [a, b], it is necessary and sufficient that Ve > 0 
there should be a function g (x), continuous on [a, 5], 
such that p {x €la, bl: f (z) # g(z)} <e. 

Lusin’s theorem means that any function measurable 
on [a, b] can be made measurable by varying it on a set 
of an arbitrarily small measure, i.e. functions measurable 
in this sense are close to continuous functions. 


II. Control Questions and Assignments 


1. Give a definition of a measurable function. 
2. Using the definition, prove that the following func- 
tions are measurable: 


(a) f(z) =c=const, z€[a, )], 
(b) f(z) =2, z€[a, bj, 

0 for O< e<1/2, 
(©) Ha={ 4 for 1/2<z2<1. 


3. Formulate the theorem which expresses a necessary 
and sufficient condition for a function to be measurable 
on a set £. 

4. Formulate properties 1°-5° of measurable functions. 
Prove properties 4°-3°, 

5. When do we say that some property is valid almost 
everywhere on a set &? 

6. What functions are equivalent on a set E? Prove 
that a Dirichlet function is equivalent to a continuous 
function on [a, b]. What is the measure of the set of 
points of discontinuity of the Dirichlet function on [a, b]? 

7. Formulate and prove property 6° of measurable 
functions. 

8. Using properties 5° and 6°, prove that if the function 
f (z) is equivalent to a continuous function on [a, 0], 
then f (x) is measurable on [a, 5]. 

9. Formulate Lusin’s theorem. Use the function f (x) = 
0 for O<r7<1/2, 


1 for 1/2<x2<1 as an example. 
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Il. Worked Problems 


4. Prove that the Dirichlet function D (x) [see formula 
(1)] is measurable on [a, 0]. 

A Using the definition of a measurable function, we 
must prove that We the set {x € la, b]: f@)<c} =E, 
is measurable. We shall consider three cases. 

If c>>4, then EZ, = [a, b] is a measurable set. 


If0<c<1, then EZ, = Q, where @Q is the set of all 
irrational numbers from [a, b], is a measurable set. 

Ifc<0, then £, = @, where @ is an empty set. 
An empty set is considered to be measurable: »p@ = 0. 

Thus D (x) is a measurable function. A 

2. Prove property 5°: the function f (z) continuous on 
[a, b] is measurable on [a, J]. 

A We shall prove that We the set {x € Ia, 6]: f(@) < 
c} = £E, is measurable. If E. = @, then E, is measur- 
able: pE, = »@ = 0. Let E, be nonempty. We shall 
prove that FE, is a closed set. It will follow that £, is 
measurable. Let x» be the limit point of the set E,. We 
must prove that x, €E,. It is clear that 2 €[a, 5]. 
According to the definition of a limit point, A{tn} > Zo 
and Wn x, € E,. It follows from the continuity of f (x) 
at the point z, that {f (t,)} >/ (9), and since zp € Le, 
it follows that f (x,) <c. Hence f (to) <¢, i.e. % € E,, 
and this is what we wished to prove. A 


IV. Problems and Exercises for Independent Work 


11. Prove the theorem which expresses a necessary 
and sufficient condition for a function to be measurable 


on the set &. 
0 for tcC#, 


te Lets 4 for z€ D=(0, 1]\F, 
D are the sets from Example 5 in 9.1. Prove that 

(a) f (z) is a measurable function on [0, 4], 

(b) D is the set of all points of discontinuity of f (2), 

(c) We> 0 there is a function g (x), continuous on 
[0, 1], such that p {x €[0, 1]: f (®) # Bz} <e. 

13. Prove that the function 9 (x) =z, x €D, where 
D is the set from Example 12, is measurable on D. 

14. Using Lusin’s theorem, prove that the sum, the 
difference and the product of functions measurable on 
[a, b] are functions measurable on [a, )]. 


where £ and 
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9.3. Lebesgue Integral 


I. Fundamental Concepts and Theorems 


1. Lebesgue integral of a bounded function. Let E£ 
be an arbitrary measurable set. The partition of the set 
E is any collection T = {£,,} of a finite number of meas- 


n 
urable sets £,, E,, ..., Hy, such that UE, = E, 
h=1 


E, NE} = @ (i*j). 

Assume that a bounded function f (x) is defined on the 
set FE. For the arbitrary partition T = {Z,} we set M, = 
up f (x), m, = inf f (x) and set up two sums: 

h Ep 


n n 
Sr= 2D M)pE,, sp= Di m,pE,. 


The numbers Sy and s; are the upper and the lower sum 
of the partition T respectively. It is evident that VWI 
Sp < So. 

Let us consider the number sets {s;} and {S7} of 
various lower and upper sums. They are bounded from 
below by the number mp£ and from above by the number 
MyE, where m = inf f(z), M = supf(z) and, con- 

E E 
sequently, have the greatest lower bound and the least 
upper bound. The numbers J = sup {sp} and [= 
inf {S;} are the lower and upper Lebesgue integrals 


respectively. 
Definition. A function f (x) bounded on the measurable 


set E is said to be Lebesgue integrable on this set if I = I. 
In this case the number J = T is a Lebesgue integral 
of the function f (z) on the set / and is designated as 


| @ dp @). 
E 


2. The connection between the Riemann and Lebesgue 
integrals 

Theorem 4. Every function which is Riemann integrable 
on {a, b] is Lebesgue integrable on [a, b], the Riemann and 
Lebesgue integrals of such a function being equal. 

Remark. The converse statement is not true (see the 
Example in item III). 
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3. Lebesgue integrable bounded functions 

Theorem 5. For a function f (x) bounded on the measur- 
able set E to be Lebesgue integrable on this set, it is neces- 
sary and sufficient that f (a) be measurable on E. 

4. Lebesgue integral as the limit of Lebesgue integral 
sums. Assume that f (2) is a bounded measurable function 
on the set E, m =inff(z), M =supf (z), and let 


Yr. Yor «+ +> Yn-y de arbitrary numbers such that m = 
YW Syn = MM. 

The Lebesgue partition of the set £ is the partition 7 = 
{Ey}, where Ey = {t€E: yo <f)<m} En = 
{c € Et yana<f(2)<yn}, & = 2, 3, ..., 2 

Let &, be an arbitrary point from Z, (k=1, 2, ..., 

n 


n). The number I (£,, E,) = if (Eh) pE, is a Lebesgue 


integral sum (if some E;, = @, then E,, does not contain 
any points &, and the corresponding term in the sum 
is considered to be zero). 
We set = max 6,, where 5, = y, —yn-- 
1<k<n 
Theorem 6. As 5-0, the limit of the Lebesgue in- 
tegral sums is equal to the Lebesgue integral i.e. limJ x 


6>0 
(Ens &:) = 1 (2) dp @). 
E 

It follows from this theorem that the Lebesgue integral 
can be defined as the limit of the Lebesgue integral sums 
as 6 0. Such a definition of the Lebesgue integral is 
similar to the definition of the Riemann integral with 
the only difference that when composing integral sums 
we divide into subintervals not the domain of definition 
put the range of the function. 

5. Properties of the Lebesgue integral 


1. \ dp (z)=pZ. 
E 
90, Linearity of the integral. If f (xz) and g (z) are 
integrable on £ and a and B are arbitrary numbers, then 
the function af (x) + Bg (x) is integrable on E, and 


j (af (x) + Bg (z)] dp (2) = % j f(x) dp(z) +8 \ g(x) dp(z). 
E E 

_ 30, Additivity of the integral. If f (x) is integrable on 
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E, and E,, and E, (\E, = @, then f (z) is integrable 
on £, UF, and the equality 


J f@ap@=Jf@ap@+ Ji ane, 
E1,UEa Ey Es 
holds true. 
4°. If f (x) and g (z) are integrable on £, and f (2) > 
_&(z) Wee E, then 


\ #@) ap @> | ¢@dp@). 
E E 


II. Control Questions and Assignments 


1. What is the partition of the measurable set E? 

2. What are the upper and lower sums of a given 
partition? 

3. Prove that if a partition 7, is obtained from the 
partition 7, = {E,} by means of partitioning some E£; 
(i.e. by the refining the partition 7,), then Sp, <Sr,, 
Sr, > Sry | 

4. Prove that Sp, S Sry sr, < Srp, for any partitions 
T, and Ty. 

5. What are the upper and the lower Lebesgue integral? 
Prove that I< /. 

6. Give a definition of the Lebesgue integrable func- 
tion and the Lebesgue integral. 

7. What is the relationship between the Lebesgue and 
Riemann integrals? 

8. Characterize the class of the Lebesgue integrable 
bounded functions. 

9. What is the Lebesgue partition? 

10. What is the Lebesgue integral sum? 

11. Can we define the Lebesgue integral as the limit 
of Lebesgue integral sums? What is the common feature of 
and the difference between such a definition of the Lebesgue 
integral and the definition of the Riemann integral? 

12. Enumerate the properties of the Lebesgue integral. 


III. A Worked Problem 


Prove that the Dirichlet function D (x) (see formula (1) 
in 9.2) is Lebesgue integrable on [a, }] and find 


D (2) dp (z). 
[a, 5] 
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A ist technique. Since D (xz) >0, we have sp > 0, 
S; > 0 for any partition 7. We consider a partition T* 
of the closed interval [a, b] into a set Q of rational num- 


bers and a set Q of irrational numbers. For this partition 
Spx = sup D(x) yQ+ sup D(z) wQ@=1-0+40.(6—a) =0. 
Q Q = 

Thus the set {S;} contains a number 0. Therefore J = 
inf {Sp} = 0. 

Since all sp >0, it follows that J = sup {sp} > 0, 
and since J <J, we get J = 0. 

Thus I =I=0. It follows that the function D(z) is 
Lebesgue integrable on [a, b] and j D (2) dp (z) =0. 

[a, b] 

2nd technique. For any Lebesgue partition 7 = 
{EZ} we have 

pE, = p {x Ela, b]: OS D(z) << y, <1} 

pQ = b —a, /(§&) =0 Vé, € E,, 


oll 
— 
& 

Il 

I 
= 
by 
a 
i 
I 
= 
Q 
I 
So 


pL, 
we, = p {z Ela, dl): 
O0<yn1 <D (ee) <1} =pQ=0, Ff (Er) = 1 
VE, € Ey. 


Therefore I (EZ,, &)=f (&) uQ+f (bn) w@=0, ie. any 
Lebesgue integral sum is zero. Consequently, lim J (F,, 


5+0 
E,)=0, i.e. the function D,(z) is integrable on [a, 5] 


andl j D(z) dp(z)=0. ~ 
[a, ] 
Remark. It is known that the function D (z) is Rie- 
mann nonintegrable on [a, b]. Thus a Lebesgue integrable 
function may be nonintegrable in the sense of Riemann. 


IV. Problems and Exercises for Independent Work 


15. Let f (z) be the function from Exercise 12. Prove 
that f(z) is Lebesgue integrable but not Riemann in- 
tegrable on [0, 4] 

46. For the function f(z) from Exercise 15 set up 
Lebesgue integral sums and calculate ( f (x) dp (2). 

[0,1] 
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17. Prove that the function q (z) from Exercise 13 
is Lebesgue integrable on the set D and calculate 


J@ @) dp @). 


D 
18. Prove that if the function f (z) = U almost every- 
where on the measurable set Z, then it is integrable, and 


\f@) dp (x) = 0. 


E 

19. Prove that if the bounded functions f(z) and 
g (x) are equivalent on the set £ and the function f (2) 
is integrable on Z, then the function g (z) is also integr- 


able on E, and (g (2) dp (2) = \ (x) du (2). 


E 

20. Prove that every function which is Riemann integr- 
able on [a, b] is Lebesgue integrable on [a, b] and the 
Riemann and Lebesgue integrals of such a function 
are equal. 

21. Prove the sufficiency in Theorem 5, i.e. prove 
that a function which is bounded and measurable on the 
set E is Lebesgue integrable of that set. 

22. Prove that the following test of the Lebesgue 
integrability of functions (similar to the test of the 
Riemann integrability) holds true: for a function bounded 
on the measurable set E to be Lebesgue integrable on 
that set, it is necessary and sufficient that We > 0 there 
should be a Lebesgue partition T of the set E for which 
the inequality S; — sp < e holds ture. 

23. Prove that if the function f(z) is bounded and 
measurable on the set Z, then the limit of its Lebesgue 
integral sums, as 6-+0 [6 = max (yp, — y,-;)] is 


i<k<n 
equal to the Lebesgue integral of the function f (x) over 
the set E.: 


ANSWERS AND HINTS : 


Chapter 4 


1. @ Use the method of indirect proof. 4. Assume the contrary, 
i.e. let the fraction of the form ag.aja, ... a,9 be the result of 
the division of the natural number m by the natural number rn. 
Then Vp €N, p > &k, the number m/n must satisfy the inequali- 
lies 


m 4 
My 00+ +104 99+ + 9< — <dg.ys On -bT HK 
— 
p digits 
Consequently, 

1 m 
0 <M .01°* OR TE 

al = 

<a.a,°° “On TR 40-41" 7 -a,99- . ‘I= Tp ; 
— 


p digits 


and this is impossible (explain why). The contradiction obtained 
Proves the initial statement. 5. @ Use the results of Examples 4 
and 2. 15. Assume that z is any positive number and z, and y, 
are any rational numbers which satisfy the inequalities 


0O<2,<2, O0<y <1. (*) 


Then, according to the definition of the product of positive num- 
hers, we have z-1 = sup M, where M = {(xy,)-}. It follows 
from (*) that Wa,, y, 0 < (ty), <4 <2, ie. z is the upper 


bound of the set 1/. Let <=. It is shown in Example 4 in 1.1 


that there is a rational number z* such that z<2z* <z. Wo 
take z)= 2*, y, = 41. Then (2,y,), = 2*-1 = 2* and, conse- 


quently, (x,y;), > z. Thus both conditions of the definition of 
the least upper bound of a set are fulfilled for the number z, i.e. 
sup 47 = xz. Thus Wz > 0: x-1 = sup M =z, whence 2-1 = =z. 
I{ z = 0, then, according to the rule of multiplication of rational 
numbers, 0-1 = 0. If z <0, then, in accordance with the defi- 
nition of the product of real numbers, z-1 = —|z|-1. But, as 
we have just proved, |z[-1=|cz|, ie. zt =—|zl =z. 
33. @ For 212, .-- tp =0 the statement is obvious. For 2,22 .. + 
+2. Zp FO set yp, = 2/7 1122 ss 2, (RK = 1, 2, ..., 2) and 
use the result of Example 2 in 1.4." ie : 
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Chapter 2 
1. (a) Yes, itz is, (b) no, it isn’t, (c) no, it isn’t, (d) yes, it is, 


(e) no, it isn’t. 4. No, it does not. 5. @ It is sufficient to prove 


that the sequence {zn} is unbounded. 14. @ If lim z,;=-+0, 
11—>00 


then JA>0 and a number N which are such that z,>A 
Vn>N. The sequence 2x1, to, ..., ty includes the least number. 


a>0,B>0, a<B ora is arbitrary, b) it converges 
if y<3/2. 21. (a) 0, tb) 7 ve ue 23. (a) 1/2, (b) 1/3, eyes 
@ Represent the fraction ————~ E41) in the form ae Se + 1 
(k= 1, 2,..., 7), (d) 1/4. @ Represent TEs +... 
4 
ee Se eee = 
ay ere EET in the form Sp= At toy =a Vn. 
27. Since Ve>0 lim Ciey" =0, it follows that Ye>0 4N 
n->0o 


such that Wn>N there holds an inequality (1/e)"/nl<41, or 


UV'nl <e. 29. (4+ V 14-4a)/2. 30. (a 2b)/3. (b) Va, 
33. @ @ ) Prove that (4°) the set Gite ISN ANS es 


is bounded, (2°) if inf U=c, supU =), then a, b€ U, (39) c= lim zp, 
__ foo 

b= jim Zp. 35. (a) The limit points are 2, —2; lim z,=2, 
ROO, 

lim ana (b) the limit points are 0, 4, 2; lim z,=2, 

nN->0o n-reo 

lim z,=0, (c) the limit points are —4, 0, 2, 6; lim z,=6, 

n->0co N->co 

lim z,= —4, (d) the limit points are —1/2,4; lim z,=1, 

n->co n—>oo 

lim z,=—1/2, (e) the limit point is 1; lim z,=—-+0, 

arent n->00 

lim z,;=—o, (f) the limit points are 0, 1; lim z,=41, 

To N->0o 

ae P 4 4 
i = (ls the limit points are —e——~, — — 
am es > (8) Pp e— 75: Fass 
fa . 1 

= 4; lim z,=e+1, lim z,=—e——-.- 

e—1,e,e+4; lim zp oh i ee e V5: (h) the 

limit points are 0, 4/2, 14; lim z,=41, lim z,=0, (i) the 

neo tae 
limit points are 1, 2; lim z,=2, lim z,=1, (j) the limit 
n-+00 N—>00 : 
points are 0,4; lim z,;=1, lim z,=0, (k) there are no 
n—->oo n->0o 
limit points; lim zz=-+o, lim z,;=—oo, 36. It diverges. 
n->co n—->oa 
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@ Prove that lim zo, 34 lim copyy. 37. @ (a) Use the 
h->0o h-00 


4 1 


ea nmtt 4 4 
estimation hE Eo for k>2, (d) use the 
n+p n+p 
estimation | Inep — In| = | > ana | <M > ]q JR. 
h=n+1 k=n+1 


38. @ In Definition 4 of the fundamental sequence set p=1. 
39. @ (b) Show that | t,—2en | 21/2 for e=1/2 and Yr. 


Chapter 3 


_ 2. @ Prove that f(z) does not satisfy the definition of the 
limit of a function in the sense of Heine. 3. No, there is not. 
4. @ To prove that there is no limit lim f(z) for |a| 1, 


xa 
use the negation of the definition of a limit of a function in the 
sense of Heine. 8. (a) 1, (b) 4/5, (c) —1/2, (d) 1, (e) m. 9. (a) 4/3, 
(b) —2, (c) 4/4. 10. (a) 4, (b) 519/38, (c) 4, (d) 1/7/72. 12. (a) No, 
there is not, (b) 1/2, (c) 4. 15. (a) z = 0 is a point of removable 
discontinuity, (b) z = 0 is a point of discontinuity of the second 
kind, (c) z= k (k € Z) are points of discontinuity of the first 
kind, (d) at the points zs = 1 and z = —14 the function is con- 
tinuous and the other points are points of discontinuity of the 
second kind, (e) z = —1 is a point of discontinuity of the second 
kind, (f) z = 0 isa point of discontinuity of the first kind, (g) z = 
4 is a point of discontinuity of the first kind, (h) z= —1 and 
x = 83 are points of discontinuity of the second kind, (i) z = 4 
is a point of removable discontinuity, (j) = —1 is a point of 
discontinuity of the first kind, (k) z = —1 is a point of disconti- 
nuity of the first kind. 17. a®*=1-+ 2 Ina-+ o(z), (b) 
e = 1+ 24 0 (2), (c) (4+ 2)¢ = 1+ az + 0 (2), (d)sinhz = 
z+o(z), (e) tanhz=s-+o(z),  (f) coshz=41-+(1/2) 22+ 
o(z?). 19. (a) No, it does not, (b) yes, it does, (c) yes, it 
does. 20. (a) As z->0, the equality o(x-+2%)=o0 (x?) does not 
hold true. Indeed, the function «(z)=zjz, forexample, 
is an infinitesimal of the order of smallness higher than that of 


3 3 
zt+2? as x0) (since lim £V2 —0) , but lim 2V Eo, 
+2? x0 6 


x70 zx 
ic. c fz #o(z*) as t+), (b) no, it does not, (c) yes, it 
does, (d) no, it does not, (e) yes, it does. 23. (a) 25¢-+-0(z), 
25a-+o(z), (b) 1—82t-+o (24), 1—(1/2) 2®+0(2%), (c) 1422-4 
o(2), 1+ Vate(Va)s (d) —2®+0(2%), z+0(z); (e) (1/27) 2+ 
o(2),  — (1/27) Va+o(Vz); (f) 4+25ln2+0(23), 14 
z?|n2-+0(22), (8) — 2x*-+0(2%), —22?+o(2%), (h) 1— 
(1/2)2-+ o(z), 1+ (1/2)2+ 0(2), (i) Veto(V2), (ji) 1+ 
(x-+-(4/2) | #1 )In 540 (2), (Kk) t—(1/6) x0 (2), (1)— (1/2) 2+ 
O(a), 24. (@) (&— 2)2 + o((z — 2), (b) 1+ BQ — 2) + 
0(2—-2), (c)%®—2t+e(e—2),  (d) 4 — (4/2) m2 (x — 2)? + 
o((s — 2)  (@) ™(®—4) + o(e— 2), (Ff) (2/85) (@ — 2) + 


a) 


o(x—2), ‘(g) 4(4+1n2z) (x — 2) + 0(r—2). : 25. (a) 41/2 + 
9(1), (b) 1/(3z)-Fo (A/z), (c) 5/2+0(1), (d) 1/} 2-0 (1/22), 
1/y/x2+0(1/ 2%), (ec) 1—1/(222)+o0 (1/2): (1) 14-(In5)/2+ 
o(1/z), (g) —4/z®--o (1/22), 4/2®-F 0 (1/22), (h) 1/20 (1/12). 
26. (a) 1/3+0(41), (b) (1/n) In44+o(4/n), (c) 1/Vn+o(4/n), 
27. (a) 4, (b) 1/V3, (c) 2/n, (d) a/m—BP/n, (ec) 1, (f) —4/12, 
(g) t/a, (h) 1/2, V2/3, 4, (i) 0, (j) 9 if a<b, +o, 
ifa>b,e/> if a=b, (k) 4, (1) 1, (m) 7b. 28. (a) a/m+ 
B/n, (b) — 19/3, (c) 1/324, (d) —4/9, (c) 3, (f) In a, (g) e, 
(h) 0, (i) 0, (j) 0, (k) e7**/2, (1) em2. 29. (a) —2, (b) a4 In (ca), 
(c) a/b, ax In? a, (e —2, (f) ce, (g) — 71/4, (h) el-d, 
(i) 0, (j) In 2. 30. (a) 2, (b) 4/3, (c) 7/4, (d) —In 2, (e) a® In (a/e), 


(1) Ina, (g) 2, (h) 45/91, (i) ew "*"", (j) e®, (k) c, (I) 1/2 
(m) 1/2. 
Chapter 4 
1. (a) Ay=arcsin (+ +Az) -— F ~ts<are< + F 


(c) Ay=In (1+) » —~2<Ar<-+o. 2. (a) 4, (b) 229, 


ZLAr LS] f 

(c) y’ (4)= lim VaFas—Vi_ 41 (d) 0, (e) 1/2. 
Ax-+0 Az 4 

3. (a) vy >ve for Ot < 1/2, vy=ve for 1=1/2, vy<vyg for 
t> 1/2; on [", 1] vy ay=Veay=14, on [1, 2)% av=1<3= bay, 
(b) vy = v,=0 for t=0, by > veg for O<ti< 2/3, Dy = Vg = 4/3 
for t=2/38, vxy<ve for t> 2/3, on [0, 1] vy av=Veay=1, on 
[1, 2] by av=3<7=dg ay, (Cc) vy > ve for 1<t<4, v»=v,=1/4 
for t=4, vy << ve for t>4, on [1, 4] vy av = (1/3) ln 4> 1/3=veavr 
on [1, 25] vi ay = (1/24) In 25 < 1/6= 0p ay. 4. (a) y=2, 


(b) y=2x—1, (c) z=0, (d) poppet, 5. (a) (=- 


or hae Sab 4 e 6—V 3a 
V3. V8—). @ (Satz) © (Ge 
e—V3n 4 4 4 
Ge-V3) ) 6. y= a a Ra * ars z+. 


7. (a) f' (+O0)=41, f'(—O0)=:—4,  (b) ff A409) f' (1—0) = 
PAa=1, (ce) (+= (—N=7' (S10, (dd) f (+0)=14, 
‘(—0)=—-1 (ec) (+O) =f (—0)=/' reas (1/2 4-0) = 


f (x/2—0) ='f' (4/2) =0, @) A+ =e, U0) = —e. 
} 4 3 
8. (a) 22, (b) 3 Vr (cz >), (c)} a5 (« - 0), (3)3 7a be Vz 
In 10, 
> @ + i sm, = Ta. 


i x In21In3 
(f) (2°—35) In2, (g) cose + sina, y’ (0) = 1, y’ (1/4) = V2, 
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(h) 1/(sin? zcos?.2) (x mn/2, n€Z), (i) 0 (arcsin z-+-arccos z= 
m/2=const), (j) 0 (arctan e+ arccot z=2/2=const). 9. @ Repre- 
sent [u(t)]*) in the form e%*)!"4@) and use the formula for 

ere : ets ad— be 
the derivative of a complex function. 10. (a) tc paye ; 
= 5a*-+3 


= r< —a,xr>a), => _ (b) ——————— .X 
Vee 8 SE OV eV ata 


4 1 . . 
[1 cae =—= (1+) | (c >), — sinzsin X 
2Va+Va 2 
(2cos z) — coszsin(2sinz), (c) cos [sin (sin z)] cos (sin z) cos z, 
4 tan x (1+ tan? z) an cos x+tan x 
ee Aran). an ; 
({—tan? x)? (2+ t? neZ) > 2 In2~x 


( —sin z+ 


2e*' (z cos 2z—sin 22),  e* [ec*+-2°* (Inz+—) | (xc >()), 


) (24+ +m, neZ) ,(d) e* (sin z-+-cos =), 


cos? x 


1 
Ge) aoe 


(ec) x* (In 2+4) ee SS EaNTeT 


(t< ~a,x>a), (f) — (cx £0), , coz (2an<ir< 


x? + a 


(—a< xz <a), 
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1 
“Pte? (h) = (x = 1), arctan oe —arctan z= 


{ m4 forz<1, ; 4 
—3/4 forest, TS VRa 


m+2nn, n€Z), is (Inz) («>0), V 


(z< —1, z> 4), 


sgn cos x(x =~ mn/2, n€Z), 4 («#420 neZ) , (j) 1 
; a®-} 52 = i 
1 0 ayer E> Vers 


arccos x zilnz 
——_ ("<= <1), 
O<121 <0), as 


(—1<2<1), 


(~a<x<a), (I)— (z> 1), 


x arcsin x ex ) 1 
Vay Vipex’ ") DaFe’ 


(sin z)°3 *- 1 (cog? z—sin? x In sin z) (Qan<xc<n+2an, n€Z); 


(m) 


cosh (tan =z) sinz 


(2% +a, neZ) ; 


cos? x ~~ “cosh? (cos z) ’ 

(0) cothz (x>0), tanh z/ln10; 4/cosh2z, —1/sinha2 (c#> 9), 
GP VP ot een pln g—g'plnyp 

11, (a) Ve +2 (+ ¥ oe ), (b) PP In? p ;: 
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(c) 2zf’ wy—S yr (2-*) (« 0), (d) f' (f (=) f’ (2). 14. (a) No, 


ti = G f a =1/2, 
we cannot, (uv)’ |~-p=9, (b) yes, we can, (uv) lw=t at 
(c) yes, we ae (uv) | 1 = 008 4, (d) no, we cannot, (uv) |x=o=0s 
(e) no, we cannot, (wv)’ |zp=. 15. I. (a) Yes, it is, (b) ave 
it isn’t II. (a) No, it isn’t, (b) no, it isn’t. 16. No, it isn’t. 
17. @ Consider (x+22+...+27)’. 18. (a me eoiari 
' (0) =2t/4 |tax=22, f (2) = 2? (co <2<o), (b) 0<t<x/2, 
f' (x) = (sin? t)’/(cos? t)’ ~=-1 (*<2<1), f(z) = 
t=arccosVx 
t5£0, tAn/2 
b cost 


i—z 0<z<1), () D<tca, f' (z)= —asin t |t=arccos (x/a), s 
(£0, tan 


b x 
cosi=x/a,  @ Wqr—az? 
1&0 ,t 


b cost 


et (—a<zr<a), 
a@ V1—cos*t 


f(a V@—z (—a<z<a), a tangent: z=a, a normal: 


b cosh t _ ob z 


y=0, (d) 0<t<oo, f' (zx) = TET betes a Vxt—at 


(x >a), f(2)= VY x?—a@ (x >a), a tangent; z=a, a normal: 

, __ _20@2t 
a eae ad cae | 
(Q0<2z<oo), 22 (a) |v|=V18, cosX=cosY¥ =1/V 18 
cos Z 4/ 18, (b) v= V RR, cosX=—R V Reh, cos Y=0, 
cos Z=h/ V R2-Fh?, (c) Lv] =V14, cos X=1//14, cosY= 


=22, f(x) = 2 


2/14, cosZ = 3// 14, (a) Iv| =2.9, cosX = 4/29, 
cos ¥=25/29, cosZ=10 2/29. 23. (a) Ay=Az-ta (Az) Az, 
of ~1— Ar for Az «0 
where o@ (Ar) = Ag T  (b) Ay=a.(Az) Az, 
0 for Azx=0, 
sin (1/2+Azx)—4 
where a 34 Az ace ale (c) Ay=Az+ 
0 for Ar=0, 
arctan Ax — Az 
Rec cane 0, 
a@(Az) Az, where o(Az)= Az for Az 
0 for Az=0. 


24. Ay=Az-+-2 (Az)®+ (Az)3, dy=Az, (a) Ay=0.0201, dy=0.M, 
(b) Ay=0.124, dy=0.1, (c) Ay=4, dy=4, (d) Ay=48, dy=3. 
25. As=5At+ 2A, ds=5At, (a) As=0.52, ds=0.5, (b) As=1.08, 


ds=1, (c) As=7, ds=5, 26. (a) —9% 


dz 
(x > 9), (b) are 


d d pe : 
Yo 2 2 
CH, 0) Tae @ aay eee, ©) Vert 
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(—a<z <a), () SE, (g) (+22)e% dz, (h) ccosacdz. 


27. (a) dy |xmo = dz, dy |xoa = Az, (b) dy |xoo = dz, 
4 
dy lacmy =z dz, (c) dy |acazg =z, dy |xani =e dz, (d) dy lx=o= 


J ae, Gy la—r=",  (@) dyleso=9, dy leo = — > ds. 

Equaliti b) and 30. —0.8747, (b) 0.5124 cal: or 
29820 eG we m a) {oa re 0.83 rad. ie 2°33" (f) 4.2. 
31. (a) 2.08, (b) 3.9961, (c) 2.0045. 32. (a) (122—82%)e™", 
(b) — a gin az, (c) k4eR*, (d) 122f" (x2) + 823/” (23), 
(e) e°%" (eH) 4.02!" (ex), © We) f (2)) +39" (2) @” (2) f" ((2))+ 

ee ee tere 720 

PAM OED, (8) — Se “ '(e>%, Wamp (#1 
(i) 220 (22 sin 2z— 20 cos2z—95sin2z), (j) 5!4 (5%3—126z) x 


Sin 52— 3.513 coe 182) cos5z, = (k) — Sr (z #& —1), 
(1) +30! ios (x #& +1),  (m) 5! (52+ 


=p srr | 
hia i (4)" 


11) e5", (ny) — les uy. 33. (a) Tani 
(az+b) ° 
(az+b>0), (bd). Se (cz + ¢@ #9), 


(c) ~2n-1 cos ( 22-+n- ), (d) 27-1 cos (22+n +) ’ 


(e) = sin (2-+n5)—S sin ag ne) , (f) F008 (2-+n =)+ 


cos (s24n +) , () 4 (a— B) cos [ @- peal 
T+ HM co8 [ (a+) etn J, (0) yp (a 8" x 
cos | (a — p)2-+n 2] +5 (a + By" cos [ (a+) 2+n> | 


(i) @m-1 [ az sin ( az-+-n—> ) + nsin (a + (n —1) +)| ’ 


(j) at-2 [ a2 cos (ex+n+) -++ 2nar cos (a2+(n—4) +)+ 


n(n—4) cos (az 4 (n+) |, (k) KP2ek* [(ax®-+ betc) k2+ 
(2ax--b) nk + n(n—4)a]; () (—4)P-4a" (x1)! Lepr 


mo | (==; >0) , (m) zcoshz+nsinhz if n is edd; 
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zsinhz-+ncoshz if n is even, (n) 2x?sinhz+2nzx cosh z+ 
n(n—1) sinh z if x is odd, 2? cosh z+ 2nz sinh r-+-n (n—1) cosh x 
if n is even, (0) agn!. 34. (a) f” (z)=2, f"(x)=0, (b) f? (z)= 


D a b wm 3ab 
Mm @)=9, (0) f (= — Tapas I @)=— Ta ee 
- b i Sab Ripe 
Of@=—-poae MO=Gige © "@= 
1 cos (¢/2) 


—Tasint (7)? {” (=) = Zersin? (/3) ° where £=«7!(z) is the 
inverse of the function z =a (t—sin t) (t  2nn, n€Z), (f) {” (x)=2, 
i @)=0. 3. (FW =a. (w= tw 


[3 (z)" 
72 _ ff? m 

3f"? (z) ia (z) . 36. (a) | r’(2)|=2, cosX=cosY=0, 
cosZ = 1, (b) [r’(m)| = 1, cosX¥ =1, cosY=cosZ=0, 
(c) |r” (4) |=2 710, cosX =, cos¥=1/VIN, cosZ =3/,/10, 
(d) |r” | (2.5) = VY 641/25, cos X= —4/!/641, cosY¥=25/V 641, 

: —15dz! Gd 
cosZ=0. 37. (a) 6dz3, 0) Teepe (x>1), (¢) ——3 
(cx >0), (d) (40 cos x—z sin z) dz, 38. (a) coshadz” if n 
is odd, sinh dz” if n is even, (b) a™sinh(az)dz” if n is odd, 


dz” 
gn-2 


a” cosh (az) dz” if n is even, (c) (—1)"-42-(n—3) ! 
n>3). 40. p(z)-nl. 


(x >0, 


Chapter 5 
1. 2729294 925/5—27/7. 2.-4(224+/(7/z). 3. Infx|— 


, z—1 Be ste A)\ex 1 4\x 
1/424). 4. z+2In|= i: 5. hs (=) + ine (5) ' 


: ——— 4x 6x 
a 5 AB be 
6. e—tanhz. 7. arcsinz+In (x+ VY 1-+22). 8. mrt2agt 


gx 


ho” 9. (—cosz-+sin x) sgn (cosz+sinz). 10. (4/22) (2x—3)1, 
11, —(2/5)V2—5z. 12. (4/)/6) arctan (x 3/372). 13. (4/3) x 
in |e /3+V3e—2 |. 14 —Leot (20+). 15. tan (2/2). 


2 
16. tan ($-)- 17. (4/4) (1-+.23)4/3. 18. (1/4) arctan (22/2). 
19. 2arctan/z. @ Use the fact that 7 z) 
xr 


20. —aresin (1/|2|). 24. 2sgnzIn(V[z|[-+ //41-2)), (1-2) >0. 
22, —(1/2)e"**. 23. (41/3) In3z. 24, (1/6)sin® x. 25. (3/2) x 
1/T—sin Qz. 26. —(1/V¥ 2) In | /2cos z+ \”cos de |. 27. In| tan x 


90 


(z/2) |. 28. In | tanh (x/2) |. 29. 0.5 (arctan z)?, 30. ne $= fre . 


31. zs 1-+5522 
6600 
33. (=—F sine e+ sint z) V sin? z, 34, —2z—2e-*/24-2 In (4+ 
e*/2). 35, z—2 In Wat 1-Fe*), 36. (arctan / z)*. 37. 0.5[2 Va®@—a2-+ 
a arcsin (x/a)]. 38. —a V4—22/a?-+aaresin(z/a). 39. 0.5X 
eV at-F 22a? In (2+ /@ea3)]. 40. \/z2?—a?—2aln ('/z—a+ 
Via) if z>0, —/ =a +20In(V —2+e+ /—2—«) if 
<a. 44. In| ct+YeFa|. 4 In| fa ‘a |. 
43. z(Inz—1). 44, a0 (ive deat) . —0.5 (22+ 
1—2z2? 
4 


(4—5x2)1, 32. —(4/45) (8+ 422+ 324) pe fa. 


l)e7**, 46, 


cos 2x +5 sin 2x, 47. xarcsinx-+ Yi—z. 
48. ein | pevias . 49. Intan (z/2)—eoszIntanz, 
zx 


50. 0.5 [(1-++22) (2arctan x)2— 2z arctan z-+In (14+-22)].51. V 1-2? x 
In (z+ V 1-22) —2. 52. 0.5 (x VYottatta?in | r+VY2sd |). 


53.1.5 2 [sin (Inz)+-cos(Inz)]. 54 asin be ees bz one, 


55. (1/8) e2* (2 sin 22 —cos 2z). 56. In| z—2[+]n|2+5|. 
97. x + (4/6) In | = | — (912) in [z—2| + (28/8) In feos, 


ene 2 wn tt 
32014 In aD x 3 cae In aaa 

60. a (x A 2 
) 5 2). 61. G10 Host V3 arctan ve 

4 { ieee V24+4 
62. —In | = --+aretan 63, —= ln ———_ 

4 a ci 4V¥2 x—z Visi? 
he ee 4, x2teti, 4 ciae 
9 V5 arctan i-z 64. wa In A Poett '2v3 arctan eV a é 
65. = In Seer +4 arctan (2-+4)—~ arctan (2% +1). 
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72. oie In eee ee . 73. arctan an arctan 23, 
4V¥2  xttae?V24+4 3 


et 


41 zV2 ane 
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: Vay 2a Vi 


75, 0.5 (c2—2 VY z?—1+4+ ln | t+ Vat —4]), 76. 2 2] Enos 
= 
71 ae 3 
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—242V 24241 
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(A—z) V2 V6 Vé—Vatm@ee * 
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(1/64) sin 4z-++ (1/48) sin3 22, 95. es cos’ z)—1/cosz. 96. (1/4) x 
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Chapter 6 


2. (a) Yes, it is, (b) no, it isn’t, (c) no, it isn't, (d) no, it 
isn't, (e) yes, it is. 4, (a) No, it does not, (b) yes, it does. 
(a) inf f(c)=0 is not attained, sup f(z)=1=f (1), 


» +00) (0, -Foo) 
(b) ie f(z) =0=f (0), ; a f (x) = 100 = f (10), 
(c) ai 1, (z)=0, sup : f(z)=n/2 are not attained, 
(-00, +F00 (-00, +00 = 
(d) inf f(x) = —1=f (a), sup f(t) = V2 =F (/4), 


0, 0,2 
(e) inf Faso. sup f(z)=41/2 are not attained. 13. (a) 4, (b) 2, 
0 


(0, 1) : 
(c) 8/(3m), (d) 2/m. 17. (a) 6 (ce) =e/| & |, (b) 5 (e) =e/75, (c) 5(e) =e, 
(d) 6 (c) =e-1%e. 18. (a) It is uniformly continuous on (1, 2) but 
not uniformly continuous on (0, 1), (b) it is uniformly continuous 
On (0.04, 4) but not uniformly continuous on (0, 1), (c) it is 
uniformly continuous, (d) it is uniformly continuous, (e) it is 
uniformly continuous. 22. f(z)=arcsinz on (—4, 1). 23. The 
uniform continuity of f(z) on (ap b) implies that Cauchy's condi- 
tion for the existence of a limit of a function is fulfilled at the 
points a and b. Therefore we can extend the definition of the 
function f (x) at the points a and b so that it will become contin- 
uous on [a, b] and, hence, bounded on [a, b]. 27. It decreases on 
(—o, — , increases on (—x: +00) , (b) it increases 
On (—oco,.+00), (ec) it increases on (—41, 4), decreases. on 
(—oco, —4) and (1, -++00), (d) it increases on (—oo, --oo), (e) it 
increases on (2nn—2n/3, 2nn-+2m/3), decreases on (2s + 21/3, 


4 ’ 
2nn-++-4n/3), n€Z, (f) it increases on (srs Ps Ts) n€Z, 


decreases on (—oo, —2), (sas: ma) , neZ, rn#0 


and (2, +00), (g) it increases on (0, 2/In 2), decreases on (—o, 1) 
and (2/In 2, -+ co), () it increases on (0, n), decreases on (n, +0). 
29. Use the method employed in Example 3 in 6.3. 32. = 1/2 
or 2. 34. @ Use the method employed in Example 5 in 6.3. 
36. @ Use Theorem 6 and the result of Exercise 23. 37. No, it 


is not. 38. Consider the function g (z) =f (x)—f (a)— Ee) (0) x 


(z—a). It is continuous on [a, 6] and differentiable in (a, }), 
with g(a)=g(b)=0. Since f(z) is not a linear function, it follows 
that g(x) =:0, and consequently, g’ (rz) +0 in (a, b). Hence Jes; 
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To Ex. { To Ex. 2 


y 
+ 0 x2 %3 

X1 1t*A2 x 
Koa 558 
X2= VAI 
og 3+ V58 
4 2 

To Ex. 3 To Ex. 4 


| 
\ 
| 
| 
To Ex. 6 


254 


255 


256 


a a IU It 
(Fe 22,5 )ana( 5 + 207,75) 
(0,0), corner point corner points 

To Ex. if To Ex. 12 


To Ex. 17 To Ex. 18 


To Ex. 19 To Ex. 20 


To Ex. 23 
257 


1701632 


26 


Ex. 


To 


To Ex, 25 


To Ex. 28 


To Ex. 27 


To Ex. 30 


To Ex. 29 
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4,4) cuspidal point 


To Ex. 31 To Ex. 32 


1?* 259 


(O,0jisalated point (0,0) cuspidal point 


(9,0), self-intersection point 


To Ex. 35 


(Ga),la, 0), (0, -a), (a, Qo), 
cuspiaadl points 


To Ex. 36 To Ex. 37 
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To Ex. 38 To Ex. 39 


To Ex. 40 To Ex. 41 


To Ex. 42 To Ex. 43 
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To Ex. 46 To Ex. 47 


g 
ca 
6 
0 x 
To Ex. 48 To Ex. 49 
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To Ex. 50 


ce€(a, b) such that g’ (cy) > but g’ (cz) <0 (explain why), whence 
f’ (ey) > Lie) , but f’ (ce) < LHe ie) . This means that 


at one of the points c; we have | f' (ce) | >| 9-10) » Le. 
| f(b) —f (a) |< | f’ (cx) || b—a@]. 40. @ Use the result of Exercise 
39. 41. 0, ud 0, 43, a/p. 44, —2. 45. 1. 46. 1/2. 47. —1/3. 48. 1. 
49. 0. 50. 1. 51. 4/6. 52. 0. 53. a@(Ina—1). 54. e7/". 55. 4/e. 
56. 1. 57. e73/6, 58. e71/3, 59. 1/2. GO. 1/2. 61. 0. 62. —e/2. 


2 3 Fridd 
63. at. 64. 4. 65. (a) toate ma te (On pt 0 (2) 


Fd 
(b) 1420-283 oF ne 280(z5), (c) e—-g-+0 (2°), 
2 xr zi x8 
(d) 1-F 42 zito(z), (e) —-— Tan ~ 335 *° (z)*, 
x? qh (n—14) x? 


z 2 
() ae ag tele), (e) et agicr— aatamer Fe () 


(h) i—fatt att qe tbo (2%), 66. (a) 142 (2-1) + (2-1), 


(b) 1-(e—1)—F (2 tye (et +0 (2-1), (©) 1 x 


3 4 0, 
Fee pe ne re 
sm r th 2x 10-8, 3 r than 16, . : ’ 
(b) 3.080010, © 10.3090, dy 0.174524, (e) 0.095, (1) 1.22140, 
(g) 0.99452. 69. (a) —4/12, (b) —2, (c) 1, (d) —4/4, (e) 1/2, 
(f) 0, (g) 1/3, (h) 19/90. 


Chapter 7 


On the graphs of the functions the bending points are denoted 
by circles (©) and the points of inflection by crosses (x or +): 


263. - 


Chapter 8 


n n 
1. (a) s= >) miAri= > (24+4+=+)' , s=)) M ,Azj= 


ixt i=l i=1 
n nr n 
i\34 am 10 _ Som 10 
DY (2+=) =, ) sey xem, sa Daim. 
i=t i=1 i=! 


+1__9m+1 


2. (a) 3, (6) $, (0) =F" 4. @ Use the fact that the 


point z=0 is the limit of the points of discontinuity. 6. (a) Yes, 
it is, (b) no, it is not, (c) no, it is not, (d) yes, it is, with due 
regard for the remark in item 4 of 8.1, (e) yes, it is, (f) no, it is 
not. 7. No, yes, no, yes. 9. (a) Yes, (b) no, 10. (a) 2/x, 0, 9 
(2/s) COS Mp, (b) —1, —1/3, 1/2, 0, 4. 44. 2/8, (4/45) 103/4 
(41/450) 1003/2, (b) 40, (c) (1/2) cosp. 12. vaver=(v9-+4)/2, where 
v,=2gh is the final velocity of the body. 13. i2/2, 13/2 — (15/2) X 
(1/to) (7/4x) [sin (4nto/T + 2p) —sin 29], 13/2. 14. (a) 0, (b) sin (b*), 
(c) —sin (a2), (d) 22 V1+24, (e) 2c Via, (f) 322//1-+2°— 
acl f 1-24, (g) 322//1p2*—22//f+a2i, (h) 322%/V1- 2°, 
xs 


’ 
’ 


(i) 342/14 2%, (j) 0, ) — \ x (x2 £4)-3/2 dz 322/|/z?-- 213, 
t? 
15. (a) 4, (b) 1, (c) m(2sina). 16. (a) m2, (b) 2/3. 17. 5/6. 
18. (a) 0.5 In (e/2), (b) 4m, (c) 1. 19. (a) 1/6, (b) (4/12) In [(9+ 
4V2)/7], (c) 2—n/2, (a) 12/4. 20. No, we cannot. 21. (a) Yes, 
we ean, 7/4, (b) yes, we can, 7/4, (c) no, we cannot, in this 
interval the hypothesis of Theorem 4 is violated: 0<sint< 1. 
24. (a) 0.5In3—n/2 V3, (b) (5/27) e3—2/27, (c) 4n/3— 13, 
(d) an (A/V3— 1/2 73), (ec) 1/6, = (f) 3/6 — ne 
2m)! (2 deat 

27. (a) SRE EOI , (b) 0 if n is an even number, x if 
n is an odd number, (c) =/2", (d) (m/27) sin (mn/2). 28. (a) (8/27) x 
(10 V7 40—4), (b) (e?+1)/4, (c) Intan (/4-++-a/2), (d) 4a [1-+ 
V 3in (1+ Y3)/ 1/3], (e) 6a, (f) 1+[In (1+ 2)/ 3, (g) 320, 
(h) ma V1--4n? + (a/2) In (204+ VY 14472), (i) 8a, (j) 3na/2, 
(k) 19/3. 30. (a) (ab/2) [arcsin (x/a) —arcsin (Zo/a)] —[b/(2a)] x 
(x Va?— x} — zy Vat@—a8), (b) 9/2, (c) 1/3-42/n, (a) 4a°/3, 
(e) 9.5 coth (1/2). 34. (a) (23/3) (4n3-+3m), (b) Gra®. 32. (a) 3na2/2, 
(b) sta?/4, (c) 14m, (d) 2/3. 33. (a) 3a2/2, (b) a2. 34. (h/6) [(24 + 
a) B+(A+2a) b]. 36. (a) 2abe/3, (b) 4nabe/3, (c) 8rabe/3, (d) 1603/3, 
(e) 2na8/3—8a3/9. 37. (a) 3nab2/7, (b) 160/15, (c) 8n/3, (d) 12/2, 
(e) 2n2, (f) 5n%a8, (g) 6n2a3. 38. 2a2, 1a3/2. 39. (p2/8) [7 2+5 In (4-+ 
V 2)]. 40. bh2/6, bh3/12. 44. Mz = mab3/4, My = 103b/4. 42. 3RM/16- 
45. 4®. 46. xp==(asina)/a, yo=0. 47. t9=90/20, yo=9a/20- 
48. z=, yo=0, = 3a/8. 49. Po=0, ro=5a/6. 
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Chapter 9 


1. (a) It is sufficient to put every number vn from the first set 
into correspondence with the number 2n from the second set, 
(b) the function y = (b — a) z-+ a realizes a one-to-one corre- 
spondence between the elements of the closed intervals [0, 1] and 
[a, 6], (c) the function y = tan realizes a one-to- 

—a 
one correspondence between the elements of the open interval 
(a, b) and the number line R. 2. (b) The following scheme ean 
be used to enumerate the elements of the union of the countable 
number of countable sets {xi}, {y;}, {21}, {ua}, (ih, or (wih, oe? 


1 Y2 Y3 Ys 5 #s 
Var ie ae 
ra 23 Zz Zs Zs ad 
Kk A KF 
U, Uz U; Us Us eee 
14 
vy V2 V3 Va Vs oe 


4. @ (a) Use the method employed in Example 2 in 9.1, (b) use 
the equality A = (A\B) + AB (see Exercise 5) and the result 
of Exercise 4 (a), (c) use the result of Exercise 4 (b). 5. (a) Prove 
that (1°) any element z of the set (A -+ B) C also belongs to the 
set (AC + BC), (2°) conversely: any element z of the set (AC + 
BC) also belongs to the set (A + B) C. 1°. If 2 € (A + B)C, 
then z € (A + B) and z €C. Since z € (A + B), then z belongs 
to at least one of the sets A and B. Let, for instance, z € A. Then 
t € AC and, consequently, z € (AC + BC). 2°. If  € (AC + BC), 
then z belongs to at least one of the sets AC or BC. Let, for instance, 
x€AC. Then s€ A and x€C. This means that z € (A + B) 
and xz €(A + B) C. 6. We shall prove that any element z of the 


set UAn also belongs to the sot Nn If x € UAn then zx ¢ U4n 

and, consequently, z ¢ A; Wk. Therefore z € A;, Wk, and, hence, 

ze Nan It remains to prove that any element z of the set n Ap 

also belongs to the set {JA}. Do it yourself. 7. If we assume that 
k 


some point z € G is not an interior point of G, then «x will be a li- 
mit point of EF (explain why) and, consequently, z € E. But this 
is impossible since GE = @. Thus any point z € G is an interior 
point of G, i.e. G is an open set. 8. @ Use the fact thatQ + @ = 
[a, 6] and 1Q@ = 0 (see Example 4 in 9.1); hence pQ = b — a, 
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9 and 10. @ Use the definition of a countable set. 12. @ (a) Use 
the method employed in Example | in 9.2, (b) use the result of 
(c) in Example 5 in 9.1, (c) use the result of (ce) in Example 5 in 
9.1. 13. @ Consider the function y (cz) = zx on the closed interval 
[O, 1] and use properties 5° and 1° of measurable functions. 15. The 
Lebesgue integrability follows from the measurability of f (2) 
(see Exercise 12a). To prove that f (z) is Riemann integrable on 
[0, 1], it is sufficient to prove that the lower and upper Darboux 


integrals are not equal, i.e. J I. Consider the arbitrary parti- 
tioning of [0, 1] into subintervals and show that s = 0 and 
S >i1—a Sor it (s and S are Darboux sums). It follows that 


1=0,T>1—a>0.46. [ F(x) dp (@) = 1 0.17. Jo @x 


[0,1] D 
dp (xz) = (1 — a)/2. 19. @ Compose a difference { (z) — g (x) and 
use the result of Exercise 18 for it. 20. @ Use the fact that the 
set of all lower (upper) Darboux integral sums resulting from parti- 
tioning [a, 6] into a final number of subintervals is included into 
the set of all lower (upper) integral sums resulting from partition- 
ing {a, b] into a final number of pairwise nonintersecting measu- 
rable sets. 24. Use the fact that for the Lebesgue partition 7 of 
the set £ there holds an inequality Sp — sp < 6-£, where 
6= ee (Yn — Yp-1) and also the fact that T — J < Sp — sy. 
Shean _ 
22. @ To prove the necessity, use the fact that for the Lebesgue 
partition 7 of the sct £ there holds an inequality Sp —sp < 
6-pZ, where 6= max (yp, yp-1). To prove the sufficiency, 
_ishk<n 

use the inequality J —J < Sp — sp. 23. @ Use the fact that 
any Lebesgue integral sum / (/,, &,) of the Lebesgue partition 
T = {E,} of the set & satisfies the inequalities sp < J (Z;,, &,) < 
Sp and also the fact that Sp —sp < 6-nE. 


Additivity of an integral 190, 
239 

Antiderivative 112, 196 

Argument of a function 53 

Asymptotic formulas 73, 76 


Basic elementary functions 64 
Bernoulli's inequality 22 
Binomial theorem 44 
Bounded function 136 
from above 136 
from below 136 
Sequence 25 
set 14 
from above 14 
from below 14 


Cauchy condition for conver- 
gence of a sequence 51 
Closed interval 12 
set 227 
Complement of a set 228 
Composite function 64 
ontinuity of a function 64 
on the left 63 
on the right 63 
at a point 63 
Convergent sequence 25 
, Series 227 
Convexity of the graph down- 
wards 165 
upwards 165 
Coordinate line 12 
Corner point 168 
Countable additivity of | the 
Lebesgue measure 228 
set 226 


Index 


Cubable solid 219 
Cuspidal point (cusp) 178 


Darboux lemma 183 
lower integral 183 
sum 182 
upper integral 183 
Decrease of a function on an 
interva! 147 
at a point 147 
Decreasing sequence 45 
Definite integral 181, 189 
Derivative 85 
left-hand 87 
right-hand 87 
of order n 106 
of a vector function 89 
Defference of sets 227 
Differentiable function 100 
Differential of a function 401 
of order n 106 
of an independent variable 101 
Differentiation 85 
Differentiation rules 88 
Divergent sequence 25 
Divided difference 85 
Domain of definition of a func- 
tion 53 


Element of a sequence 24 
Elementary function 64 
Elliptic integral 212 
e-necighbourhood 12 
Equality of real numbers 41 
Equivalent functions 235 
inlinitesimals 69 
sets 226 
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Euler’s substitutions 129 
Even function 163 
Existential quantifier 14 
Explicit function 163 
Extremum of a function 164 


First mean value theorem 148 
Formula of Cauchy 149 
for a change of variable 117 
for integration by parts 1214 
of Lagrange 148 
of Leibniz 105 
of Maclaurin 159 
of Newton-Leibniz 197 
of Taylor 158 
Formulas for calculating the 
feng of a plane curve 


the mass of a plane curve 
224 


the moments and cvordi- 
nates 222 
the centre of gravity of a 
plane curve 222 
of the volume of a solid 218 
of mean value 4190 
Function 53 
argument of 53 
basic elementary 64 
bounded 136 
composite 64 
continuity of 63 
decrease of 147 
derivative of 85 
differentiable 100 
differential of 104 
domain of definition of 53 
elementary 64 
even 163 
explicit 163 
greatest lower bound of 137 
increase of 147-148 
increment of 85 
infinitesimal 69 
least upper bound of 137 
Lebesgue integrable 238 
limit of 53 
mean value of 191 
measurable on a set 235 
odd 164 
oscillation of 137 
parametric representation of 
89 
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particular value of 53 
periodic 164 

piecewise continuous 183 
range of 53 

Riemann integrable 182 
set of values 53 

uniform continuity of 134 


General form of a remainder 
158 


Geomctric meaning of a deriva- 
tive 86 
of a differential 104 
of Rolle’s theorems 148 
of uniform continuity of a 
function 143 
Greatest lower bound of a func- 
tion 137 
of a set 15 


Half-open (half-closed) inter- 
val 12 


Hodograph 90 
Hyperbolic cosine 64 
cotangent 64 
sine 64 
tangent 64 


Increase of a function on an 
interval 147 
at a point 147 
Increasing sequence 45 
Increment of a function 85 
Indefinite integral 112 
Independent variable 53 
Indeterminate forms 35, 78 
Infinite derivative 87 
Infinitely differentiablo func- 
tion 105 
large sequence 31 
small sequence 34 
Infinitesimal function at 8 
point 69 
sequence 34 
Infinitesimals of the same order 
69 


Integral sum 181 
Integration of irrational func- 
tions 129 


Integration 
of rational functions 125 
of trigonometric functions 134 
Interior point of a set 227 
Intersection of sets 226 
Invariance of the form of the 
first differential 102 


Least upper bound of a func- 
tion 137 
of a set 15 
Lebesgue integral 238 
Sr a aad upper limit 
Lebesque integrable function 
238 


integral sum 239 
lower integral 238 
lower sum 238 
measurable set 228 
Partition 239 
upper integral 238 
upper sum 238 

Left- and derivative 87 
limit 54 

Length of a curve 210 

Limit of a function at a point 


as zr -> 00 55 
of integral sums 184 
1 ongia of a polygonal line 


of sequences 25 
Of vector functions 89 
Limit inferior (superior) of a 
_,. Sequence 47 
Limit point of a sequence 47 
_ Of a set 53 
Linearity of an integral 189, 239 
Local extremum 164 
maximum 164 
minimum 164 
Lower bound of a function 136 
of a number set 14 
Lebesgue sum 239 


Maximum value of a function 0B 
a set 137 
Mean value formula 190 
Method of cancelling 127 
of a change of variable 117- 
118, 197 


of induction 22 
of eeanen by parts 121, 


of undeterminate coefficients 


Minimum value of a function 
on a set 137 
Monotonic sequence 45 


Neighbourhood 12 
Nondecreasing sequence 45 
Nonincreasing sequence 45 


‘Normal 91 


Number e 64 
Number line 12 
sequence 24 

series 227 


“o small” 69 
Oblique asymptote 163 
Odd function 164 
One-to-one correspondence 226 
Open interval 12 
set 227 
Oscillation of a function 137 
Outer measure 228 


Parameter 89 
Parametric representation of a 
function 89 
Partial fractions 125 
sum of a series 227 
Particular value of a function 


5 
Partition of a set 238 
Period of a function 164 
Periodic function 164 
Physica] meaining of a deriva- 
tive 
of a differential 104 
of Lagrange’s theorem 148 
of Rolle’s theorem 148 
of a vector function and 
its derivative 89-90 
Piecewise continuous function 
183 


Plane figure 213 
aren of (in the sense of 


Jordan) 243 
269 


Point of discontinuity 64 
of the first kind 65 
of the second kind 65 
of inflection 165 
of the number line 12 
of a possible extremum 164 
of removable discontinuity 64 
Product of real numbers 19 


Quadrable plane figure 213 


Range of a function 53 
Rectifiable curve 210 
Remainder of an asymptotic 
formula 73 
of Taylor formula in Cau- 
chy's form 159 
in Lagrange’s form 159 
in Peano’s form 158 
Remarkable limits 61, 64 
ve integrable function 


Right-hand derivative 87 
limit 54 
Rule of comparison of real 
numbers 414 
of constructing a negation 15 
of L’Hospital 154-155 
Rules of differentiation 88 


Scheme of constructing a curve 
py oeuled parametri- 
cally 173-175 
the graph of a function 
y =f (2) 165 
Sequence 24 

bounded 25 

convergent 25 

decreasing 45 

divergent 25 

element of 24 

increasing 45 

infinitely large 34 

infinitesimal 34 

limit of 25 

limit point of 47 

monotonic 45 

strictly monotonic 45 

term of 24 
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